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ANALYTIC GEOMETRY. 


COAG De lL i WaGk. 
THE POINT. 


ArT. 1. GEOMETRICAL theorems may be divided into two classes: 
theorems concerning the magnitude of lines, and concerning their 
position ; for example, that “the square of the hypothenuse is 
equal to the sum of the squares of the sides,” is a theorem con- 
cerning magnitude; that ‘‘the three perpendiculars of a triangle 
meet in a point,” is a theorem concerning position. 


2. Theorems of the former class can easily be expressed alge- 
braically. To take the example already given, if the lengths of 
the sides of a right-angled triangle be a, 6, ¢, the proposition 
alluded to is written c? = a? + b?. The learner is probably already 
familiar with this application of algebra to geometry, as the pro- 
positions of the Second Book of Euclid all relate merely to the 
magnitude of lines, and the demonstration of them is much sim- 


plified by the use of algebraical symbols. 


3. But it is by no means so easy to see how to express alge- 
braically theorems involving the position of lines. Accordingly, 
although algebra was, soon after its introduction into Europe, ap- 
plied to the solution of the first class of questions, its use was not 
extended to this latter class until the year 1637, when Des Cartes, 
by the publication of his ‘‘ Géométrie,” laid the foundation of the 
science on which we are about to enter. 

B 
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4. The following method of determining the position of any 
point ona plane, is that introduced by Des Cartes, and generally 
used by succeeding geometers. 

We are supposed to be given the position of two fixed right 
lines, XX’, YY’, intersecting in the point O. Now, if through 
any point P we draw PM, PN, parallel to YY’ and XX, it 1s 
plain that, if we knew the position of the point P, we should 
know the lengths of the parallels PM, PN, or, vice versd, that if 
we knew the lengths of PM, 
PN, we should know the posi- 
tion of the point O. 

Suppose, for example, that 
we were given PN=a, PM=8, 
we need only measure OM = a 
and ON = 8, and draw the par- 
allels PM, PN, which will 4n- 
tersect in the point required. 

It is usual to denote PM 
parallel to OY by the letter y, 
and PN parallel to OX by the 
letter 2, and the point P would 
be said to be determined by the two equations # =a, y = 0. 


5. The parallels PM, PN, are called the co-ordinates of the 
point P; that parallel to YY’ is often called the ordinate of the 
point P; and that parallel to XX’ the abscissa. 

The fixed lines XX’ and YY’ are termed the awes of co-ordt- 
nates, and the point O, in which they intersect, is called the 
origin. ‘The axes are said to be rectangular or oblique, according 
as the angle at which they intersect is a right angle or oblique. 


6. In order that the equations # = a, y = b, should only be sa- 
tisfied by one point, it is necessary to pay attention, not only to the 
magnitudes, but also to the signs of the co-ordinates. 

If we paid no attention to the signs of the co-ordinates, we 
might measure OM = a and ON =4, on either side of the origin, 
and any of the four points, P, Pi, Pe, P3, would satisfy the equa- 
tions #=a, y=. 


7. It is possible, however, to distinguish algebraically between 
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the lines OM, OM’ (which are equal in magnitude, but opposite 
in direction), by giving them different signs. We lay down a 
rule, that if lines measured in 
one direction be considered 
as positive, lines measured in 
the opposite direction must 
be considered as negative. 
It is, of course, arbitrary in 
which direction we measure 
positive lines, but it is custo- 
mary to consider OM (mea- 
sured to the right hand) and 
ON (measured upwards) as 
positive, and OM’, ON’ (mea- 
sured in the opposite direc- 
tions) as negative lines. 

Introducing these con- 
ventions, the four points, P, Pi, Po, Ps, are easily distinguished. 
The co-ordinates of 


P are v=+a 
ieouht 
P, are v=-a 
panes 
Po are v=+a 
y=-bS’ 
P3 are v=-—a 


yan d. 


These distinctions of sign can present no difficulty to the learner, 
who is supposed to be already familiar with the principles of tri- 
gonometry. 


8. A few particular cases of the application of this method of 
determining the position of a point deserve attention. Suppose 
we were asked what point is denoted by the equations w =a, y=0? 

Let us turn to the figure in Article 4, representing the general 
case of a point whose co-ordinates are «=a, y = 6, and it is plain, 
that the smaller PM = y= 0 becomes, the more nearly will P ap- 
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proach to the line OX, and, consequently, that the equations 
x=a, y=0, must denote the point M situated on the axis OX, 
at a distance from the origin =a. Similarly, the equations x = 0, 
y = 6, denote the point N, situated on the axis OY, at a distance 
from the origin = 0. : 

The equations =0, y=0, represent the origin itself, as we 
see by supposing 6 = 0 in the preceding example. 

It appears from what has been said in the last Article, that 
the points 

“e#=+a, y=+, and w=-a, y=-6, 
lie on a right line passing through the origin; that they are equi- 
distant from the origin, and on opposite sides of it. 

N. B.—The points whose co-ordinates are «=a, y = 6, or 
w=, y=y;, are generally briefly designated as the point ab, the 
point 27. 

9. Given the co-ordinates of two points, a'y’, x’y’, to express the 
distance between them, the axes of co-ordinates being supposed rect- 
angular. 

By Euclid, I. 47, 

PQ? = PS? + SQ’, but PS = PM - QM’ =7/-y’, 
and QS = OM - OM’= a’ - 2’; 


hence 


2 a PQ? a (a Bd a”)? 4 (y —y')? 

To express the distance of any point from the origin, we must 
make « = 0, = 0, im. the 
above, and we find 

O2 = x? + y/?. 


10. In the following pages 
we shall but seldom have oc- 
casion to make use of oblique 


co-ordinates, since formule are, 
in general, much simplified by 
the use of rectangular axes; 
as, however, oblique co-ordi- 
nates may sometimes be employed with advantage, we shall give 
the principal formule in their most general form. 
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Suppose, in the last figure, the angle YOX oblique and = w, 
then 
PSQ = 180° — o, 
-and (Luby’s Trig. § 34), 
PQ? = PS? + QS? — 2PS:QS - cosPSQ, 


PQ = (y'-y'P + (a= 2")? + 2y'-y") (w= 2") cosw. 

Similarly, the square of the distance of a point, a’y’, from the 
origin = 2? + y? + 2ay' cosw. 

In applying these formule, attention must be paid to the signs 
of the co-ordinates. Ifthe point Q, for example, were in the angle 
XOY’, the sign of y’ would be changed, and the line PS would 
be the swm and not the difference of y' and 7’. 


or 


“et 


11. Given the co-ordinates of two points, xy’, xy’, to find the 
co-ordinates of the point cutting the line joining them, in a given ra- 
tio m:n. 

Let x, y be the co-ordinates of the point R which we seek to 
determine, then 
m:n::PR:RQ::MS:SN, 
or 
Mini —-HL2:LX—-L, 


P Lab 


Q2'y” R 


or me — mx" = nx — neX, 


hence : 
ma” + nx | . 

mn oA Sidhe 

In like manner 

my” + ny 

ed Sad: 

This includes the simpler case, to find the co-ordinates of the 

point bisecting the line joining two given points, 


+ af yty 

Tee Ui ase 
If the line were to be cut ewternally in the given ratio, we should 
have ~ 


C= 


“ 


Mini: ®-Xs:ax2-#B, 
and therefore 
ma” — ne my" — ny 
————<—, oy = ————*. 


{a all m-—n 
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We can sufficiently distinguish the cases of internal and external 
section, if we agree that to cut a line in the ratio + = shall denote 
to cut it internally in a certain ratio; and that to cut it in the ratio 
- — shall denote to cut it externally in the same ratio: for the for- 
mule for external section are obtained from those for internal 


section by changing the sign of —. 
n 


12. When we know the co-ordinates of a point referred to one 
pair of axes, it is frequently necessary to find its co-ordinates re- 
ferred to another pair of axes. This operation is called the trans- 
formation of co-ordinates. 

We shall consider three cases separately : first, we shall sup- 
pose the origin changed, but the new axes parallel to the old; 


secondly, we shall sup- 
pose the direction of A 
the axes changed, but P 
the origin to remain yy, 
SOR Maton Melo tus [Nee 
S/o’ 


unaltered ; and thirdly, 
we shall examine the 
case when both origin 
and direction of the 


axes are altered. 

First. Let the new 
axes be parallel to the old. 

Let Oz, Oy, be the old axes, O'X, O'Y, the new axes. Let 
the co-ordinates of the new origin referred to the old be 2’, 7’, or 
OS =, OR=y'. Let the old co-ordinates be z, y, the new 
X, Y, then we have 

OM = OR + RM, and PM = PN + NM, 
that is, 
e=-a%+ X, and y=y'+/Y. 

These formule are, evidently, equally true, whether the axes 

be oblique or rectangular. 


13. Next, let the direction of the axes be changed, while the 
origin 1s unaltered. 
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(1.) We shall commence with the case where both systems are 
rectangular, and we shall denote by @ the angle eOX = yOY. 


Then 
PM=PS+NR; OM=OR-SN. 


But since the angle 


SPN = 2OX = 6, 
PS =PN cos#, NR=ONsin@; 
OR =ON cos 0, SN = PN sin 0. O MR @ 


We have, therefore, 
y=Yocos?+ XsnO, w=Xcosd-Ysin$. 


(2.) In general let the angles between the axes be any what- 
ever. In tie figure then PS, PN are drawn Hee to Oy, OY, 
and NS to Oz. Then, as before, 


PM = PS + NR. 


We have no longer PS = PN cos SPN, since SPN is not sup- 
posed a right suas but 


PS : PN:: sin PNS(= sin YOz) : sin PSN (= sin yOx); 


.Pse PN. ate 
sin yOu 
and , 
NR: ON::sinzOX: sinNRO(= sinyOr), 
_NR- ON. sinwOX 
sinyOw 
Hence 


ysinwOy = Y sinwOY + XsinzOX. 
Similarly we find 
esinyOu = XsnyOX + Y sinyOY, . 


In using these formule, attention must be paid to the signs of 


oO MR x 


the angles concerned in them. 

The sign + is to be used when the angles xOy, vOY, wOX, are 
all measured on the same side of Ow; and yOw, yOX, yOY, on 
the same side of Oy. | 

In the case represented in the figure, the angle yOY lies on 
the opposite side of Oy from the angles yOx and yOX, and the 
formula would become 


esinyOx = X snyOX — YsinyOY. 
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14. Lastly, by combining the transformations of the two pre- 
ceding sections, we can find the co-ordinates of a point referred to 
two new axes in any position whatever. We first find the co- 
ordinates (by Art. 12) referred to a pair of axes through the new 
origin parallel to the old axes, and then (by Art. 13) we can find 
the co-ordinates referred to the required axes. 

We thus obtain, in the case where both systems are rectan- 
gular, 

y=y +Ycos# + Xsin6, and «=2'+ Xcosf —- XY sinO; 
and in the more general case, 


ysinwOy = ysinvOy + YsinvOY + X sinwOX, 
and 
xsinyOw = a smyOw + YsinyOY + X sinyOX. 

15. Beside the method of expressing the position of a point 
which we have hitherto made use of, there is also another which 
can often be employed with advan- 
tage. a 


If we were given a fixed point 
O, and a fixed line through it, OB, 
it is evident that we should know @ 
the position of any point, P, if we O B 
knew the length OP, and also the 
angle POB. The line OP is called the radius vector; the fixed 
point is called the pole ; and this method is called the method of 
polar co-ordinates. 

It is very easy, being given the « and y co-ordinates of a point, 
to find its polar ones, or vice Y 
versa. 

First, let the fixed line coin- 
cide with the axis of wz, then 
we have | 


OP:PM::sinPMO:sin POM; 


denoting OP by p, POM by @, 
and YOX by w; then 


0 M xX 
in 8 oe n 
PM or y = con ; and similarly, OM = w = psin (w - 0) 
SIN WwW sin w 
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For the more ordinary case of rectangular co-ordinates, w = 90°, 
and we have simply 
«2 =pcos@ and y = psin 8. 


Secondly. Let the fixed line 
OB not coincide with the axis of 
#, but make with it an angle = a, 
then 

POB = 8 and POM = 0-a, 
and we have only to substitute 
6-—a for @ in the preceding for- 
mule. 

For rectangular co-ordinates we have 


a = pcos(0—a) and y= p sin (0 - a). 


16. To express the distance between two points, in terms of their 
polar co-ordinates. 


Let P and Q be the two points, Q 
OR p,. LOB; P 
OQ =p’, QOB = @’; 
then Oo B 


PQ = OP? + OQ? - 20P -0Q- cos POQ, 
or 
8? = p? +p — 2p’p” cos (6" - 6). 


CHAK FH Heli 
THE RIGHT LINE. 


17. WE saw, in the last chapter, that we could determine the 
position of a point, being given two equations regarding its co- 
ordinates, of the form w=a, y=6. It is evident that we could 
equally determine the point, had we been given any two equa- 
tions of the first degree between its co-ordinates, such as 


Avz+By+C=0, A’w+By+C=0, 
C 


‘ . a " 
sn fret Re =~ ww me red wk é gu Ce afemnn fp fiw wat one wahece wt q % 
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for we have here two equations between two variables, which we 
can solve by eliminating y and x alternately between them, and 
obtain two results of the form . 

e= a, “y=. 


18. Two equations of higher order between the co-ordinates 
would represent, not one, but a determinate number of points. 
For, eliminating y between the equations, we obtain an equation - 
containing w only; let its roots be a,, a, a,, &c. Now, if we 
substitute any of these values (a) for a in the original equations, 

» we get two equations in y, which must have a common root (since 


Rat - y, the result of elimination between the equations is rendered = 0 
i. pe the supposition w=a,), Let this common root be y = 31. 
a fae ik Then the point whose co-ordinates are =a, y = (3;, will at once 
aie =~ ‘satisfy both the given equations; and so, in like manner, will the 


Oe Annet 


point whose co-ordinates are 7=a,, y = [3., &e. 

Ifthe given equations were of the m and n degrees respec- 
: tively, the equation in 2 would (by the theory of elimination, see 
Lacroix’s Algebra, § 196, p. 278; Young’s Algebra, § 124, p. 229) 
be of the mn degree, and consequently there would be mn roots 
a;, a,, &c., and, therefore, mn points represented by the two 
equations. 


- ; 
Be pw Panes 
¥ 


~ 


19. A simple example will, perhaps, render this statement 
more clear. Let us inquire what points are represented by the 


two equations 
“+ y? = 5d, yee, 


ee Cee 


In order to eliminate y between the equations, substitute for y?, 
in the first equation, its value, 2 derived from the second equa- 


tion, and we get 


— #7 +4=0. 


The roots of this equation are «?=1 and 2?=4, and, therefore, 
the four values of w are 


I AS a at 2 


e@=+1,e=-1, #=4+2, e=-2. 


Substituting any of these in the second equation, we obtain 
the corresponding values of y, 
y=+2, y=-2, y=+1, y=-1. 


al rs ee a MB ge 
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The two given equations, therefore, represent the four points, 
whose co-ordinates are (v=+1, y=+2), (w=-1, y=- 2), 
(a@=+2, y=+1), and (w=-2, y=-1). 


20. Having seen that any two equations between the co-ordi- 
nates represent geometrically one or more points, we proceed to 
inquire the geometrical signification of a single equation between 
the co-ordinates. We shall find the case to be similar to the so- 
lution of a class of geometrical problems, with which the learner 
is familiar. We are able to determine a triangle, being given the 
base and any other two conditions, but had we been given only 
one other condition, the vertex, though no longer determined in 
position, would stall be limited to a certain locus. So we shall 
find, that although one equation between the two co-ordinates is 
not sufficient to determine a point, it 1s, however, sufficient to 
limit it to a certain locus. 

In fact, the equation asserts, that a certain relation subsists be- 
tween the co-ordinates of every point represented by it. Now, 
although this relation will notin general subsist between the co- 
ordinates of any point taken at random, yet we shall find that there 
will be more points than one for which this relation will be true; 
the assemblage of these points will form a locus of points whose 
co-ordinates satisfy the equation, and this locus is considered the 
geometrical signification of the given equation. 

That a single equation between the co-ordinates signifies a 
locus, we shall first illustrate by the simplest example. Let 
us recall the construction by 
which (Art. 4) we determined 
the position of a point from the 
two equations w=a, y=b. We 
took OM =a; we drew MK 
parallel to OY ; and then, mea- 
suring MP = 4, we found P, the 
point required. Had we been 
given a different value of y, 


x=a, y=’, we should proceed 
as before, and we should find a point P’ still situated on the line 
MK, but at a different distance from M. Lastly, if the value of 
y were left wholly indeterminate, and we were merely given the 
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single equation w = a, we should know that the point P was si- 
tuated somewhere on the line MK, but its position in that line 
would not be determined, Hence the line MK is the locus of all 
the points represented by the equation # = a, since, whatever point 
we take on the line MK, the 2 of that point will always = a. 


21. In general, if we were given an equation of any degree 
between the co-ordinates, let us assume for w any value we please 
(c=a), and the equation will enable us to determine a finite 
number of values of y answering to this particular value of #, and, 
consequently, the equation will be satisfied for each of the points 
(p, 9, 7, &c.), whose wx is the assumed value, and whose y is that 
found from the equation. Again, assume for w any other value 
(v =a), and we find, in 
like manner, another 
series of points, p’, 9’, 7”, 
whose co-ordinates sa- 
tisfy the equation. So 
again, if we assume 
C=G@ or xa, Xe. 
Now, if # take succes- 
sively all possible va- 
lues, the assemblage of 
points found as above 
will form a locus, every point of which satisfies the conditions of 
the equation, and which is, therefore, its geometrical signification. 
We see then that every equation we can write down between the 
co-ordinates w and y must represent geometrically a locus of some 
kind. It is on this consideration that the whole science of Ana- 
lytic Geometry is founded. 


a a a’ a’ 


22. It is the business of Analytic Geometry to investigate the 
nature of the different loci represented by different equations. 
Then having once ascertained the locus represented by a given 
equation (for example, Aw + By + C = 0), if we find this relation 
subsisting between the co-ordinates of any point, we shall be sure 
that this point lies on the locus so determined, and, vice versd, if 
we take any point on the locus, we shall know that this relation 
will exist between its co-ordinates. 

These loci are classified according to the degree of the equa- 
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tions representing them, being said to be of the m™, n'*, or p!, 
&ce., degree, according as the equations representing them are of 
the m'", n'*, or p” degree between «x and y. 

We commence by examining the equation of the first degree, 
and we shall find that this always represents a right line, and, 
conversely, that the equation of a right line is always of the first 


degree. 
23. We have already (Art. 20) examined the simplest case of 


an equation of the first degree, namely, equations of the form 
“=a, and we found that an equation of this form represents a 
right line parallel to the axis of y, and meeting the axis of # at a 
distance from the origin = to a. 

In fact, if we state geometrically the conditions of the ques- 
tion, the locus represented by the equation «=a must be such 
that, if from any point of it 


we draw PN parallel to the x 
axis of v, to meet the axis of d 
y, this parallel will be of a FE Niu& 


constant leneth=a. Now it 
is evident this locus is the 
parallel PM. 

Conversely, if we examine 5 
what relation subsists between 
the co-ordinates of any point 
P, situated on a line PM, 
parallel to the axis OY, we 
see that the y of such a point 


is wholly indeterminate, but 
that the x will be always of a 
constant length = OM, and that, therefore, the equation # =OM 
or « =a will be satisfied for every point on the line PM. 

Similarly, the equation y= 6 represents a line PN parallel to 
the axis OX, and meeting the axis OY at a distance from the 
origin ON = 6. 

24. Let us now proceed to examine the case next in order of 
simplicity, that ofa right line passing through the origin, and let 
us consider what relation subsists between the co-ordinates of 
- points situated on such a line. 
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If we take any point P on such a line, we see that both the 
co-ordinates PM, OM, will vary in length, but that the ratio 
PM: OM will be constant, being = to the ratio 


sin POM: sin MPO. 
Hence we see, that the equation 
sin POM 
/~ sn MPO“? 
will be satisfied for every point of the line OP, and, therefore, this 
equation is said to be the equation of the line OP. 
Conversely, if we were asked what locus was represented by 


the equation 
| y= Ne, 


Y 


1 . ° 
=m, and the question is, “ to 
a 


find the locus of a point P, such that, if we draw PM, PN parallel 


put the equation in the form 


eri 
to two fixed lines, the ratio —— may be constant.” Now this locus 


PN 
evidently is a right line OP, passing through O, the point of in- 
tersection of the two fixed lines, and dividing the angle between 
them in such a manner that 
sin POM 
sin PON 


If the axes be rectangular, sin PON = cos POM, therefore, 
m = tan POM, and the equation y = mz represents a right line 
passing through the origin, and making an angle with the axis of 
x, whose tangent 1s m. 


25. An equation of the form y = + mw will denote a line OP, 
situated in the angles YOX, Y’OX’. On the contrary, an equa- 
tion of the form y=— mv will denote a line OP’, situated in the 
angles YYOX, YOX’. 

For 1t appears, from the equation y = + mx, that whenever « is 
positive y will be positive, and whenever w is negative y will be 
negative. Points, therefore, represented by this equation, must 
have their co-ordinates either both positive or both negative, and 
such points we saw (Art. 7) lie only in the angles YOX, Y’OX’ 
On the contrary, in order to satisfy the equation y=- ma, if a be 
positive 7 must be negative, and if w be negative y must be posi- 
tive. Points, therefore, satisfying this equation, will have their 


” 


. 
| 
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co-ordinates of different signs, and must, therefore (Art. 7), lie in 
the angles YYOX, YOX’. 

26. Let us now exa- 
mine how to represent a 
right line PQ, situated in 
any manner with regard to 
the axes. 

Draw OR through the 
origin parallel to PQ, and 
let the ordinate PM meet 
OR in R. Now it is plain 
(as in Art. 24), that the ra- 
tio RM: OM will be always constant (RM always equal, suppose, 
to m.OM); but the ordinate PM differs from RM by the constant 
length PR = OQ, which we shall call 6. Hence we may write 
down the equation 


PM = RM + PR, or PM =m.OM + PR, 
y= me + 6, 


that is, 


The equation, therefore, y = ma + b, being satisfied by every 
point of the line PQ, is said to be the equation of that line. 

It appears from the last Article, that m will be positive or ne- 
gative according as OR, parallel to the right line PQ, lies in the 
angle YOX, or Y’OX. 

Again, 6 will be positive or negative according as the point 
Q, in which the line meets OY, lies above or below the origin. 

Conversely, the equation y = mz + 6 will always denote a right 
line, for the equation can be put into the form 

y—b 
8 
Now, since if we draw the line QT parallel to OM, TM will be 
= b, and PT therefore = y — b, the question becomes: “ To find 


=™M. 


the locus of a point, such that, if we draw PT parallel to OY to 


meet the fixed line QT, PT may be to QT in a constant ratio ;” 
and this locus evidently is the right line PQ passing through Q. 
The most general equation of the first degree, A + By + C = 0, 
can obviously be reduced to the form y = mx + 6, since it is equi- 
valent to A C. 
yo - Be R 


b> wael 
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hence, the equation of the first degree always represents a right 
line. 


27. From the last Articles we are able to ascertain the geo- 
metrical meaning of the constants in the equation of a right line. 
If the right line represented by the equation y= mx + b make an 
angle = a with the axis of w, and = 3 with the axis of y, then 
(Art. 24) sin a_ 

fr sin 3’ 
and if the axes be rectangular, m = tan a. 

We saw (Art. 26) that 5 is the intercept which the line cuts 
off on the axis of y. 

If the equation be given in the general form Aw + By+C =0, 
we can reduce it, as in the last Article, to the form y= ma + 6, 


and we find that Me fon 
Bie ini 
° C *. 
or if the axes be rectangular = tana, and that - = is the length 


B 


of the intercept made by the line on the axis of y. 

Beside the forms Av + By+C=0 and y=ma+b, there are 
two other remarkable forms in which the equation of a right line 
is frequently used; these we next proceed to lay before the 
reader. 


28. To find the lengths of the intercepts which the line MN, whose 
equation is Az + By + C =0, cuts off on the axes. 


We found in the last 
Article the length of one 
of these intercepts, by com- 
paring the present equa- 
tion with the equation 
y=me+b. We prefer, 
however, in the present 
Article, to investigate the 
same question directly, by 
the help of an important 
principle already alluded 
to (Art. 22). The co-or- 


dinates of every point of the lme MN must of course satisfy the 
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given equation, therefore so must the co-ordinates of the point M, 
where this line meets the axis of 2. Now for every point on the 
axis of w, y = 0 (Art. 8), therefore, for the point M, the equation 
gives Az +CO=0, but the x of the point M is the intercept OM, 
whose length is required; therefore, 


om -2, 
Similarly, 
ON = - - 


Hence it is easy to find the equation of a line which shall cut 
off intercepts on the axes, OM =a and ON =0. 
The general equation of a right line is 


Aw + By + C=0, ea ee Os 


C C 
but i ene ee a aan. es oe bye 8 
Gy OM (° aha) (opauyion tpt 
therefore, the equation of the right line required is 
wey, | 
= — b = abl 


This is the equation of the right line in terms of the intercepts it 
cuts off on the axes.* It evidently holds whether the axis be ob- 
lique or rectangular. 

It is plain that the position of the line will depend on the 
sions of the quantities a and 6. For example, the given equation 


a 7 _ 1, which cuts off positive intercepts on both axes, repre- 


b 
sents the line MN on the preceding figure ; 


=e ; = 1, cutting off a positive intercept on the axis of x, and a 


negative intercept on the axis of y, represents MN’. 


Similarly, : - - = 1 represents NM’; 


and = —1 represents M’N’. 


Xv 
— + 
a 


mI 


* This equation is also sometimes considered as the equation of the base of a triangle, 
the sides being the axes of co-ordinates, 
D 
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The student will find no difficulty in examining for himself 
how changes in the signs of A, B, or C affect the position of the 
line represented by the general equation 


Aw+ By+C=0. 
29. If we suppose A = 0 in the general equation, the inter- 


cept — — made by the line on the axis of # becomes infinite. 


A 


Hence the line By + C = 0 cuts the axis of w at an infinite distance, 
or, in other words, is parallel to it. This agrees with the result 
of Art. 23. 

The distance from the origin at which this parallel meets the 


axis of y (Art. 27), is — 7 If, therefore, C = 0, this distance will 


vanish, and the equation y = 0 represents the axis of w itself. 

Similarly, Aw +C=0 denotes a line parallel to the axis of y, 
and w = 0 the axis of y itself. 

30. It is often convenient to ex- 

-¢mx%eySee press the equation of a nght line in 
=P terms of the length of the perpendi- 
cular on it from the origin, and of the 
angles which this perpendicular makes 

with the axes. 

Let the length of the perpendicu- 
lar OP = p, the angle POX which it 
makes with the axis of # =a, POY =8, 
OM =a, ON =. 

We saw (Art. 28) that the equation of the right line MN was 


ses ga) oh, 
Sti 


Multiply this equation by p, and we have 


But 


Therefore the equation of the line is 


xCOSa + ¥ Cosf3 = p. 
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In rectangular co-ordinates, which we shall most generally 
use, the angle which the perpendicular makes with the axis of «# 
- will be the complement of that which it makes with the axis of y, 
or 3=90°-a. Hence, xcosa+ysina=p is the equation re- 
ferred to rectangular co-ordinates of a line, the perpendicular on 
which from the origin makes an angle = a with the axis of w, and 
is in length = p. 

If we had been given the equation of a right line in the gene- 
ral form Av + By + C = 0, it is easy to reduce it to the form 
xcosa+ysina=p; for, divide the first by  (A?+ B?), and we 


have A B C 
Now we may take 
A B : 
Ce BB = cosa, and VAP BY) = sina, 
since these two quantities fulfil the condition 
cos?a + sin?a = 1. 
Hence we learn, that — 7 ae BS 2 a7 cys 7B are respec- 


tively the cosine and the sine of the angle which the perpendicular 
from the origin on the right line, whose equation is Aw + By + C=0, 


makes with the axis of 2, and that is the length of 


aS —$ $$ 
v (A? + B?) 
this perpendicular. 


31. To find the length of the perpendicular from any point #y, 


on the line whose equation, referred N 


R 


to rectangular co-ordinates, 2s 
2cosat+ ysina—-p=0. 
We shall show that it is found 
by substituting the co-ordinates 


| #,y, for « and y in the given 
equation, and is equal to 


wv cosat+y sina -— p. 


For, from the given point Q draw 
QR parallel to the given line, and QS perpendicular. Then 
OK = 2’, and OT will be = 2’ cosa. 


- 
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Again, since 
SKQ =a, and QK = y, 
Byes sina « 
hence x“ cosat+y' sina =OR. 
Subtract OP the perpendicular from the origin, and 
«cosat+y sina-p=PR= the perpendicular QV. Q.E.D. 


If the equation of the line had been given in the form 

Awz + By+C=0, we have only to reduce it to the form 
“2cosat+ysina —- p=0, 
and the length of the perpendicular from any point 2's, 
Aw’ +. By + C 

~ / (A? +B) 
The square root in this value is, of course, susceptible of a double 
sion. If we give to the perpendiculars on one side of the line the 
sion +, we must give to perpendiculars on the other side the 
sion —. 

If the equation of a line referred to oblique co-ordinates had 
been xwcosa+ycosf3 —p, it can be proved, precisely as above, 
that the length of the perpendicular on it from any point is 

“ cosat+ y¥ cos — p. 

The condition that any point 2’y’, should be on the right line 
Az+ By+C =0, is, of course, that the co-ordinates 2’, y’, should 
satisfy the given equation, or 

Aw’ + By’ + C=0. 
And the present Article shows that this condition is merely the 
algebraical statement of the fact, that the perpendicular from the 
point wy’ on the given line is = 0. 


32. To find the equation of a right line passing through a given 
point wy’. 

The general equation of a right line, we have seen, can be put 
under the form y= mx +6, where m and 6 are as yet unknown, 
and are to be determined by any conditions we are given respect- 

ing the line. 
| Now suppose a point on the line given, the equation y =mz + 6, 
which is true for every point on the line, must be true for the 
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point v7. Hence we get the condition y'=me'+ 6b. As we are 
given no other condition, we are not able to determine doth the 
unknown quantities m and 6, but by means of this condition we 
can determine one of them, 6=7 — ma’. Substituting this value 
in the general equation, we get 


y= met y — me, 
or y-y=m(e-2L), 


for the equation of a right line passing through the point 2’y/. 
m remains indeterminate, as it ought, since an infinite number of 
lines can be drawn through the point wy’. 

33. Lo find the equation of a right line passing through two 
given points, xy’, xy”. 

The condition that the right line must pass through a second 
point will now enable us to determine the constant m which was 
left indeterminate in the last Article. 

By the last Article the equation of a right line through «xy is 


y-y =m(a - 2’), 


or Die a i) 


-=™M. 
L—-X 


But since the line must also pass through the point «’y’, this 
equation must be satisfied when the co-ordinates a”, y” are substi- 
tuted for # and y; hence 


wt 7, =m. 
ve —& 


Substituting this value of m, the equation of the line becomes 


Yow (ide od: 


/ “ / 
U— & Cbs 


In this form the equation can be easily remembered, but, 
clearing it of fractions, we obtain it in a form which is sometimes 
more convenient, 


(y oo y) x a ees of x’) y ab xy” mo Yk. a Wy 
It is important to observe that we can sometimes write down, 
without calculation, the equation of the line joining two points. 


If we happen to know beforehand that the co-ordinates of both 
points are connected by the relations Aw’ + By + 0 = 0 and 
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Ax’ + By’ + C= 0, then it is evident that the equation of the 
line joining them is Ax + By + C = 0, for it is the equation of a — 
right line, and is satisfied by the co-ordinates of both points. 


34. It is worth while to 
examine the geometric mean- 
ing of the terms of the equa- 
tion given in the last Article. 
It is evident that 7” — 7 = QK 
and w — v” = PK, and we shall 
prove that the triangle OPQ 
is half wy" — yx” (multiplied by the sine of the angle between the 
axes, if they be oblique). For the triangle OPQ is 


= OKQ + OKP + PKQ = 4NQ + 4MK + $KS = 40S - 0K, 
but the parallelogram st fork rhb 4026, ye 


The Cemnnd. et Qany MM SW QP 
OS = wy’sin MON, ete KR Y= 2A OQPE 


and OK = DEX sin MON. = %&emst. © 


39. Lo jind the condition that three points shall lie on one right 
line. | 
We found (in Art. 33) the equation of the line joining two of | 


them, and we have only to see if the co-ordinates of the third will 
satisfy this equation. 


The condition, therefore, is 


Wy LA 
Q wy 


ot by ARR 


(yi — Yo) @3 — (#1 — &2) Ys + (ayo - Hoy) = 0, 
which can be put into the more symmetrical form, 
Yi (Lz — #3) + Ya (#3 — &1) + Y3 (@, — Le) = 0.* 


If the three points be not on one right line, the left-hand side 
of this equation (multiplied by sinw, if the axes be oblique), is 
double the area of the triangle formed by the three points. 


* In using this and other similar formule, which we shall afterwards = 7 
have occasion to employ, the learner must be careful to take the co-ordi- xi 
nates in a fixed order (see engraving). For instance, in the second mem- ‘( )) 
ber of the formula just given y2 takes the place of y1, x3 of a, and x, of 23. S A 
Then, in the third member, we advance from yz to y3, from 23 to 21, and 
from x to x2, always proceeding in the order just indicated. 
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For, putting it into the form 


(% — @3) (Y2 - Ys) — (#2 - #3) (1 - Ys); 
it is = parallelogram RS — parallelogram RK; and we can prove, 
precisely as in the last Article, that the difference of these paral- 
lelograms is double the triangle PQR. 


Ye 
leictinaay 


Ray 


Thus it appears, that the condition that three points should be 
on one right line, when interpreted geometrically, asserts that the 
area of the triangle formed by the three points becomes = 0. 


36. To express the area of a polygon in terms of the co-ordinates 
of its angular points. 

Take any point wy within the polygon, and connect it with 
all the vertices #141, 2 Y2, - - - nr Yn; then evidently the area of the 
polygon is the sum of the areas of all the triangles into which the 
figure is thus divided. But by the last Article these areas are 
respectively 

u(y — Yo) — y(#1 — #2) + Liye — way, 

a (y2— Ys) — y (La — &3) + Hays — 3 Ye, 

w(ys— ys) — Ys B41) + H3y4- L4Ys, 

2(Yna — Yn) — Y (Ln-1— &n) + Bra Yn ~ Un Yn-ds 

(Yn — 9) — Y n= 21) + Ua Yi ~ Li Yne 
When we add these together, the parts which multiply x and y 
vanish, as they evidently ought to do, since the value of the total 
area must be independent of the manner in which we divide it ~ 
into triangles; and we have for the area 


" 
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(&y Yo — 22 Yi) + (Ho y3 — &3 Y2) + (@3 Ys — V4Y3) + ~~. - (Mn Yr - Li Yn): 
This may be otherwise written, | 
@,(Y2 — Yn) + €2(Y3 — Yi) + @3(Y4 — Yo) +» - Un(Yr - Yn-)s 

or else 
Yy (&n — He) + Yo (&, — %3) + Y3 (aH - Hs) +... Yn(&n1 — 2). 


37. To jind the co-ordinates of the point of intersection of two 
right lines whose equations are given. 

Hach equation expresses a relation which must be satisfied by 
the co-ordinates of the point required; we find its co-ordinates, 
therefore, by solving for the two unknown quantities x and y, 
from the two given equations. Let the equations be given in the 
most general form, 

Av + By+C=0, A‘x + By + C =0, 
BC’ - BC AC - CA’ 
then 2 will be found = AB’ BA” and y = BA’. AB’ 

We said (Art. 17) that the position of a point was deter- 
mined, being given two equations between its co-ordinates. The 
reader will now perceive that each equation represents a locus on 
which the point must lie, and that the point is the intersection of 
the two loci represented by the equations. Even the simplest 
equations to represent a point, viz., 2 =a, y = 4, are the equations 
of two parallels to the axes of co-ordinates, the intersection of 
which is the required point. 

The reader will also now understand why two equations of 


~ 


the first degree only represent one point, and why two equations 
of higher degree represent more points than one (Art. 18). In the 
first case each equation represents a right line, and two right lines 
can only intersect in one point. In the more general case, the 
loci represented by the equations are curves of higher dimensions, 
which will intersect each other in more points than one. 


38. To find the angle between two lines, whose equations with 
regard to rectangular co-ordinates are given.* 


* All formule involving angles become much more complicated by the use of 
oblique co-ordinates. Since, therefore, in the solution of questions in which angles are 
concerned, we shall always be careful to choose rectangular axes, we do not think it ne- 
cessary to extend the following formule to the case of oblique axes. 


THE RIGHT LINE. 25 


The angle between the lines is equal to the difference be- 
tween the angles which 
each makes with the axis 
of @. 

But if the equations 
be given in the form 
y=me+b, y=mer+d. 
We saw (Art. 27) that 

m = tan PMO, 
and m’=tanPMO; 
hence (Luby’s Trig. § 15), 


tan MPM’ = 


m—-m 


L+ mn 

From the above expression it is easy to see that the two lines 
y=mz+b, y=mex+ 6 are parallel, when 

m=m™, 
and are perpendicular to each other when 
mm = — b; 

since the tangent of the angle between them vanishes in the {first 
case, and becomes infinite in the second. 

If the equations had been given in the form 


Az + By+C=0, A‘e + By + C =0, 
we can at once reduce them to the form 
y = mex + b, y= me + Dd, 


and we have only to write in the preceding formula, 


for m, — == and for m’, — = 
or we may solve the question directly as follows: 

The angle between the lines is manifestly equal to the angle 
between the perpendiculars on the lines from the origin; if there- 
fore these perpendiculars make with the axis of w the angles a, a’, 
we have 

sin MPM’ = sin (a - a) = sina cosa’ — sina cosa, 
cos MPM’ = cos(a - a) = cosa cosa’ + sina sind’. 
E 
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But (Art. 30), 


cosa = eri Tey, 7 cut B - 
On (Ana B?)? 8 Shy (Asay 
COs a’ = es - sina = 2, . 
CCSD TE CES DY 
Hence : BAS AB: 
AP Na ee ath . 
sin MPM V(A2 +B?) y(A? +BY’ 
; AA’ + BB’ 
SOS MEE v (A? + B) (A? +B)’ 
and therefore  uBAe A: 
ee AGERE 
The two lines are therefore parallel when BA’—- AB’= 0, that is, 
when A "i B 
AvCoep’ 


They are perpendicular to each other when AA’ + BB’ = 0. 


39. To find the equation of a line making a given angle, , with 
a given line y= max + b (the axes of co-ordinates being rectangular). 
Let the equation of the required line be 
y= me + 0. 
The formula of the last Article, 
; _ m-m 
a0 mam 


enables us to determine 
m — tan p : 


~ 1+mtan@’ 


¢ 


b’ remains indeterminate, as we should expect, since several pa- 
rallel right lines can be drawn making the given angle with the 
given line. 

By adding another condition we can determine J’. 

For example, we can find the equation of a line passing 
through a given point, and making a given angle with the given 
line. 

The equation of any line through «7 is (Art. 32) of the form 


y-y=m(a-2x), 
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and giving to m’ the value found in the preceding part of the Ar- 
ticle, we get the equation of the required line, 


m — tan d 


Yee Pr Tatar U8), 


or ; M Cos p — Sind 
YY ~ 60S 
gp + msin 


(@- #). 


To find the equation of a right line passing through a given 
point, and perpendicular to a given line, y = ma + 6, we have only 
to BEeRore cos @ = 0, sin ¢ = 1, in the above formula, and we get 


Iz y=-=(e-2); 


or this equation might have been obtained directly from the con- 
dition that two right lines should cut at right angles, namely, 
mm’=—1. | 

It is easy, from the above, to see that the equation of the per- 
pendicular from the point ’y’ on the line Az + By + C=0 1s 

Aty -y) = Biv - #’). 

40. To find the polar equa- 
tion of a right line (see Art. 15). 

Suppose we take, as our 
fixed axis, the perpendicular 
on the given line, then let OR 
be any radius vector drawn from 
the pole to the given line 

OR = p, ROP = 0, 
but, plainly, 
OR cos @ = OP, 


hence, the equation is 


p cos 8 = p. 


If the fixed axis make an angle a with the perpendicular, the 
equation is 

‘ p cos(6 - a) =p. 

This equation may also be obtained by transforming the equa- 
tion with regard to rectangular co-ordinates, 


xcosa+ ysNa =p. 
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Rectangular co-ordinates are transformed to polar by writing for 
x, pcos, and for y, p sin 8 (see Art. 15); hence the equation be- 


comes p(cos 8 cosa + sin® sina) = p; 


or, as we got before, 
p cos (0 — a) = p. 
An equation of the form 
p -(A cos @ + Bsin 8) = C 


can be (as in Art. 30) reduced to the form p.cos (6 — a) = p, by 
dividing by (A? + B*); we shall then have 


A 
vy (A? + B) 


B 
tana = — 


B 
vy (A2 + B?)’ A’ 
Ph Seal 
B Sy (A? +B) 


cosa = , sNa= 


CHAPTER TTY 
EXAMPLES ON THE RIGHT LINE. 


41. Havine laid down principles by which we are able to 
express algebraically the position of any point or right line, we 
proceed to give examples of the application of this method to the 
solution of geometrical problems. The learner should diligently 
exercise himself in working out such questions, until he has ac- 
quired quickness and readiness in the use of this method. The 
examples given in this chapter being introduced, not so much for 
their own sake, as to show how. such questions may be solved 
algebraically, will, for the most part, be such as admit of simpler 
geometrical solutions. It must not be supposed, however, that 
because in these instances the geometrical method has the advan- 
tage, itisin all cases to be preferred. Hach method has its peculiar 
recommendations. If the geometrical solutions of some questions 
are clearer and more simple, the algebraical method proceeds 
with more uniformity, and reaches its end with greater certainty. 
It should be the student’s aim to make himself master of both in- 
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struments of investigation, so as to be able to apply either, accord- 
ing as the nature of the subject demands. 

In the next chapter we shall give simple algebraical demon- 
strations of some theorems which we have here preferred to prove 
by the most obvious methods of investigation. 


42. Ex.1. Zo prove that the three perpendiculars of a triangle 
meet in a point. 

In order to investigate algebraically whether three lines meet 
in a point, we shall form the equations of the three lines, then, by 
Art. 36, find the co-ordinates of the point of intersection of any 
two of them, and then examine whether these co-ordinates satisfy 
the equation of the third line. Although the position of the axes 
of co-ordinates does not affect the validity of this process, yet a 
judicious choice of axes may very much increase the simplicity of 
the equations which will occur. 

In any question in which the consideration of angles is in- 
volved, it will be advisable to choose rectangular axes; but if the 
question be not of this nature, we may take for axes any two im- 

portant lines on our figure, even if the angle between them be not 
right. 

In the present case we take one 
of the perpendiculars CR for the axis 
of y, and the base for the axis of «. 
Let us call the length CR, p, and the 
seoments BR, AR, s and s’, then the 
equation of BC (whose intercept on 
the axis of y = p, and on the axis of w = s) is (Art. 28) 

ae aaah 

PIN 
_ Now, the equation of a line through any point a’y’, perpendicular 
to BC, is (Art. 39) 


4 


1 he AN ; 
ae ori Ale alu 


Therefore, the equation of the perpendicular AP, passing through 
the point A, whose 7/ = 0, and whose a’ = ~ s,, 1s 


1 | 
—(%+S)=-— 4. 
ras yey 


§ 
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In like manner the equation of AC is 


hipaa + 
D8 
(We use the sign — since the intercept AR is measured on the ne- 
gative side of the origin R.) 
Therefore, the equation of BQ perpendicular to AC, and 


passing through B, whose 7 = 0, and whose w' = s, is (Art. 39) 
a=) +5y=0 

From this equation, and that of AP, 
= (ess) -5y=0, 


we can determine the x and y of their point of intersection. Sub- 
tract them, and we get 


DU MN Ag es Js es p 
Multiply the first by s’, and the second by s, and add them, and 
we get 1). 

Now «=0 is the equation of the axis of y, or of the perpendicular 
CR; hence we see that the perpendiculars AP and BQ intersect 


on CR, and at a height above the base = 7 


Ex.2. The three bisectors of the sides of a triangle meet in a 
pownt. 
Let us retain the same axes as in the last Example. 
The distance MR of the middle point of the base from the — 
ss 
oe 
Hence (Art. 28) the equation of MC is 


origin = 


Ze %. 4 


,+==1. 
s—s' p | 
The co-ordinates of D, the middle point of BC, are (Art.11) | 
C= 5 y ==. And the co-ordinates of A we saw were w=-— 6, y=0. — 


~_  e 
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Forming, therefore, by Art. 33, the equation of theline joining 
these points, we find for the equation of AD, 


cid Ri By Lota 
9% (5 +é)ys 5 = Q. 
In like manner BE, which joins the points B(w=s, y=0) to 


E (« =—- 5 y= 5) will have for its equation 
P \y-2 
g@ + (: +5) y = (): 


In order to find the co-ordinates of the point of intersection of the 
last two lines, subtract their equations, and we get 


4 } lene it ap 
9 (8ts)y¥-gSts) p=), or y ="5 


Substitute this value of y in either equation, and we get 


i pie e, Ss 
= 
Now it will be seen that these values of w and y will satisfy the 
tion of MC, | 
equation o 2a ip 
s-s p 


Hence the three bisectors meet in a point. They also trisect each 
other in this point, as may be seen by forming (Art. 11) the co- 
ordinates of the point of trisection of any of them, when values 
will be obtained identical with those just given. 


Ex. 3. The same question may furnish us with an example 
of the occasional use of oblique co-ordinates. We might, for 
example, have taken the middle point of base for origin, the base 
for axis of x, and the bisector MC for axis of y. Let us call the 
length MC, p, and let the half base MB=c; then AD joins the 


point A (#=-c, y=0) to D (2-5 = atti E ) Its equation, there- 
fore, is Sa Gri-cG = 0. 
In like manner, BE joins B(w=c, y=0) to E (« =— 


and its equation is 3cy + Ba — ¢f3 = 0. 


f 


ie 
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To find the co-ordinates of the intersection of these lines add the 
equations, and we get B 
pm 
Subtract them, and we get 0 
in). 
This proves that the two lines intersect on the axis of y, that is, 
on the third bisector, and at a distance from the base equal to its 
third part. 


Ex. 4. The three perpendiculars through the middle points of the 
sides of a triangle meet in a point. 

3 We shall leave this example to be worked out by the learner, 
He may take the same axes asin Ex.1. He will find given in 
that Example the equations of the sides of the triangle AO and — 
BC. He must then, by Art. 39, form the equations of perpen-_ 
diculars to these lines through the points D and E, whose co-ordi- 
nates are given in Ex.2. He must then seek the co-ordinates of 
the point of intersection of these perpendiculars, and he will find 
for the x of this point, 


But this proves that the perpendicular from the point of intersee- | 

tion on the base will pass through the middle point of base, since © 

we saw (Ex. 2) that the distance of the middle point of base from 
s-8 


the origin = 5 #6 


Ex. 5. The three middle points of the diagonals of a complete 
quadrilateral lhe in one right line. q 

We leave this Example also to be worked out by the learner, 
He may take two diagonals for axes, and if the segments of these 
diagonals be a, a’, 0, b’, then, as in Ex. 2, he will have for one 


middle point # = a ; for another, y = d 5 é ; and for the line 
joining them, yn Qy pi | 


m | 
* Fora proof that the three bisectors pt the angles of a triangle meet in a point, see 
next chapter (Art. 57). 


ae 


| 
. | 
| 
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He can then form (by Art. 28) the equations of the four sides ; 
thence derive (by Art. 37) the co-ordinates of the points of inter- 
section of opposite sides; thence (by Art. 11) form the co-ordi- 
nates of the middle point of the line joining these intersections ; 
and finally verify that these co-ordinates satisfy the equation just 
given. 

43. To jind in what ratio the line joining two given points 
x'y’, vy”, is cut by a given line (Av + By + C). 

Let the required ratio be m:n; then (Art. 11) the co-ordi- 
nates of the point of section are 


4 / aw / 
ML + NK my + ny 
= Ty Se, — ee 
m+n m+n 


But, by hypothesis these co-ordinates satisfy the equation of the 
given line; therefore 
mi + nx my +ny ., 
CEE SEO Sey 
m+n m+n 


Bence 
m Aw’ + Bi sy + © C 


mn Ax’ + By’+C 


This value might also have been deduced geometrically from sm 


the consideration that the ratio in which the line joining 2’y, 2”y/’ 
is cut, is equal to the ratio of the perpendiculars from these points 
upon the given line; but (Art. 31) these perpendiculars are 


Aa + By +C ius Aw’ + By’ +C 
“VarrB) are By 


The negative sign in the preceding value arises from the fact 
that in the case of internal section to which the positive sign of 


= corresponds (Art. 11) the perpendiculars fall on opposite sides 


of the given line, and must, therefore, be understood as having 
different signs (Art 31). 
Tf a right line cut the sides of a triangle BC, CA, AB in the 
points LMN, then BL.CM.AN 
CL.AM.BN — 


Let the co-ordinates of the vertices be wy’, «’ y, @ y";> then 
F 


ii aah Be 
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BL Aa’ + By’+C CM At) ay ae 


e _—— -- Oe 


CL Ag”+By"+CG ’ AM ~ Az’ + By + C’ 

AN NAS Hey ce 

BN Aa’ + By’+O’ 

and the truth of the theorem is manifest. 
| 44, To jind the ratio in which the line joining two points 
Yi, Yaya, ws cul by the line joining two other points x3Y3, C44. 
The equation of this latter line is (Art. 33) 
(ys — ys) @ — (#3 — a4) y + ways — Ury3 = 0. 

Therefore by the last article 


m (Ys — ys) B1 — (3 — &4) Yy + Hays — Lays 


n (Ys — Ys) Wa — (Ws — 4) Yat ways — L4yy 
It is plain (by Art. 35) that this is the ratio of the two triangles 
whose vertices are 
LY 12 U3 Y3, C4Y4; and ©2Y2, U3Y3, C44, 
as also is geometrically evident. 


Tf the lines connecting any assumed point with the vertices of 
a triangle meet the opposite sides BC, CA, AB, respectively in 
L, M, N, then BL.CM. AN 
CT MAND Nan 
Let the assumed point be ays, and the vertices 2141, reY2, #3Y/3, 
then BL _ 21 (y2 ~ ys) + @ (ys ~ th) + 4 (Y1 — Yo) 
CL ai (ys — ys) + @4 (Y3 — 41) + %3 (Y1 — Ya)’ 
CM _ 2 (ys ys) + &3 (ya = yo) + 4 (yo = Ys) 
AM ai (y2 — ys) + @2 (ys — 1) + &4 (J — Yr)’ 
AN 2, (y4 — Y3) + &4 (Y3 — Yi) + &3 (y1 — ¥4) 
BN a2 (Ys — ys) + &3 (ys — Yo) + B4(Y2 — Ys)’ 
and the truth of the theorem is evident. 


+1. 


45. Analytic geometry adapts itself with peculiar readiness to 
the investigation of oct. We have only to find what relation the 
conditions of the question assign between the co-ordinates of the 
point whose locus we seek, and then the statement of this relation 
in algebraical language gives us at once the equation of the re- 
quired locus. 


—- “ | AR de ee ae" At 


Fp em SY bg enes of Toma tye 
ae ce. (me*) Py ee Soidtien a. ow ot de 2 = ec 12 voor . »¥ awl 
dt x * ) , ‘¢ 
¥ ra en a \ Keath, /— Ga tay | eee is “4 A me , ™ 2 ~ ~ e % 4 Aa” vine 
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J Ex. 1. Cider ade and Gif erence of squares of sides of a triangle, 
to find the locus of vertex. 
Take the base for axis of v, and 
a perpendicular through its middle 
point for axis of y. Call the length 
of half base c, and let the co-ordi- 
nates of vertex be wz, y. Then 


BeeeeR?  Retm ence vince nnd bod SET nee 
In like manner AC? = 92 + (c-a)?; 
therefore BC? — AC? = 4ez; 


and, putting this equal to a constant, 
Ace = m? 


is the equation of the locus of vertex; but this 1s (Art. 23) the 
equation of a ae perpendicular to the base at a distance from 


middle point = i and, therefore (as easily appears), cutting the 


base so that the difference of the squares of segments = the differ- 
ence of squares of sides (uc. I. 47, Cor. 4). 


Ex. 2. Given base and sum of sides of a triangle, of the perpen- 
dicular be produced beyond the vertex until its whole length equal one 
of the sides, to find the locus of the extremity of the perpendicular. 

Take one extremity of the base (A) for origin; let the axis 
be the base and a perpendicular to it through A; and let us in- 
quire what relation exists between the co-ordinates of the point 
whose locus we are seeking. The « of this point plainly is AR, 


and the y is, by hypothesis, = to AC; and if m be the given sum 


of sides, BCO=m-y “4 cum ¥ | 


Now (Euclid, II. 13), 
BC? = AB? + AC? —- 2AB. AR; or, nakene AB by. ¢, w 
(m- yy =0? + y? — 2cx. 
Reducing this equation, we get 
2my — 2ex = m® — Cc, 
the equation of a right line. 


Ex. 3. Given two fixed lines, OA and OB, if any line be drawn 
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to intersect them parallel to a third fixed line, OC, to find the locus of 
the point where AB ts cut in a given ratio. 


We may here employ oblique axes, since Cc 
angles are not concerned (Art. 42). Let us 
take the fixed line OA for axis of w, and the B 
iy 


fixed line OC for axis of y, then the equa- 
tion of OB must be of the form y = ma, and 
it is required to find the locus of the point P 0 A 


: tid 1 
cutting AB, so that AP may, for instance, = "i AB. 


Since the point B lies on the line whose equation is y = ma, 


we have AB =mOA, 
therefore Ae - OA, 


but AP is the y of the point P, and OA its z, therefore the 
locus of P is expressed by the equation 
m 
A ee 
and is, therefore, a right line through the point O. 


Ex. 3. To find the locus of the middle points of rectangles in- 
scribed in a given triangle. 
Let us take for axes CR and AB, as Cc 
in Art. 42, Ex.1. The equations of AC 
and BC are there given 
Setlit Seiten mig See 
Dias ee 
Now if we draw any line FS parallel to 
the base at a distance FK =k, and whose 
equation, therefore, is y =k, 


we can find the abscisse of the points F and §, in which the line 
FS meets AC and BC, by substituting in the equations of AC 
and BC this value, y=. Thus we get from the first equation 
: ae 1..zor KR= -#(1 -=): 

fees P 
and from the second equation 


=1..¢or RL= (1 i =): 
P 
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Having the abscisse of F and S, we have (by Art. 11) the abscissa 
s-s 


(a be *) This is evi- 
2 P 
dently the abscissa of the middle point of the rectangle. But its 


of the middle point of FS, viz., w= 


ordinate is Y=>5: Now we want to find a relation which will 


subsist between this ordinate and abscissa whatever & be. We 
have only then to eliminate & between these equations, or substi- 
tuting in the first the value of & (= 2y) derived from the second, 


we Rive pan (@- 4)( -=), 
P 
or PN up ea hay 
s-s p 


This is the equation of the locus which we seek. It obviously 
represents a right line, and if we examine the intercepts which it 
cuts off'on the axes we shall find it to be the line joining the mid- 
dle point of the perpendicular CR to the middle point of the 
base. 


Ex. 4. A line is drawn parallel to the base of a triangle, and tts 
eatremities joined transversely to the base, to find the locus of the point 
of intersection of the joining lines. 

The axes remaining as in the last example, let any parallel be 
drawn (y = k); then one transverse line joins the points 


B(y=0, «=s), and F (y =k, v=-—s.1- = (see last Example), 


therefore its equation is 
(: +s.1- “yy + ku — ks = 0. 
ih 


In like manner, since AS joins 


——___, 


A(y=0, «=- s') and S (yak e=s.1-") 


| its equation is (v4 =i -5)y Sa ear adar ry 


Now since the point whose locus we are secking hes on both 
the lines BF, AS, each of the equations just given expresses a re- 
lation which must be satisfied by the co-ordinates of the point O. 
Still, since these equations involve &, they express relations which 
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are only true for that particular point of the locus which corres- — 
ponds to the case when the parallel FS is drawn at a height &. 
above the base. If, however, between these two equations we 
eliminate the indeterminate 4, we shall obtain a relation involving 
only the co-ordinates and known quantities, and which, since it 
must be satisfied whatever be the position of the parallel FS, will 
be the required equation of the locus. 

Subtract the equations and the result becomes divisible by 4. 
It is / mk 2» 


This is the equation of the locus we seek; but we have seen 
(Art. 42, Ex. 2) that this is the equation of MC, the bisector of 
the base. 


Ex. 5. It may be useful to the student to see the same ques- 
tion solved with different axes of co-ordinates. And as this 
question involves no relations of angles, we may, without incon- 
venience, choose oblique axes. 

Let us take for axes the sides of the triangle AC and CB; let 


their lengths be a and 0; then any parallel to the base will cut ; 
off proportional intercepts na and pd. Kc 
Hence the equations of the transversals will be : 

; 

mE dala PRicy bec en 5 

a ub pA b f 


Subtract these, and we get 


(2) G-f)-9 


or, dividing by the constant, 


This relation, which must be always satisfied by the co-ordinates 
of the point of intersection, is, therefore, the equation of the locus q 
we are seeking, but it is evidently the equation of a right line 
through the vertex of the triangle; and we shall have occasion to 
show in the next chapter (Art. 66), that this is the equation of the 
bisector of base, the sides of the triangle being taken for axes of 
co-ordinates. : 
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Ex. 6. A parallel is drawn to the base of a triangle, and per- 


_pendiculars to the sides erected at tts extremities, find locus of their 
intersection. 
Take the same axes asin Ex. 4. Then the line FQ, which 


is a perpendicular to the line AC (2 - <= 1), through the point 


F (y med = — 6. | -=) has for its equation 


i ; a aa 
o(e+s 1-=) tay —k) =) 
In like manner, the equation of SQ is 


-( ~) li 
—(x-s.1-—-—]-—(y-k)=0. 
Fe bahar (Ae) 


We have to eliminate & between these equations. Put them 
into the form 


i Sey ae bats 

FQ soe b ans ;)and 
OR Be a Oa 

a 8 e+ ako +5) 


Eliminate & between these equations, and we have, for the equa- 
tion of the locus, 


G =) (= s 2) € =) (% & = 3 
~+—)(-+-4+4%)=(5+—)(+-—+ 
Se Psp 8 caer ye: de aey | ay 1 


but this is evidently the equation of a right line, since x and y 
are only in the first degree, and it will be found that it passes 
through the vertex of the given triangle, for the co-ordinates of 
_ the vertex w = 0, y = p, will satisfy the equation. 


| _/ Ex. 7. PP’ and QQ’ are any two Q D 
parallels to the sides of a parallelogram; | 
_to find the locus of the intersection of the 
lines PQ and P'Q’. 

| Let us take two of the sides for our 
axes, and let the lengths of the sides AQ B 

be a and 6, and let AQ’= m, AP=n. Then the equation of 
PQ) j joining P(y=n, «=0) toQ(w#=m, y = 6) 1s 


| (6-—n) x —-my+mn=0, 


a 
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and the equation of P’Q’ joining P’(v =a, y=n), to Q'(w=m, y =0) | 
is nu —(a-—m)y-mn= 0. 

There being éwo indeterminates, m and n, we should at first 
suppose that it would not be possible to eliminate them from two 
equations. However, if we add the above equations, it will be 
found that both vanish together, and we get for our locus 
bx — ay =0, ~ 


a 


the equation of the diagonal of the parallelogram. 


A line is drawn parallel to the sedes “of a triangle, and the points 
where it meets sides joined to any two fixed points on the base; to 


Ex. 8. Example 4 is only a articular case of the following: 
find the locus of the point of intersection of the joining lines. ; 


We shall preserve the same axes, &c., as in Ex. 4, and let the 
co-ordinates of the fixed points, T and V, on the base, be for 
iy 0, =m, and ior Vy =), 2en. . 

We already found (Ex. 4) the co-ordinates of 


F(: =k, wn- 61-2) 8(; =k, w=s.1-5) 
z P P 


Hence, if we form the equation of FT, we get 
(0.1 ~5 m)y + kz -—km=0, 


and equation of SV is 


(s.1-2—n Jy — ke + kn = 0. 
P 


We can eliminate k& by putting the equations into the form 


/ 


FT + my-k(Zy 24m) =0, 
and SV (s—n)y- b(Ey+e-n)- 0. 


Hence, eliminating k, we get for the equation of the locus 


\ 


(=n) ("y -2+m)=(+m(=y+a-n) 


But this is the equation of a right line, since w and y are only in in 
the first degree. ; 
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Ex. 9. If on the base of a triangle we take any portion AT, 
and on the other side of the base another portion BS, in a fixed ratio 
to AT, and erect the perpendiculars*™ K'T Cc 
and FS, to find the locus of O, the point of 


intersection of EB and FA. E x 
Call AT 2, let the fixed ratio be m, 
then BS will = mk; the co-ordinates ofS A T RS B 


will be y=0, e=s—mék, and of T, y=0, x=-(8—-h).. . 
The ordinates of E and F will be found by substituting these 


values of w in the equations of AC and BC. We get for 
E, 2--(¢-8, y=%, 


and for By bees int y= ee 


Now form the equations of the transverse lines, and the equation 
of EB is 
k } 
(sts —kh)y pe = 
and the equation of AF is 


(s+ es —mk)y- =): 


mopk ae mpks 
s | 
To eliminate & subtract the equations, and they will become 
divisible by £, and we get 
(m - y+ (“Pat te (7 =o 


s 


which is the equation of a right line. 


Ex. 10. Given a point and two fixed lines: draw any two lines 
through the fixed point, and join transversely the points where they 
meet the fixed lines, to find the locus of intersection of the transverse 
lines. 

Take the fixed lines for axes, and let the equations of the lines 
through the fixed point be 


al VE , sagt ae Lana 
m n mn 


* The following investigation will apply equally if ET and ES be not perpendicular, 
but parallel to any fixed line CR, 
G 


——- 
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The condition that these lines should pass through the fixed 
point wy’ gives us 


ad) ae hae ee) 
™m m n nr 


x 
and —+*=1; 
mM 


¢ . f. .) 
eee ee | ie ee), 
Vie) I) te v7 


Now from this and the equation just found we can eliminate 


(=A) m8) 
m m nr n 


xy + ya =0, 


or, subtracting, 


or, subtracting, 


and we have 


the equation of a right line through the origin. 


Ex. 11. Two vertices of a triangle ABC move on fixed right 
lines LM, LN, and the three sides pass through three fixed points 
O, P, Q which lie on a right line; find the locus of the third vertex. 

Take for axis of # the right L 
line OP, containing the three 
fixed points, and for axis of y the pee 
line OL joining the intersection ~—<-- : 
of the two fixed lines to the point ° 
O through which the base passes. _ 
Let 


OL =t, OMs=a, *ON-=¢@,5 OP =, 0Qee. 
Then obviously the equations of LM, LN are 


Ene enna ee ae 
a a 


b b 

Now in solving loci we have generally our choice of two methods: 
we may either, as in previous examples, introduce an inde- 
terminate, which the conditions of the problem enable us after- 
wards to eliminate; or else we may endeavour to express directly 
the conditions of the problem in terms of the co-ordinates of the 


EE 6 RRA 99 ne + 


' 
» 
d 
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point whose locus we are seeking, and thus obtain a relation be- 
tween these co-ordinates, which is the equation of the required 
locus. Thus in the present example we might, by the first method, 
assume for the equation of OB, y=kw, where & is indeterminate, 
thence obtain the co-ordinates of A and B, thence form the equa- 
tions of AP and BQ, and finally, by eliminating ’ from these, 
find the equation of the locus of C. 

Or else we may begin by assuming the co-ordinates of O wx’y/’; 
thence form the equations of CP, CQ; thence obtain the co-ordi- 
nates of A and B; and finally, by expressing the condition that 
the line joining AB shall pass through O, have a relation between 
xy’, which is the equation of the required locus. 

We shall now for variety adopt the latter method. The equa- 
tion of CP through wy and P(y = 0, # =) 1s 

(a -—c)y-—yar+cy=0. 
The co-ordinates of A, the intersection of this line with 


Sa ee 
a 1, 
are ab (a' — ¢) + acy’ CW OLa wie) ye 
1b (ac) tay? “~ b@— 6) + ay” 


The co-ordinates of B are found by simply accentuating the 
letters in the preceding : 
ab(e’-—¢)+acy b(v-c)y 


orn (nee é)+ ay ’ 22-7 (a —¢)+ ay. 


Now the condition that two points, 714, #22, shall lie on a right 


9 


line passing through the origin, is simply (Art. 39) - cS = 
1 & 
Applying this condition we have 
Dae cy yf b(a-c)y 
ab (a’—c)+acly ab(a-¢)+acy 
This being a relation then which must always be satisfied by the 
co-ordinates wy’, the equation of the locus is 
(a-c) [ab (w@-¢) + acy] =(a-€) [ab (w-c) + acy], 
or | (ac — ac) x y 
cé (a- a) — aa (e-¢) ings 


the equation of a right line through the point L. 


sans 
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Ex. 12. Tf in the last example the points P, Q, lie on a right 
line passing not through O but through L, jind the locus of vertex. 

Take for axis of z the line LP, and for axis of y the line LO. 
Let LP = a, LQ =a, LO = 8, and let the 
equations of LM, LN be y= mz and y=mz. 
I adopt the method of solution used in the 
last example. The equation of CP through 
xy and (« =a, y=0) is 

yf (w ~ a) = (w ~ a) y 5 

The co-ordinates therefore of the point A ‘c 
where this line meets y = mz are 


, 


ay amy 
Pea: oF tt Sei faerie I 
¥y — Mt + am ¥y — met + am 
In lke manner the co-ordinates of B are 
ay amy 


+ RR EN Me RE BAT, ha a Ee rey 
y—-mere+am vy — mri am 


~ 


We must now express that the line joiming these points passes 
through O. But (Art. 33) the intercept on the axis of y by the 
&) U2— T2Y, 
2 — X 
fore form this quantity and equate it to 6. This gives 
2, (v2 — 6) = 22 (y, — 4). 

Substitute in this the values just obtained for 2,y,, x24, and clear 
of fractions; the equation becomes divisible by y, and we have ~ 
for the relation to be satisfied by the point 2'y, 


a {(am' — 6) y+ mb (x-@)} =a {(am— 6) y+méd (2-2)}, 
the equation of a nght line. 


line joining two points 2141, r2¥2, 1s ; we must there- 


Ex. 13. Given bases and sum of areas of any number of irt- 
angles having a common vertex, to find its locus. 

Let the equations of the bases be 

xcosat+ysna-—p=0, xcosPB+yanB-m=0, 
zcosy+ysin y — po =0, &e. 

and their lengths, a, 6, c, &c.; and let the given sum = m?; then, 
since (Art. 31) x cos a+ y sina — p denotes the perpendicular 
from the point xy on the first line, a (2 cos a+ yin a — p) will 


be double the area of the first triangle, and the equation of the 
locus will be 


EXAMPLES ON THE RIGHT LINE. 45 


a(w cosa+ysina-—p)+b(« cos 3 + y sin 3 — p,) + 
c(@ cos y+ Yy sin y — pe) + Ke. = 2m’, 
which, since it contains w and y only in the first degree, will re- 
present a right line. 

46. We shall conclude this chapter by showing how questions 
may be solved by the help of polar co-ordinates (see Art. 40). 
It is, in general, convenient to use this method, if the question be 
to find the locus of the extremities of lines drawn through a fixed | 

point according to any given law. For example, 


Ex. 1. A and B are two fixed points; draw through B any 
line, and let fall on it a perpendicular from A, AP; produce AP 
so that the rectangle AP . AQ may be constant: to find the locus of 
the point Q. 

Take AR for the pole, and AB for the Q 
fixed axis, then AQ is our radius vector, de- ~ 4 
signated by p, and the angle QAB = 6, and ae 
our object is to find the relation existing be- 
tween p and 9. Let us call the constant 4 
length AB = c, and from the right-angled 4 B 
triangle APB we have AP = cc cos 9, but 
AP . AQ = const = k?, therefore, 

2 

pe cos 8 = Kk, or p cos G=—; 
but we have seen (Art. 40) that this is the equation of a right 
line perpendicular to AB, and at a distance from A = as 

Ex. 2. Given the angles of a triangle; one vertex A is fixed, 
another B moves along a fixed right line, to find the locus of the 
third. 

Take the fixed vertex A for pole, and AP C 
perpendicular to the fixed line for axis, then 
AC =p, CAP =9. Now since the angles of 
ABC are given, AB is in a fixed ratio to £ 
AC (= mAC) and BAP=0@-a; but AB. x 
cos BAP = AP;; therefore, if we call AP, a, 
we have 


mp cos (§ — a) =a, 
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which (by Art. 40) is the equation of a right line, making an 
angle a with the given line, and at a distance from A = = 

Ex. 3. Given base and sum of sides of a triangle, if at either 
extremity of the base B a perpendicular be erected to the conter- 
minous side BC, to meet the external bisector of vertical angle CP, to 
find the locus of the point of meeting P. 

Let us take the point B for our pole, then BP will be our 
radius vector p; and let us take the base produced for our fixed 
axis, then PBD = 0, and our object is to 
express p in terms of 9. Let us designate 


the sides and opposite angles of the trian- g 
gle a, 6, c, A, B, C, then it is easy to P 
see, that the angle BCP = 90°- 30, and A Bo 


from the triangle PCB, that a = p tan $C. 
Hence it is evident, that if we could express a and tan 1C in 
terms of 8, we could express p in terms of 6. Now from the given 


triangle we have 
ceo eda 6? = a? + c& — 2ac cos B, 


but if the given sum of sides be m, we may substitute for 8, 
m—a; and cos B plainly = sin 6; hence 

m2 — 2am + a? = a? + c? — 2ac sin 0, 
hence m — ¢ 


sha 5 TST SERT NY 


Thus we have expressed a in terms of @ and constants, and it — 
only remains to find an expression for tan 4C. 


Bu tan?40 = eas. (Luby’s Trig. § 41), 
c? — (a — by? ORS eae 
= CCU RCE TED. or (since a + 6 = m) = —_ : 


acain m sin @ -—e¢ 
8 0. =D ne Ci eee 
m-—csin 6 


hence m? — c®) cos 76 
&-—(a-br=e fre oee ) ~) 
(m — ¢ sin 0)? 
therefore c cos 0 
tan 4C = 


m—esin 0 
We are now able to express p in terms of 0, for, substitute in 
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the equation a = p tan iC the values we have found for a and 
tan $C, and we get 


m—c?  ——s pe cos 8 9 m? — cr 
Bo oun 0) «(monn Oy" Or Psi mony 
Hence the locus is a line perpendicular to the base of the triangle 
ee ae 


at a distance from B = 


2e 
The student may exercise himself with the corresponding 
locus, if CP had been the internal bisector, and if the difference of 
sides had been given. 


Ex. 4. Given n fixed right lines and a fixed point O; if through 
this point any radius vector be drawn meeting the right lines in the 
points 71, 72,73... -Tn, and on this a point R be taken such that 


n 1 1 1 1 
MS On” On °° On te We bas OR. 


Let the equations of the right lines be 
p cos (0-a)=pi; pcos(@— 2) = po, &e. 


Hence it is easy to see that the equation of the locus is 


n cos(@ - a) cos (6 — (3) pea 

p Pl p2 
the equation of a right line (Art. 40). This theorem is only a 
particular case of a general one which we shall prove afterwards, 


CHAPTER ve 


APPLICATION OF ABRIDGED NOTATION TO THE EQUATION OF THE 
RIGHT LINE. 


47. In the preceding examples we generally endeavoured to 
simplify our calculations by a particular choice of the axes of co- 
ordinates. It will in many cases, however, be found more advan- 
tageous to give the axes their most general position; the equations 
gaining in symmetry more than an equivalent for what they seem 
to lose in simplicity. And in the present chapter we proceed to 
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lay down some principles of importance in the geometrical inter- 
pretation of equations, whatever be the position of the axes.” 

It may be well, however, first to remark, that no transformation 
of co-ordinates can increase or diminish the degree of an equation. 
It cannot increase the degree, for (Art. 14) in the most general 
case of transformation we have to substitute for # and y functions 
of the form (Aw + By + C). If, therefore, the highest powers in 
the original equation be w”, y™, &c., the highest terms in the 
transformed equation will be (Av + By + C)™, &., which evi- 
dently cannot contain powers of x or y beyond the m™ degree. 

Nor can transformation diminish the degree of an equation, 
since by transforming the transformed equation back again to the 
old axes, we must fall back on the original equation, and if the 
first transformation had diminished the degree of the equation, 
the second should increase it, contrary to what has been just 
proved. 


48. Let the equation of one line be w cosa+ysina-p =), 
and of another w cos 3 + y sin 3 — p’ = 0, then the equation 
(2cosat+ysina—p)—-k(«cos3+ysinB - p’) = 9, 

where é is any constant, will represent a right line passing through 

the intersection of these two lines; for it is evidently the equation 


of a right line, and since the co-ordinates of the point of inter- 
section must satisfy the two equations 


“cosat+ysina-—p=0, and «cos 3 Keen oe ” =), 
they must satisfy the equation 


(2cosa+ysina—p)-—k(«£cos3 + ysnP - p’) = 0, 

for, when substituted in it, they will render each member = 0. 

The principle here established is of great importance, and one 
of which we shall make constant use. It may be generalized as — 
| follows: Let s = 0, s’=0, be the abbreviations for two equations 
_ of any degree ; then s + ks’ = 0 denotes a curve Pare through — 
every point common to the loci represented by s = 0, s°=0. For 
the equation is manifestly satisfied by any values of the co-ordi-— 
nates which make s and s' separately = 0. 


JG a geR ASHE He gests 


49. Attention to this principle often enables us simply to cons 
struct geometrically the right line represented by a given equa-— 
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tion. For the very form of the equation often indicates in this 
manner some remarkable point through which it passes, and if 
we can thus determine two points in the right line, we can of 
course construct the right line. ‘The learner will find it a profit- 
able exercise to go over the examples of the last chapter, and to 
endeavour in this manner to construct geometrically the locus 
found in each. Thus in Ex. 6, p. 39, we obtained the equation 


eas ea) Ae) eras) 
Fisk rg sake acm Wal pete | Ni al ee cert nn tage) on elles ff 
DD TO tie ae Sh ty? caer! craw 44 


Now, from what has been said, it appears that this is a line pass- 
ing through the intersection of the lines 


ca Saeed =2(0),5. and. J pate 
(Pe ie 4 Pee dared i 
But on turning to the example cited, it will be found that these 
latter are the equations of lines drawn through the extremities of 
the base of the triangle perpendicular to the conterminous sides ; 


the locus is, therefore, the right line joining the intersection of 


pa. 


these perpendiculars to the vertex. And so in like manner for 
the other examples. | 

Or, again, the same principle will often save us labour in the 
formation of equations. Thus, if it were required to find the 
equation of the line joining the point 2’y to the intersection of 
the right lines Az + By + C=0, A’x + By + C’=0, instead of 
first finding the co-ordinates of the intersection of these lines, and 
then forming the required equation by Art. 83, we may at once 
write down the equation of a line through the intersection of the 
given lines 

Az + By+C-k(A’e + By + C) =0, 

and determine & from the consideration that this equation must 
be satisfied by the co-ordinates w’y’. The required equation is, 
therefore, 


(A’e’ + By + C) (Av+ By+ C) = (Az’ + By'+ C) (A’e + By + C). 


50. The reader will often find it convenient to use abbrevia- 
tions for the quantities x cosa+ysina— p, &c. Let us call 


Zceosat+ysma-—p,a, and «cosB+ysinB-p, P, then we 


have proved that, ifa=0, [3 = 0, be the equations of two lines, 
H 
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a — k(3 = 0 is the equation of a line passing through the point 
of intersection of these two lines. We shall, for brevity, call 
these the lines a, 3, and their point of intersection the point af. 
We shall too have occasion often to use abbreviations for the 
equations of lines in the form Aw + By+C=0. We shall in these 
cases make use of Roman letters, reserving the letters of the 
Greek alphabet to intimate that the equation is in the form 


xcosa+ysina-p=0. 


51. The principle of Art. 48 may be otherwise stated thus: 
Three right lines will pass through the same point, if, their equations 
being multiplied each by any constant quantity and added together, 
the sum ts identically = 0. For, if between three equations a = 0, 
3 =0, y =0, there exist the identical relation la + mB + ny = 0, 


then the equation of the third line is y = - a = B = 0, an 


equation of the form discussed in Art. 48; or, more directly, it 
is evident that any values of the co-ordinates, which make a = 0, 
3 = 0, must, by virtue of the relation, la + m3 + ny = 0, make 
ve- 0 also. 

52. Let us take, as an illustration of the application of this 
principle, the first example, Art. 42, “ the three perpendiculars of 
a triangle meet in a point.” 

Let the co-ordinates of the vertices of the triangle be 2 y1, 
Xo Y2, #343. Now (Arts. 33, 39) the equation of a line through 
#3 Y3, perpendicular to the line joining 2 y;, x2 yz, 18 


(a1 — @) (@ — #3) + (yi — y2) (Y — Ys) = 9. 
The advantage of using symmetrical equations is, that no new 
calculation is necessary to find the equations of the other two 
perpendiculars, but that we have merely to interchange 22 #3, 
&c., as at note, p. 22. ‘The equations are 


(#2 — #3) (@ — 1) + (y2 - ys) Y - yx) = 9, 

(#3 — #1) (@ — m2) + (ys — 1) (Y — ya) = O- 
Now, it will be seen that when these three equations are added 
together, their sum vanishes; therefore, by the principle just laid 
down, the three lines meet in a point. The reader will find it 
~ useful to work out by symmetrical equations the other examples — 
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of Art. 42. We shall presently give still shorter solutions of the 
same questions. 


53. We proceed to examine the meaning of the coefficient & 
in the equation a — k3 = 0. We saw (Art. 31) WN 
that the quantity a (that is, # cosa +ysina-— p) P 
denoted the length of the perpendicular let fall from 
any point wy, on the line OA (which we suppose 
represented by a). Similarly, that B is the length © 
of the perpendicular from the point wy, on the line OB, repre- 
sented by (3. Hence the equation 


a BGO, (or -#), 


asserts, that if from any point of the locus represented by it, per- 
-pendiculars be let fall on the lines OA, OB, the ratio of these 


B 


perpendiculars, that is, — will be constant, and=%. Hence the 


locus represented by a — £3 = 0 is a right line through O, and 


# PA. ig sin POA . 
Pe we Pein eOB 


It follows from the conventions concerning signs (Art. 31) that 
a +k = 0, denotes a right line dividing externally the angle 
sin POA 


AOB into parts such that an POR 7 k. 


54. Ifa-%B=0, a-kB=0, be the jg, 


k 


equations of two lines, then = will be the Pp 


ki 
anharmonic relation of the pencil formed by | Var e A 


ee ee — 


_ the four lines a, 3, a — 4B, a — kB, for | 0 
sin POA ) sin POA 


~ sin POB’ * = Sin POB’ 
kh sinPOA.sin POB | 
“"k ~ sin POB. sin POA’ 


but this is the anharmonic ratio of the pencil.* 


“I suppose the reader to be already acquainted with the fundamental theorem, that 
if these four lines be met by any transverse line in four points A, B, P, P’: then the ratio 
AP. PB 


> ise k 7 
BP. PA is constant, and = Pa In fact, let the perpendicular from O on the transverse 


* 
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The pencil is an harmonic pencil when a =-—1, for then the 


i 
angle AOB is divided internally and externally into parts whose 
sines are in the same ratio. Hence we have the important theo- 
rem, two lines whose equations are a- kf} = 0, a+ k3 = 0, form 
with a, [3, an harmonic pencil. 


55. In general the anharmonic relation of four lines a — £8, 
a- (3, a-— mB, a - nf, 1s caret o 
be cut by any parallel to (3 in the 
four points K, L, M, N and the 
ratio 1s weenie But since 3 has 
the same value for each of these 
four points, the perpendiculars from 
these points on a are (by virtue of the equations of the lines) pro- 
portional to &, 1, m, n; and AK, AL, AM, AN, are evidently ; 
proportional to these perpendiculars; hence NL is proportional to 
n-l; MKtom-k; NMton-™m; and LK tol-k. 


56. We infer, as a particular case of Art. 53, that the equation 
of the line bisecting the angle between two lines a and [3 isa- [3 =0; 
for the perpendiculars on the two lines from any point of the bi- 
sector are equal. ‘That is, writing at full length, the equation of 
the line bisecting the angle between the lines 


For let the pencil 


xcosat+ysina-p=0, and «cosh + ysinP - p' =0, 
is xcosa+ysma-—p=a«cos+ ysinP — p’. 
If we were required to find the equation of the line bisecting 
the angle between the lines 
Aw+ By+C=0 and Aw + By + C =0, 
we should (Art. 30) reduce each equation to the form 
“cosatysina-p=0, 


and we should find for the equation of the bisector 
Av+By+C Aw+By+C 
vy (A? +B) 3 iy (A? B2) 


line = p, then p. AP = OA. OP. sin POA (both being double the area POA); p. PB= 
OP’. OB. sin POB; p. BP = OB. OP sin BOP; p. PA=OP’. OA sin POA; hence 
the truth of the theorem can immediately be deduced. 


bi 
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The equation of the external bisector is, in like manner, 
a+ [3=0, and we see (from Art. 54) that the four lines a, B, 


a— 3, a+ 3, form an harmonic pencil as is geometrically evident. 


57. The three internal bisectors of the angles of a triangle meet 
in a point. 

Let the sides be a, 3, y, and the equations of the bisectors are 
a-(B=0, B - y=90, y — a = 0, and since the sum of these equa- 
tions is identically =0, it follows from Art. 51, that the three lines 
meet in a point. 

Any two external bisectors of the angles of a triangle meet on the 
internal bisector of the third. 

For their equations area+ B=0, B+y=0, y-a=0; and 
if we multiply the second by — 1, and add the three together, the 
sum is identically = 0. 


58. The lines a - £8 =0, and ka - 3 =0, are plainly such 
that one makes the same angle with the line a which the other 
makes with the line 3, and are therefore equally inclined to the 
bisector a — [3. 

Hence, if through the vertices of a triangle there be drawn any three | 
lines meeting in a point, the three lines drawn through the same 
angles, equally inclined to the bisectors of the angles, will also meet 
im a point. ' 

Let the sides of the triangle be a, 3, y, and let the equations 
of the first three lines be 


la-mB=0, mB-ny=0,. ny -la=0, 
which, by the principle of Art. 51, are the equations of three lines 
meeting in a point, and which obviously pass through the points 


a, By, and ya. Now, from this Article, the equations of the 


second three lines will be 
ey Pe Vana t  * 2/0 
i ih m n nt 
which (by Art. 51) must also meet in a point. 
59. We may apply these principles to deduce analytically the / 
harmonic properties of a complete quadrilateral. 
Let the equation of AC be a=0; of AB, 3 =0; of BD, y =0; 
of AD, la — mB =0; and of BC, mB-—ny=0. Then we are able 


, . 
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to express in terms of these quantities the equations of all the other — 
lines of the figure. | 
For instance, the equation of CD 
is la — m3 + ny =9, 
for it is the equation of a right line 
passing through the intersection of 
la — mB and y, that is, the point D, 
and of a and mf — ny, that is, the 
point C. Again, la — ny = 0 is the 4 
equation of OE, for it evidently passes through the1 nena of 
aand y or E, and it also passes through tie intersection of f 
and BC, since it is = (la — m[3) + (m3 — ny). 
The equation of EF is 
la + ny = 0. 
This is evidently the equation of a right line passing through th the 
point E or ay, and it also passes dich the point F, for iti 
= (la — m3 + ny) + mB, and, therefore, passes through the - | 
section of CD and AB. . 
From Art. 54 it appears, that the four lines EA, EO, EB, 
and EF, form an harmonic pencil, for their equations have been 
shown to be a, y; la~ ny, and Ja + ny. 
Again, the equation of FO is 
la — 2m + ny = 0, 
for this is a line passing through the points (/a + ny, B), 
(la — m3, mB — ny). i 
Hence (Art. 54) the four lines FE, FC, FO, and FB, are an 


harmonic pencil, for their equations are 


la - m3 + ny, B, la- mB + ny + mB, and ln 0 - mp 
Again, OC, OE, OD, OF, are an harmonic pencil, is he + 


ay are 


— mB, mB-ny, la—mB + mB —ny, and la -mB—(mB-m 
60. We shall choose, as another example, the system of li i 
formed by drawing through the angles of a triangle rai 
meeting in a point. 


Let the equation of AB be y =0; of AC B=0; of BC if 
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_ then we shall assume for OC /a — m3; for OA m3 - ny; and for 


OB ny — /a(as in Art. 58); these three lines meet in a point, since 
these three quantities added together are = 0. 

Now we can form the 
equations of all the other 
lines in the figure. 

For example, the equa- 
tion of EF is 

m3 + ny —la=0, 
since it passes through the 
points (6, ny — la) or E, 

and (y, m3 — /a) or F. 
In like manner, the equation of DF is 


la — m3 + ny = 0, 


and of DE la + m3 — ny = 0. 


Now we can prove, that the three points L, M, N are all in 


. one right line, whose equation is 


la + m3 tity = 0, 
for this line passes through the points (/a + mB — ny, ”; or N, 


- (la- mB + ny, B) or M, and (mB + ny - la, a) or L. 


The equations of CN is 
la + m3 = 0, 
for this is evidently a line through (a, (3) or C, and it also passes 


_ through N, since it = (/a + m3 + ny) — ny. 


Hence BN is cut harmonically, for the equations of the four 


: limes CN, CA, CP, CB, are, 


—_ 


a, , lq — mp, la 45 m3. 


We shall often afterwards meet with equations of the form dis- 
cussed in this article. 


61. If two triangles be such that the intersections of the corres- 


_ ponding sides lie on the same right line, the lines joining the corres- 
| ponding vertices meet in a point. 


a 


ls 


Let the sides of the triangles be a, §, y; a, 3’, y'; then the 
equation of the line (L) on which the sides intersect must admit 
of being expressed in any of the three forms 

L=aai+ada = 6B + bP = cy + cy = 0. 


a S J £ 
XK 


| ee | 


€ 
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Now aa — bf = 0, is the equation of the line joining af, a9’; for 
it obviously passes through af3, and it follows from the equiva- 
lence of the first two expressions for L that aa — 03 = V' - aa: 
it must therefore also denote a line passing through a3’. But 
the three lines 
aa — b3 = 0, b3 - cy = 9, cy — aa = 0, 

meet in a point. It is easy to show that the converse of this 
theorem is equally true. 

The three points, where the line joining afd’, a3, meets y, where 
the line joining By’, By, meets a, and where the line joining ya‘, ay, 
meets [3, lie in one right line. 

We have as before 

aa — U'3' = bB — aa’, 
therefore aa — 03’ (= aa + 63 — L) = 0, is the equation of the line 
joining a’, af’. And aa + 63 + cy —- L =0, is the equation of a 
line through the point where this line meets y. But the sym- 
metry of the equation shows that this line also passes through the 
point where the line joining Py’, B’y, meets a, and where the line 
joining ya’, ay’, meets (.* 


62. In the last Articles we were given the equations of three 
lines a, (3, y, and we were able to express all the other lines with 
which we were concerned, by equations of the form 

at+kB+ly =0. 

We proceed now to show that there 1s no line whose equation 
may not be put into the same form, for since this equation con- 
tains two arbitrary constants, & and /, we can determine & and / 
so that a + £3 + lyf shall pass through any two points, and 
therefore a + £3 + ly must coincide with the equation of the line 
joining the two points. We substitute in the equation 


at+k3+ly=0 


* The demonstrations in this article are taken from a memoir by M. Plucker—( Crelle, 
vol. v. p. 274.) 

t It is evident that the equation Ja + mB + ny, though it appears to contain a con- 
stant more, is not in reality more general than the equation a + kB + ly = 0, for, divid- _ 
ing by the coefficient of a, it is reduced to the same form, 


m n 
at+Bt+77=0. 


| _ joining these points in the ratio 7: m = 
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the co-ordinates of the two points, and we get two conditions 
a + kp’ + ly =0, and a’ + kB” + Ly’ = 0, 
which are sufficient to determine k and J (a’, &e., being what a 
or 2 cosa + ysina — p becomes, when a’ and y/ are substituted for 
«and y).* 
63. There is one case, however, in which it would at first ap- 
pear impossible to affix any meaning to the equation 


ry k3 i ly =e 

Let the sides of the triangle formed by the lines a, 23, y, be 

a, b, c, and let us inquire what line is represented by the equation 
da + 63+ cy = 0. 

Since a denotes the perpendicular from any point O on a, aa 
is double the area of the triangle OBC; in like manner, 02 is 
double OAC, and cy is double OAB; therefore, aa + 03 + cy is 
_ always double the triangle ABC, and can never = 0, if O be any 
point within the triangle. Nor is the difficulty removed by sup- 
posing the point O outside the triangle. If, for instance, the 
point O were below the base, we must then give a negative sign 
to the perpendicular a, and the quantity aa + b3 + cy will then 
be = 2(OAC + OAB - OBC), that is, still = twice the area of 
the triangle ABC. It appears, therefore, that no point can be 
found either within or without the triangle to satisfy the equation 


aa + bf3 + cy = 0. 


64. To solve this difficulty, let us return to the general equa- 
tion of the right line, Aw + By + C =0. We saw that the inter- 
cepts which this line cuts off on the axes are - A? ~ B conse- 
quently, the smaller A and B become, the greater will be the 
intercepts on the axis, and, therefore, the more remote the line 
represented by Aw + By+C=0. Let A and B be both = 0, then 
the intercepts become infinite, and the line is altogether situated 
at an infinite distance from the origin. Hence we arrive at the 


* It is worth remarking that the demonstration of Art. 11 applies equally to prove 
that the length of the perpendicular on the line a, from the point which cuts the line 
la" + ma’ 

l+m 
I 


O¥ 


therefore (Art. 54), the equation of the bisector is 
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conclusion, that the paradoxical equation C= 0, a constant = 0, 
represents a right line situated altogether at an infinite distance 
from the origin. 

The equation, therefore, 


ada + bp + Cy = 0; 
or, which is the same thing, 
asin A + $sinB + ysinC 
(where sin A, &c., are the sines of the angles opposite a, &c.), is 


only another form of the equation C=0, and is, therefore, the 
equation of a line situate altogether at infinity. 


65. We saw (Art. 38) that the equations of two parallel lines 
only differ in the constant part of their equations, or that a line 
parallel to the line a = 0 has an equation of the form a+ C =0. 
Now the last Article shows that this is only an additional illus- 
tration of the principle of Art. 48. For, a parallel to a may be 
considered as intersecting it at an infinite distance, but (Art. 48) 
an equation of the form a+ C = 0 represents a line through the 
intersection of the lines a = 0, C = 0, or (Art. 64) through the in- 
tersection of the line a with the line at infinity. 

Hence we can express the equation of a line drawn through a 
point af parallel to a line y =0, namely, 

asin A + 3 sinB = 0, 


for this line evidently passes through the point af3, and it also 
passes through the intersection of y with the line at infinity, 


asinA + PsinB+ysinC. 


66. We shall now prove, by these methods, some of the gene- — 
ral properties of triangles, already investigated in the last chapter. 

The three bisectors of the sides of a triangle meet in a point. 
We know that a parallel to the base of a triangle, drawn through 
vertex, forms an harmonic pencil with the bisector of the base 
and the sides; therefore, since the equation of the parallel is 


(Art. 65) asin A + 6 sinB = 0, 


pa 


asin A — 3 sinB=0 


(or the truth of this equation may be seen directly, since the ratio _ 


mn ty 
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of the perpendiculars on sides from the point where bisector 
meets base, plainly is sin A: sin B). The equations, then, of the 
three bisectors being 


asin A - 3 sn B=0, BsinB-ysnC=0, ysinC=asinA=0 


(Art. 51), these lines all pass through the same point. 

The three perpendiculars of a triangle meet in a point. The 
perpendicular of a triangle divides the vertical angle into parts, 
which are the complements of the base angles; hence (Art. 53) 
its equation is 

acos A — 3} cos B = 0, 
and this must (Art. 51) pass through the same point with 
fscosB-ycosC =0, ycosC-acosA =0. 


67. If there be two triangles such that the perpendiculars from 
the vertices of one on the sides of the other meet in a point, then, vice 
versa, the perpendiculars from the vertices of the second on the sides 
of the first will meet in a point. 

Let the sides be a, (3, y, a, 9’, y’, and let us denote by (a3) 
the angle between a and [3. 

Then the equation of the perpendicular 

from aj} on y’ is acos ((y’) — cos (ay’) = 0 

from Py on a’ is [3 cos (ya’) — y cos (Ba’) = 0 

from ay on [3 is y.cos (af3’) — acos (y/3’) = 0 
The condition that these should meet in a point is found by elimi- 
nating (3 between the first two, and examining whether the re- 
sulting equation coincides with the third. It is 


cos (af3’) cos (By’) cos (ya’) = cos (a3) cos ((3’y) cos (ya). 
But the symmetry of this equation shows that this is also the con- 
dition that the perpendiculars from the vertices of the second 
triangle on the sides of the first should meet in a point. 
68. We shall hereafter frequently have occasion to use the 
equation of a line passing through two points given by such 
equations as 


(ka - 3 =0, la-y=0), and (ka- 8B =0, la-y =0). 
The equation must be of the form 
ka- (3+ A (la—-y)=0, and also h’a- (3+ A’ (Va-y) = 0. 
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Comparing these we have 
ake 

mpi ana 

and the equation is 
(kl - kl)at+ (-U)B-(k-k)y = 9. 
This equation is that of a line through the two points, for it is sa- 
tisfied either by putting 
B=ka, y=la, or B=Ka, y =Ca. 


69. We shall conclude this chapter by applying the principle 
established in Article 48 to the solution of an important class of 
questions, namely, when it is required to prove that a right line, 
whose position is not fully determined by the conditions of the © 
question, still passes through a fixed point. We saw there, that 
the line Aav+By+C+hk. (A’x+ By+C) =0; 
or, what is the same thing, 

(A +kA’)2+(B+kB)y+C+ hk =0, 
where & is indeterminate, always passes through a fixed point, 
namely, the intersection of the lines 
Aw+By+C, and A’e + By+C. 


Hence, conversely, if the equation of a right line contain an in- 


_* determinate quantity in the first degree, the right line will always 


pass through a fixed point. For example: 

Ex. 1. Given vertical angle of a triangle and the sum of the 
reciprocals of the sides, the base will always pass through a fixed 
pornt. 

Take the sides for axes, and (Art. 30) equation of base is 


a 
ar? ; = 1; 
and we are given the condition 
ee 1 Loy 
Cc 


~+>=-, or -=---— 
are Sie ies 
therefore, equation of base is 
Che, 
nate, Abe 


where c is constant and a indeterminate, that is, 
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1 
=(w-y) +2 -1=0, 


) ‘ 
where — is indeterminate. Hence the base must always pass 
a 


through the intersection of the two lines 


2-y=0, and ~_1=0. 
Ex. 2. Given three fixed tines, OA, OB, OC, meeting in a point, 
if the three vertices of a triangle move one on each of these lines, and 


two sides of the triangle pass through Pa 

fixed points, to prove that the remaining A _ c 
side passes through a fixed point. 

Take for axes the fixed lines OA, zy" 
OB, on which the base angles move, 

then the line on which the vertex 


moves will have an equation of the 
form y= mz, and let the fixed points be «’y’, 2’y’. Now, in any 
position of the vertex, let its co-ordinates be w=a, and, conse- 
quently, y= ma; then the equation of AC is 

(a —-a)y—(y¥ -ma)x+a(y — mez) = 0. 
Similarly, the equation of BC is 

(a —a)y -—(y’- ma) «2 +a(y’ - m2") = 0. 

Now, the length of the intercept OA is found by making 

#2 =() in equation AC, or 


= 


acy’ — ma’) 
a — a 
Similarly, OB is found by making y = 0 in BC, or 
pee 
y — ma 


Hence, from these intercepts, equation of AB is 


" ‘ 
— Mma vc-a 
at, i 8 aes / 
yo — Mx Yy — Mme 


= a ° 


But since a is indeterminate, and only in the first degree, this line 
always passes through a fixed point. The particular point is 
found by arranging the equation in the form 


wv ML y 
- K] - “ -— 7 ¥y _ ah = yaa Wt ak 7 a, + 1 = Q, 
Y -— Me Kos MX Y -— Mme ics NL’ 


a 
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Hence the line passes through the intersection of the two lines 


“ / 
A] & 
“4 “4 wv — aT tema - 0, 


Y — Me Y — ML 


and me Uy ath firey 


y — mx" — me’ 

Ex. 3. If in the last example the line on which the vertex © 
moves do not pass through O, to determine whether in any case the 
base will pass through a fixed point. 

We retain the same axes and notation as before, with the only 
difference that the equation of the line on which C moves will be 
y = mx +n, and the co-ordinates of the vertex in any position will 
be a, and ma+mn. Then the equation of AC is 

(vw -a)y-(y¥ -ma-n)a+a(y - me’) - ne’ = 0. 
The equation of BC is 
(a —a)y -(y° -ma-n)xt+a(y’ -— mz’) - nx = 0, 
a (y’ — mx’) — ne a(y” — me") — nev” 
OA = ad ac ad 3 OB = a {yok catlta) eee 
w-a y -ma-—n 
The equation of AB is therefore 
“— ma- 7 L-a 
“. ee ae i) ee ee 
a(y — mx’) — nx a(y — mx’) — nx 
Now when this is cleared of fractions, it will in general contain a 
in the second degree, and, therefore, the base will in general not 
pass through a fixed point ; if, however, the points a’y’, xy", le in 
a right line (y = kx) passing through O, we may substitute in the 
denominators y” = kv", and y= ka’, and the equation becomes - 


YIN ay al ed re. 
Ramer mmm ch or (k —m)—-n, 

which only contains a in the first degree, and, therefore, denotes a 
right line passing through a fixed point. 

70. Ex. 4. If a line be such that the sum of the perpendiculars 
let fall on it from a number of fixed points, each multiplied by a 
constant, may = 0, wt will pass through a fixed point. 

Let the equation of the line be 

xcosat+ysina-—p=0, 


then the perpendicular on it from a’y' is 


THE RIGHT LINE—ABRIDGED NOTATION. 63 


@ cosa+y'sina - p, 
and the conditions of the problem give us 
m (a cosatysina—p) +m’ (xv cosat 7 sina — p) 
+m” (#" cosaty” sina — p) + &. = 0, 
or = (mx) cosa + SB (my) sina — pS (m) = 0 
using the abbreviations = (mz’) for the sum* of the ma, that is, 
ma + ma" + ma" + &e. 
In like manner & (my) for 
my + my + my” + &e., 
and & (m) for ns sum of the m’s or 
m +m’ +m” + &e, 
Hence we get 
pum) = 2 (me) cosa + B(my’) sin a. 
Substituting the value of p in the original equation, we get for 
the equation of the moveable line 
2d (m) cosa + y= (m) sina — & (m2) cosa — J (my) sina = 0, 
or 2S (m) — S(me') + [yS(m) - = (my’)} tana = 0. 
Now as this equation involves the indeterminate tan a in the 


first degree, it passes through the fixed point determined by the 
equations 


2X (m) — X(mx’) = 0, and y= (m) - S (my) = 0, 
or, writing at full length, 


We st 


_ ma + mia" + mia" + &e. my + my at miy’ + &. 


m+m’ +m” + &e. Ml tm +m’ + Ee. 


This point has sometimes been called the centre of mean posi- 
tion of the given points. 


71. If the equation of any line involve the co-ordinates of a 
certain point in the first degree, thus, 
(Ax’ + By + C) a + (A’a’+ By + C)y + (A’e'’ + BY + C’) = 
Then if the point 2’y' move along a right line, the line silk 


equation has just been written will always pass through a fixed 
point. For, suppose the point always to lie on the line 


La’ + My + N =0, 


* By sum we mean the algebraic sum, for any of the quantities m’m", &c., may be 
negative, 


ie 
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then, if by the help of this relation, we eliminate 2’ from the 
given equation, the indeterminate y' will remain in it of the first 
degree, therefore the line will pass through a fixed point. 

Or, again, if the coefficients in the equation Ax + By + C = 0, 
be connected by the relation aA. + bB + cC =0 (where a, b, ¢, are 
constant and A, B, OC, may vary) the line represented by this equation 
will always pass through a fixed point. 

For by the help of the given relation we can eliminate C and 
write the equation 


(ce -a) A+ (cy- 6) B=0, 
a right line passing through the point (« = _ y= :) 


CHAPTER V. 
EQUATIONS ABOVE THE FIRST DEGREE REPRESENTING RIGHT LINES. 


72. Brrore proceeding to speak of the curves represented by 
equations above the first degree, we shall examine some cases 
where these equations represent right lines. 

If we take the equations of any two lines and multiply them 


together, the product will represent the two right lines, since it. 
is rendered = 0 by any values of the co-ordinates which render 


either of its factors = 0. Conversely, if any equation of the second 
degree can be resolved into two factors of the first degree, it re- 
presents two right lines. 

The simplest example of this is the equation zy = 0, which, 
being satisfied by either of the suppositions w = 0 or y = 0, is evi- 
dently the equation of the two axes of co-ordinates. Again, 
x? — y? = (0 is divisible into the factors «-y=0, w+ y = 0, and is, 
therefore, the equation of the two bisectors of the angles between 
the axes (Art. 56). More generally, let us take the equation 


x? — pay + gy? = 0. 
Divide this by y’, and it is reduced to the form 


a\? a 
—-}-p-+q=0, 
5) “P52 


rt 

¥ 

bes) 
5 
id 
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This quadratic can be resolved into the factors 


-4) G-1)- 
y y 


aand d being its roots. Hence the original equation, being the 
product of the two factors (w—ay) (#— by) represents the two 
lines signified by the equations # — ay =0, # — by = 0, both of which 
pass through the origin. 


73. Let us consider more minutely the three cases where the 
roots of this equation are real and unequal, real and equal, or both 
imaginary. 

The first case presents no difficulty: a and 6 are the tangents 
of the angles which the lines make with the axis of y (the axes 
being supposed rectangular), p is therefore the sum of those tan- 
gents, and g their product. 

In the second case, when a=, it was once usual among geo- 
meters to say that the equation represented but one right line 
(vw -ay=0). We shall find, however, many advantages in making 
the language of geometry correspond exactly to the language of 
algebra, and as we do not say that the equation above has only 
one root, but that it has two equal roots, so we shall not say that it 
represents only one line, but that 1t represents two coincident right 
lines. 

Thirdly, let the roots be both imaginary. 

It was usual to say, that in this case the equation does not re- 


present any right lines, for no real co-ordinates can be found to 


satisfy it, except the co-ordinates of the origin w=0, y =0; hence 
it was said that in this case the equation was the equation of the 
origin. Now this language appears to us very objectionable, for 
we saw (Arts. 17, 18) that wo equations are required to deter- 
mine any point, hence we are unwilling to acknowledge any 
single equation as the equation of a point. Moreover, we have 
been hitherto accustomed to find that two different equations 
always had different geometrical significations, but here we should 
have innumerable equations, all purporting to be the equation of 
the same point ; for it is obviously immaterial what the values of 
p and q are, provided only that they give imaginary values for 
the roots, or that p? be less than 4g. We think it, therefore, 
K 
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much preferable to make our language correspond exactly to the 
language of algebra; and as we do not say that the equation above 
has no roots when p? is less than 4q, but that it has two imaginary 
roots, so we shall not say that, in this case, it represents no right 
lines, but that it represents two imaginary right lines. In short 
the equation x? — pry + qy? =0 being always reducible to the form 
(@ — ay) (@ — by) = 0, we shall always say that it represents two 
right lines drawn through the origin; but when a and @ are real, 
we shall say that these lines are real; when a and 0 are equal, we 
shall say that the lines coincide; and when a and 6 are imaginary, 
that the lines are imaginary. It may seem to the student a mat- 
ter of indifference which mode of speaking we adopt; we shall 
find, however, as we proceed, that we should lose sight of many 
important analogies by refusing to adopt the language here re- 
commended. 
Similar remarks apply to the equation 
Aw? + Bay + Cy? = 0, 

which can be reduced to the form x? — pxy + qy? = 0, by dividing 
by the coefficient of v?. This equation will always represent two 
right lines through the origin; these lines will be real if B? - 4AC 
be positive, as at once appears from solving the equation; they 
will coincide if B? - 4AC =0; and they will be imaginary if 
B? — 4AC be negative. 


74. To find the angle contained by the lines represented by the 
equation a? — pay + gy” = 0. | 

Let this equation be equivalent to (#— ay) (w- by) =0, then 
a—b 
1+ab’ 
the product of the roots of the given equation = qg, and the differ- 
ence = /(p? — 4q). Hence 


the tangent of the angle between the lines is (Art. 38) but 


Vv (p? -— 49). 


tan = lie 


If the equation had been given in the form 


Az? + Bay + Cy’ = 0, 
it will be found that 
V (B? - 4AC) 


ne se A+C 
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Hence the lines will coincide, or tan ¢ will = 0, if p? = 4g in the 
first case, or B? = 4AC in the second. 

The lines will cut at right angles, or tan ¢ will become infi- 
nite, if g = — 1 in the first case, or if A + C = 0 in the second. 


75. It will be a useful exercise on the preceding Articles, to 
find the equation which will represent the lines bisecting the an- 
gles between the lines represented by the equation 

Ax? + Bey + Cy? = 0. 

Let these lines be w - ay = 0, w — by = 0; let the equation of 
the bisector be # — ny = 0, and we seek to determine yp. Now it 
is plain (Art. 27) that u is the tangent of the angle made by this 
bisector with the axis of y, and that this angle is half the sum of 
the angles made with this axis by the lines themselves. Equating, 
therefore, tangent of twice this angle to tangent of sum, we get 

Zu a+b 
eel ate 


but, from the theory of equations, 


atb=-Z, ab = 7 3 
therefore 7 B 
ee Oe A 
4 ere eG. 


This gives us a quadratic to determine jp, one of whose roots will 
be the tangent of the angle made with the axis of y by the ¢nter- 
nal bisector of the angle between the lines, and the other the 
tangent of the angle made by the evternal bisector. We can find 
the combined equation of both lines by substituting in the last 


. s Abi 
quadratic for yu its value = -, and we get 
ee 


x + 2 B 


ay — y? = 0,* 


* It is remarkable that the roots of this last equation will always be real, even if the 
roots of the equation Az? + Bay + Cy2=0 be imaginary, which leads to the curious 
result, that a pair of imaginary lines may have a pair of real lines bisecting the angle 
between them. It is the existence of such relations between real and imaginary lines, 
which makes the consideration of the latter profitable. 


ae 


a 
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and the form of this equation shows that the bisectors cut each 
other at right angles (Art. 74). 

The student may also obtain this equation by forming (Art. 
56) the equations of the internal and external bisectors of the 
angle between the lines w - ay = 0, « — by =0, multiplying these 
together, and then substituting for a + 6, and ab their values in 


terms of A, B, C. 


76. What has been here said of equations of the second de- 
gree can easily be extended to equations of any degree. If we 
take any number of equations and multiply them together, the 
compound equation will represent the aggregate of all the lines 
represented by its factors ; for it will be satisfied by the values of 
the co-ordinates which make any of its factors = 0: and, con- 
versely, 2f an equation of any degree can be resolved into others of 
lower degrees, it will represent the aggregate of all the loci represented 
by ws different factors. Ifan equation of the ni’ degree, for ex- 
ample, can be resolved into n factors of the first degree, it will 
represent n right lines. An instance of this occurs in the homo- 
geneous equation of the n’ degree, 


x2” — pe ly + qar*y? — &e.... + ty” = 0. 
Divide by y", and we get 


ar avril ve \re 
—-|}-p{—-) +9(-) - &.=0. 
oie, Shea, 


Hence the equation is equivalent to 
(w — ay) (a — by) (w - cy) (&e.) = 9, | 

where a, 6, ¢ are the roots of the last equation. The homoge- 
neous equation, therefore, represents m right lines passing through 
the origin. The same remarks concerning equal or imaginary } 
roots apply as in Art. 73. 

In precisely a similar manner, it may be seen that the equa- 
tion a9 
(7 — a)" — p(w — ar? (y— 6) + q(@— alr? (y—0)? - &e. + t(y-b)"=0 
represents m real or imaginary right lines passing through the 


point (7 =a, y =). 


77. We have seen (Art. 73) that equations of the second de- — 
gree will, in some cases, represent right lines; they will not, : 


& 
a 
re 
na 
£ 
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however, always represent right lines, because an equation of 
the second degree between two variables cannot in general be 
resolved into two factors of the first degree. In order that this 
should be possible, it 1s necessary that a certain relation should 
be satisfied by the co-eflicients of the equation. For example, 
suppose we were given the general equation of the second degree, 


1+ Ax + By + Cx? + Day + Ey’ = 0, 


and that we examine whether this can be identical with the pro- 
duct of the equations of any two right lines, 
(1 + ax + by) (1 + ax + Uy) = 0 

(we have made the absolute term in each case = 1, in order to 
facilitate the comparison of the equations); multiplying out this 
last product, and equating the co-efficients of each term to the 
corresponding co-efficients of the first equation, we obtain five 
conditions, which must be satisfied, in order that the equation 


1+ Aw + By + Ca? + Day + Ey? = 0, 
should be resolvable into the factors 
(1 + ax + by) (1 + aa + Dy). 
Now a, a’, b, b’ being arbitrary, we can find their values so as to 
satisfy four of these conditions, and if we substitute these values 
in the fifth equation, we shall obtain a relation which must be 


satisfied by the co-efficients of the equation of the second degree, 
in order that it should represent two right lines.* 


* We have indicated in the text the mode of proceeding which is most easily extended 
to equations of higher degrees. In the case of the second degree, however, it is more 
simple to solve the equation directly for x or y. Thus, solving for x the equation 

Az?+ Bry + Cy? + Dxe+ Ey + F=0, 
we have 
By +D+V{ (B2—4AC) y?4+ 2 (BD — 2AE) y+ D?—- 4AF} 
a OA ; 


In order that this may be capable of being reduced to the form + = my + n, it is necessary 
that the quantity under the radical should be a perfect square, and the equation will de- 
note two right lines according to the different signs we give the radical. But the condi- 
tion that the quantity under the radical should be a perfect square, is 


(B2— 4AC) (D?— 4AF) = (BD — 2AE)?, 
or expanding and dividing by 4A, 
AE? + CD2 + FB? — BDE — 4ACF = 0. 


i. 
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78. The general equation of the n'” degree will not represent 
n right lines, unless a still greater number of conditions be ful- 
filled. 

If it were required to ascertain the number of these conditions, 
we should proceed exactly as in the last article. We should mul- 
tiply together the equations of n right lines, 

(1 + aw + by) (1+ ae 4+ Uy) (1+ a’e + by) (&.) = 0, 

and equate the co-efficients of the terms of the product to the cor- 
responding co-eflicients in the general equation of the n' degree. 
In order to see how many equations this would give us, we must 
examine how many terms there are in the general equation of the 
n® degree. Put it into the form 

1 

+ Aw + By 
+ Ca? + Day + Ey? 
+ Fe? + Ge?y + Hay? + Ky 
+ &e., 

and it is plain that the number of terms in the equation is the 
sum of the arithmetic series 


Lit tia a(t Deewana es 


Now the number of conditions arising from the comparison of the 
two equations is one less than this, since the first term, 1, is the 
same in both ; therefore, the number of conditions 

_(v+1) (m+ 2) 1a” (n + 3) 

Ra Bien se 
Now there are two arbitrary quantities in the equation of each of 
the n right lines, which will enable us to satisfy 2n of these con- 
ditions. Hence the number of relations remaining to be satisfied 
by the co-efficients of the equation of the n™ degree is 

n(n + 3) roe 


1.2 es Bs 


- 


This is the condition that the general equation of the second degree should represent two 
right lines. It might also, in like manner, have been expressed 


(B? — 44C) (E?— 4CF) — (BE - 2CD)? = 0, 
or (D? — 4AF) (E2 — 4CF) — (DE — 2BF)? = 0. 


We shall afterwards mention other modes of obtaining it. 
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79. Ifit were required to find how many conditions should be 
fulfilled, that the equation of the n' degree should represent n 
right lines, all passing through a given point. Beside the con- 
ditions found in the last Article, we shall have an additional one 
for each line which is required to pass through a fixed point; the 
number, therefore, is 


CHAE PERT Vat: 
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80. BrerorE we proceed to the general investigation of the 
curves represented by the complete equation of the second degree, 
it seems desirable that we should examine the equation of the 
circle, which ranks next to that of the right line in simplicity. 

In order to find its equation we have only to express analyti- 
cally its fundamental property, viz., that the distance of any point 
on the curve from the centre is constant. 

Let the axes be rectangular, and the co-ordinates of the centre 


z=a,y=b, then (Art. 9) the square of the distance of any point 
from the centre is 


(x — a)? + (y - bY’, 
and, putting this equal to the square of the radius, we get for the 
equation of the curve 


(vw — ay? +(y- by =r’. 
Ifthe axes were oblique we should obtain in like manner for 
the equation of the circle (Art. 10), 
(x — a)? + (y— b)? + 2(w —a) (y — 6) cosw=r", 
We shall, however, rarely employ oblique co-ordinates in ques- 
tions relating to circles. 


81. By comparing these forms with the general equation of the 
second degree, 


Aw? + Brey + Cy? + Da + Ey + F = 0, 


\ 
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we can ascertain the condition that this latter equation should 
represent a circle. 

If the axes be rectangular it is evident that B must = 0 and 
A =C, in order that when we divide by A the equation may be 
capable of being put into the form 


(w-a)?+(y-b)?=7", or a +4? -2axr—- 2by+ a? + b?-7? =0. 

If the axes be oblique we must compare the general equation 
with the equation 

(vw — a)? + (y— 6b)? + 2(u@- a) (y- 6) cosw=7”, 
and we find that in this case the general equation will represent 
a circle, if A= C, and = 2cosw. 

If the general equation of the second degree, referred to rect- 
angular axes, fulfil the conditions B=0, A=C, we can find the 
radius of the circle represented by it, and also the co-ordinates of tts 
centre, thus fully determining the circle, both in magnitude and 
position; for, comparing the equations, 


2 +4? eee im Suh, 


and x + y? — Zax —- 2by+ a +B? - 7? =0, 
Babe = =~ 24, eta, w= at 4b? 0; 
and, therefore, 
ae D E og Dept | FAR 
2A’ 2A’ i 4A? f 


and the general equation is equivalent to 


ery E\? D?+ E?-4AF 
NFA Jeli ha BSA) ele ln AS 


Since the coefficient F is not used in determining the co-ordinates 
of the centre, a, 6, we learn that two circles will be concentric if 
their equations only differ in their constant term. 


82. We shall here give some of the particular forms of the 
equation of the circle which occur most frequently in practice. 

Firstly. Let the centre be the origin. The co-ordinates a and } 
in Article 80 become both = 0, and the equation is 2? + 4? = 7”. 
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This is the simplest form of the equation of the circle. It ex- 
presses (Art. 9) that the distance of any point on the curve from 
the origin is constant. 

Secondly. Let the centre lie on either of the axes. Ifthe 
centre lie on the axis of y we get a, the 2 of the centre, = 0. 
Hence the equation of the curve is 


w+ (y — bP = 7; 
or, if the centre le on the axis of w, the equation is 
(e-avP+y=r, 
By observing the values of the co-ordinates of the centre given in 
the last section, we see that the equation 
et+y?+De+Ky+F=0 
will represent a circle having its centre on the axis of y if D = 0, 
and on the axis of # if H=0. 

Thirdly. Let the origin he on the circle. In this case the 
term F' in the general equation will be = 0, or the equation will 
be of the form 

et+y?+ De + Ky = 0, 
for it is evident that this equation will be satisfied by the values 
x=0, y=0, that is, by the co-ordinates of the origin.* The same 
thing will be indicated by the equation 
(¢-a)’? + (y-bP = 7, if a? + B= 7", 
that is, if the distance of the centre from the origin be equal to 
the radius. 

Fourthly. Let the axes be a diameter and a perpendicular to 
it through either extremity. In this case the two last suppositions 
are combined, for we have both the origin lying on the circle, 
and also the centre on one of the axes. Hence in the general 
equation we must both have F=0, and also either D or E=0, 
and the equation will be x? + y? + Dw = 0, if the diameter be taken 

for the axis of 2, or w? + y? + Ey = 0, if the diameter be taken for 
the axis of 7. 
In this case the co-ordinates of the centre are either 


e=7eand y=, or else, «= 0.and y=". 


* The same argument will prove, in general, that an equation of any degree, wanting 
’ the absolute term, will represent a curve passing through the origin. 


L 


} 


74 THE CIRCLE. 


Using these values for a and 4 in the equation 
eae a ba haa 
we obtain, for the equation of the circle, 
x? + y? — 2raz =0, or else, x? + y® — 2ry = 0. 
This form of the equation of the circle is only second in simplicity 
and usefulness to that first given in this Article. 

Fifthly. Let the radius of the circle=0. We have seen 
(Art. 81) that the square of the radius of the circle represented 
by the equation Aw? + Ay? + Dx + Ey + F =0 is 

Dit He AA 
4A? : 
hence, if D? + E? = 4AF, the radius will = 0, and the equation 
may be put into the form 
(2 — a)? + (y - 6) =0, 


a and b being the co-ordinates of the centre. 


It is plain, that this equation can be satisfied by the co-ordi- 
nates of no point save those of the point (w=a, y=b); hence it 
has been common to say, that the equation 

(c-a)? + (y- 6)? =0 
is the equation of this point. We think it more accurate to say, 
that it is the equation of an infinitely small circle, having for centre 
the point (ab), though we may occasionally use the shorter ex- 
pression. We have seen (Art. 76) that it may also be considered 
as the equation of two imaginary right lines passing through the 
point (ab), since it can be resolved into the factors 
(w-—a) + (y—b)Y¥(-1)=9, and (w#-a) - (y-b) y¥(-1) =0. 

These remarks, of course, apply, in like manner, to the equation 

Tog: i A 
which is a particular case of the above. 

Lastly. In the general equation, 
Av? + Ay? + De + Ey + F=0, 
let D? + E® be less than 4AF; the radius of the circle becomes 
imaginary, and the equation, being equivalent to one of the form 
(ec —a)? + (y-6)? +72 =0, 


cannot be satisfied by any real values of the co-ordinates e and y. 
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83. We next proceed to show how to form the equations of | 
some of the remarkable lines connected with the circle, and exa- 
mine in the first place the equation of the tangent. 

We shall in general define the tangent to any curve as the 


* 


line joining two indefinitely near points on the curve, and its 
equation will be found by first forming the equation of the line 
joming any two points (#7, #’y”) on the curve, and then making 
we =x and y =" in that equation. 

To apply this to the circle : first, let the centre be the origin, 
and, therefore, the equation of the circle w + 4? =7°. 

The equation of the line joining any two points (v7) and 
(w’y") is (Art. 33), 


i) 4” 


now if we were to make in this equation y/=y" and «'=.2", the 
- : : 0 
right hand member would assume the indeterminate form of 0 


The cause of this is, that we have not yet introduced the condi- 
tion, that the two points (#7, ay") are on the circle. By the help 
of this condition we shall be able to put the equation in a form 
which will not become indeterminate when the two points are 
made to coincide. For, since 


i) 49 


mae +y? =e + y? we have c27-#? =y'% —y?, 


and, therefore, yf - yf! Hae 


a“ Hv yt+y” 
Hence the equation of the chord becomes 

y-y w+ 

Raw pe 
And if we now make wv’ = w” and 7 = y", we find for the equation 
of the tangent, y- yf a 
| rai 
or, reducing, and remembering that #?+y? =r°, we get finally 

wa + yy = 7". ) 

We might have obtained the equation of the tangent (wa’ + yy =7°) 


in another way, by forming the equation ofa line through the 
point 2’y’, perpendicular to the radius, whose equation is easily | 
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seen to be yw = 2'y. We have preferred, however, the method 
actually adopted, both because it is the same as that which we 
shall employ in the case of other curves, and also because we 


wish the learner to perceive that all the properties of the circle 


can be deduced from its equation without a previous acquaint- 
ance with the geometrical theory of the curve; as in the present 
instance, where the equation just found might be used to prove 
that the tangent to a circle is perpendicular to the radius. 


84. The method we have used is equally applicable if we 
were given the equation of the circle in its most general form 
referred to any axes 

Aw? + Bey + Ay? + De + Ey + F=0, 
where B= 2A cosw. We form, as before, the equation of the 
line joining two points, and then by the help of the conditions 


vd et 


that 2’y’, xy” are points on the circle, we can get an expression for 
py 7 
a at 
coincide. We have the two conditions 

Aw? + Ba'y + Ay? + De’ + Hy’ + F=0, 

Aw? + Ba’y’ + Ay? + De" + Hy’ + F = 0. 
Subtracting them 
A (e? — x?) + B(avy'- ay") + A(y?- yy) + D(av'- 2’) + EQy’-y’) = 0. 
Now ey -— xy =e (YY -y)+y (a - 2"). 


which will not become indeterminate when the two points 


“4 


Hence, dividing by @' - x”, and solving for “ = we find 


yy se A + 2) + By’ +D 

aa A(y +y")+ Ba +E 
The equation of the chord is, therefore, 

Yin Ye eae Jr 

e-et A(yt+y)+Be+E. 


ee 


If the points w’y’, x’y” coincide we have the equation of the tangent 
y-y 2Az' + By +D 
e-a  2Ay + Ba’ + EH’ 
or, reducing, and remembering that 2‘y' satisfies the equation of 
the curve, 


| (2Aa' + By + D) «+ (2Ay' + Bo’ + E) y + Da’ + Ey + 2F = 0. 
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The equation of the tangent when the axes are rectangular is 
found by making B = 0, in the preceding equation. If the equa- 
tion had been given in the form 

(ve —a)?+(y- bP =?, 
the equation of the tangent is 


(w— a) @-a)+(y- 8) - bd) =”, 
a form easily remembered from its similarity to the equation of 
the circle itself. ‘This might also have been obtained by trans- 
formation of co-ordinates from the equation given in the last 
article. 


85. Lo sind the co-ordinates of the points in which a given right 
line meets a given circle. 

Let the equation of the circle be x? + y? = r*, and that of the 
right line ecosa+ysina=p. These two equations are sufficient 
(Art. 18) to determine the 2 and y of the intersection. For ex- 
ample, finding the values of y from both, and equating them to 
each other, we get for determining 2, the equation 


—x£cosa 
Leek aoe Vv (r2 — 22), 
sin a 
or,reducing w? - 2pxcosa+ p? —7*sin?a=0; 
hence, “x=pcosatsina y (7 - p?), 


and, in like manner, 
y = psina ¥ cosa y (7 — p*). 

(The reader may satisfy himself, by substituting these values 
in the given equations, that the — in the value of y corresponds 
to the + in the value of x, and vice versd). 

Since we obtained a quadratic to determine «, and since every 
quadratic has two roots, we must, in order to make our language 
conform to the language of algebra, assert that every line meets 
a circle in éwo points. 


86. Let us, however, examine separately the three cases of 
this solution : 

First. If p, which is the distance of the line from the centre, 
be less than the radius, we get two veal values for # and y, and 
the line meets the circle in two real points. 


ss 
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Secondly. Let p = 7, or the distance of the line from the cen- 
tre = the radius. In this case it is evident geometrically that the 
line is a tangent to the circle, and our analysis points to the same 
conclusion, since the two values of z in this case become equal, 
and so likewise will the two values of y. Consequently, the 
points answering to these two values, which are in general diffe- 
rent, will in this case coincide. We shall, therefore, not say that ’ 
the tangent meets the circle in only one point, but rather that it 
meets it in two coincident points; just as we do not say that the - 
equation for this case 

az? — 2rxr cosa + r* cos? a = 0, z 
has only one root, but rather that it has two equal roots. This — 
accords with the general definition of a tangent which has beer 
already given (Art. 83). 

Thirdly. Let p be greater than 7. In this case it is usual 
to say, that the line does not meet the circle at all. Analysis, 
however, though it fails to furnish us with real values for z and 
y, yet supplies us with imaginary values. We shall, there- 
fore, find it more consistent to say that in this case the line 
meets the circle in two imaginary points. By an imaginary point 
we mean nothing more than a point, one or both of whose co- 
ordinates are imaginary. It is a purely analytical conception. 
We do not attempt to represent it geometrically. But the neglect 
of those imaginary points would lead to as great a want of gene 
rality in our reasonings, and to as much inconvenience in our 
language, as if, only paying attention to the real roots of equa- 
tions, we were to deny that every equation has as many roots as 
it has dimensions, or to assert that the equation 

x — 2px cosa = 7? sin? a — p® 
has no root at all when p is greater than r. 


. If we were to form the equation of the line joining he 
<a whose co-ordinates are 
x= pcosa+ sina / (7 — p*) and 7 ~ Pca - sina (7? - “Fa 

= psina -cosay/(7?-p®)’ y= psina + cosa y/( 
we should of course fall back on the given equation 


xcosa+ysina—p= 0. 
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This will be true whether the points be real or imaginary. 
Hence the line joining two imaginary points may be real, and 
we saw (Art. 73) that two imaginary lines might intersect in a 
real point. ‘This circumstance increases the necessity of attend- 
ing to imaginary points, for we shall presently see many cases in 
which the real line, joining two imaginary points, enjoys all the 
geometrical properties of the corresponding line in the case where 
the points are real. 

The student will find no difficulty in determining the points 
where a line given by the general equation az + by+c¢=0 
meets the circle 

Aw? + Ay? + De + Hy + F=0. 
We only think it necessary to notice the particular case where the 
given line is one of the axes of co-ordinates. The points, for 
instance, where the axis of x meets the circle, are found by mak- 
ing y=0 in the general equation, and are, therefore, given by the 


quadratic Ag? + De+F=0. 
The intercepts on the axis of y are given by the quadratic 
Ay? + Ey+ F=0. 
Hence the axis of 2 will be a tangent, if 
D? = 4AB, 
and the axis of y, if HE? = 4AF. 


In general, the rectangle under the intercepts made on the 


axis of « = —: but this is the same value as we find for the rec- 


v4 ? 
tangle under the intercepts on the axis of y (Euclid, IIL. 36). 
We might, in the same manner, find the condition, that the 
line Az + By + C = 0 should touch the circle 


(x-a)y?+(y-b)y=7"; 
or we can obtain it at once, by expressing the condition that the 


perpendicular on the line from the point aé is = 7, that is (Art. 31) 


Aa+ Bb+C © 
y (AP + BY) 7 


Te 


88. To find the points of contact of tangents drawn to a circle 
from a given point. Let the given point be ay’, and let the co- 
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ordinates of the point of contact which we are seeking be 2”, 7/. 
Then (Art. 83) the equation of the tangent will be 

ee ty =P; 
but by hypothesis this line passes through the point ay, hence 


et the condition Ae es 
et © Ce yy a2"; 


and since the point xy” is on the circle, we have also the condi- 
tion 2 =~ ie = 72, 
These two conditions are sufficient to determine the co- re 


x’, y". Solving the equations, we get 
at + ry of (2? + y? — 7°) 


a v2 +. We 


> 


ots 
oe 


and Srey: dept UF RUS 

Ae ag? + 4° 
Hence, from every point may be drawn ¢éwo tangents to a circle. 
These tangents will be real when x? + 7? is > 7®, or the point 
outside the circle ; they will be imaginary when w? + y? is <7”, 
or the point inside the circle; and they will coincide when 
xv? + 7% = r*, or the point on the circle. 


89. To find the equation of the line joining the points of contact 
of tangents from any point. That is, to form the equation of the 
line joining the two points whose co-ordinates were found in the 
last article. It will not, however, be necessary to set about this 
in the usual manner, if we attend to the remark at the end of 
Art. 33. We saw in the last article that the co-ordinates of each 
point of contact were connected with those of the given point by 
the relation w'at” + yfyf =r. 

The equation, therefore, of the line joining the points of contact, 
must be Le + yy =r, 

for this is the equation of a right line, and is satisfied for each 
point of contact. The co-ordinates found in the last Article are 
evidently precisely the same as those which we should obtain if 
we sought the intersection of the circle 2? + y? = r? with the right 
line wz’ + yy = 7°. This latter equation is exactly similar in form 
to the equation of the tangent, only that in the present | case the 
point 27 need not be supposed on the curve. 
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It is plain that if the co-ordinates # and y’ be real, the equa- 
tion we’ + yy = 7" will be real, whether the point be within or 
without the circle. ‘The line it represents is familiar to the learner 
as the polar of the point 2‘y'; and we see that, when the point 
x7 is outside the circle, the polar is the line joining the points of 
contact of real tangents ; and that, when the point is inside the 
circle, the polar must be considered as the line joining the points 
of contact of the imaginary tangents from the point. When the 
point wy’ is on the circle, it is evident from the equation that its 
polar is the tangent. 

The polar is evidently perpendicular to the line (ay — 7/7 = 0) 
joining the centre to the point «y’, and its distance from the 


centre = 


Vv (@? + 9?) 


90. We can by the same process find the equation of the polar 
of any point wy with regard to a circle expressed by its most ge- 
neral equation 


Aw + Bay + Ay? + Da + Ey + F =0. 


_ The equation of the tangent at any point w’y", may be written 


(Art. 84) 

(2Aaz + By + D) a’ + (2Ay + Be + E) 7’ + Dx + Ey + 2F=0; 
and since this line by hypothesis passes through the point 27’, the 
co-ordinates of each point of contact must fulfil the relation 

(2Aa' + By’ + D) x” + (2Ay' + Ba’ + E) y’+ Da'+ Ey’ + 2F =0. 
The equation then of the line joining the points of contact must be 

(2Az + By’ + D) « + 2Ay'+ Ba’ + E) y + Da’ + Ey’ + 2F = 0, 
an equation precisely similar in form to the equation of the tan- 
gent. Hence the polar of the origin with regard to this circle is 

Die Bg = 0. ten ae 
We can find the co-ordinates of the pole, with regard to the 
circle (w? + y? = 7°), of any line (Aw + By + C = 0), by comparing 
this last equation with the equation wa’ + yz = 7°, where a, ¥ 


are the co-ordinates of the pole. Hence we shall find 


Ar? ' Br2 
Se and y= ~~ 


t p) 


M 


fe 
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91. To find the ratio in which the line joining two given points, 
wy’, xy", is cut by a given cirele. 

We proceed precisely as in Article 43. The co-ordinates of 
any point on the line must (Art. 11) be of the form 


la” + ma ly" + my’ 
ar Shaded A a ll 
MM, M+ 


Substituting these values in the equation of the circle 

ae o y? ae ad => Q, 
and arranging, we have to determine the ratio 7: m, the qua- 
dratic 


"ya 


P (av? + y/? — 7?) + Qlm (a'e" + oy" — 7”) + m? (a? + y? — 77) = 0. 
The values of /: m being determined from this equation, we have 
at once the co-ordinates of the points where the right line meets 
the circle. The symmetry of the equation makes this method 
sometimes more convenient than that used Art. 85. 

If wy” lie on the polar of wy’, we have (Art. 89) aa” + yy’ — 
7? = 0, and the roots of the preceding equation must be of the. 
form 2+ pm, 0 - ums the line joining «wy, wy” is therefore cut 
internally and externally in the same ratio, and we deduce the 
well-known theorem, any line drawn through a point is cut harmo- 


nically by the point, the circle, and the polar of the point. 


92. To find the equation of the tangents from a given point to a 
given circle. 

We have already (Art. 88) found the co-ordinates of the point 
of contact; substituting, therefore, these values in the equation 
we’ + yy” - 7 = 0, we have for the equation of the tangent 


r (wai + yy -— w? — y?) + (ay — ya’) ¥ (a? + y? — 7°) = 0, 
and for the other 

r (aa + yy — @? — y?) — (ay — ya’) of (w? + y? — 7°) = 0. 
These two equations multiplied together give the equation of the 
pair of tangents in a form free from radicals. The preceding 
article enables us, however, to obtain this equation in a still more 


simple form. For the equation which determines /: m will have 
equal roots if the line joining wy’, #’y" touch the given circle ; if 


e, 


eee tree Ce ee Cy - 4)” 
THE CIRCLE. 83 


then wy’ be any point on either of the tangents through wy, its 
co-ordinates must satisfy the condition ‘i 


¥ (v? 4 y? ws 7) (a? as YP od 72) 4 (ae 4 yy hs y2)?, 
This, therefore, is the equation of the pair of tangents through 


the point v7. Itis not difficult to prove that this equation is 
identical with that obtained by the method first indicated. 


93. To find the length of the tangent drawn from any point to 
the circle, whose equation is 
(v-a)?+(y-bP-r =0. 
The square of the distance of any point from the centre 


=(«-—a)? + (y —- 6)’; 
and since this square exceeds the square of the tangent by the 
square of the radius, the square of tangent 


= (x — a)? + (y - 6)? - Pr. 
Hence the square of the length of the tangent from any point is © 


found by substituting the co-ordinates of that point for w and y 
in the equation of the circle 


(2 -—a)?+(y - 6)? -r =0. 
Since the general equation to rectangular co-ordinates 
Aw? + Ay? + Dv + Hy + F = 0, 
when divided by A, is (Art. 81) equivalent to one of the form 


(# ee Oye 8. f=6-"*h © 
We learn that the square of the tangent to a circle whose equa- Ae Laengen’ 
tion is given in its most general form, is found by dividing by = > 
the co-efficient of x?, and then substituting in the equation the co- src A = 
ordinates of the given point. OA aca 
The square of the tangent from the origin is found by making ~ 

x and y = Q, and is, therefore, = the absolute term in the equation 
of the circle. 

| * The same reasoning is applicable if the co-ordinates be ob- 

| lique. | 


94. We shall conclude this chapter by showing how to find 
the polar equation of a circle. 
We may either obtain it, by substituting for x, p cos @, and 
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for y, p sin 8 (Art. 15), in either of the equations of the circle 
already given, 

Ax? + Ay? + Da + Ey + F = 0, or (# - a)? + (y - df =P, 
or else we may find it independently, from the definition of the 
circle, as follows: 

Let O be the pole, C the centre of 
the circle, and OG the fixed axis; let Be . 
the distance OC =d, and let OP be any el a a 


C 


U 


radius vector, and, therefore, = p, and 
the angle-POC = 0, then we have 
PC? = OP? + OC? —- 20P.. OC cos POC, 

that is, 7? = p® + d? — 2pdcos 0, 
or p” — 2dp cos @ + d? — 7? = 0. 
This, therefore, is the polar equation of the circle. 

If the fixed axis did not coincide with OC, but made with it 
any angle a, the equation would be, as in Art. 40, 

p? — 2dp cos(0 - a) + d? - 7? = 0. 
If we suppose the pole on the circle, the equation will take a sim- 
pler form, for then 7 = d, and the equation will be reduced to 
p = 2rcos 8, 

a result which we might have also obtained at once geometrically 
from the property that the angle in a semicircle is right; or else 
by substituting for w and y their polar values in the equation 
(Art. 82, IV.) a? + y? = Qe. 
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95. We purpose in the present chapter to illustrate by ex- 
amples the principles laid down in the preceding chapter. Having 
sufficiently shown, in Chapter II., how in general to apply the 
analytical method to the solution of problems, we do not think 
it necessary to enter into the subject here with equal minuteness, 
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and shall feel ourselves at liberty to suppress many details which 
can easily be supplied by the reader who has worked out the ex- 
amples there given. 

We commence by illustrating the applications of the condi- 
tions (Art. 81) for determining when the equation of the second 
degree represents a circle. 

Example 1. When will the locus of a point be a circle, if the 
square of its distance from the base of a triangle be in a constant 
ratio to the product of its distances from the sides ? 

Let the equation of the base be y = 0, and those of the sides 


ecosa+ysina-p=0, xcosB+ysnP - pi = 0. 
Then by the conditions of the question 
(v cosa + ysina — p) (wcos + ysin 3 — p,) = ky?, 
In order that this should represent a circle, the two conditions . 
B = 0, and A = QC, 
give us sin (a + B) = 0; cos(a + PB) = &. 


From the first condition the sides make equal angles with the 
base, and the triangle is therefore isosceles. From the second we 
have 4? = 1. 

These conditions being fulfilled, the locus will be a cirele, and 
it will be found that it will touch the two sides of the triangle at 
the extremities of the base. Hence we have the following pro- 
perty of a circle: “Jf from any point on a circle perpendiculars 
be let fall on any two tangents and on their chord of contact, the 
square of the last will be equal to the rectangle under the other two.” 

Ex. 2. When will the locus of a point be a circle tf the sum of 
the squares of the three perpendiculars from it, on the sides of any 
triangle, be constant ? 

Using the same notation as in the last example, the conditions 
of the question give us 


(cosa + ysina — p)? + (wcos B + y sin 3 — pi)? + y? = m*. 
In order that this should represent a circle we have 
sin 2a + sin2(.=0, cos 2a + cos 23 =1. 


The first condition is satisfied if $ = — a, or if the triangle be 
isosceles. Then the second condition gives us cos 2a=4. Hence 


f-c4k 


h it & 
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(Luby’s Trig., p. 14) a = 80°. But a is the angle which the per- 
pendicular on one of the sides makes with the base: the angle, 
therefore, which the side itself makes with the base will be 60°, 
and the triangle will be equilateral. Hence we see that in an 
equilateral triangle the locus of a point for which the sum of 
squares of perpendiculars on sides is constant will be a circle; 
and it will be found that the centre of this circle is the intersec- 
tion of the perpendiculars of the triangle. 

Ex. 3. When will the locus of a point be a cirele, if the product 
of perpendiculars from it on two opposite sides of a quadrilateral be 
in a given ratio to the product of perpendiculars from it on the other 
two sides. | 

Let the equations of the sides of the quadrilateral be 


xcosa+ysna-p=0, ecosB+ysinP - p, =90, &., 
then the equation of the locus will be 


(wcosat+ ysina-—p) («cosy +ysiny — p,) 
=k («cos + ysin 3 - p) (wcosd + ysinéd - p,). 
The usual tests applied to this equation will give the conditions 


cos(a + vy) =£cos(B +6), sin(a+ vy) =ksin (8 + 8). 


Squaring these equations, and adding them, we find = 1; and 
if this condition be fulfilled, we must have 
at+y=[P+6, ora-[P=60-y. 

Recollecting that a - 3 is the angle between the perpendi- 
lars on the lines a and (3, and is, therefore, equal or supplemen- 
tal to the angle between the lines themselves, it is easy to see 
that this condition will be fulfilled if the given quadrilateral be 
inscribable in a circle. Indeed from the form of the equation it 
may be seen, as in Art. 48, that the curve represented by the 
equation must pass through the angles of the given quadrilateral, 
and therefore cannot be a circle unless the quadrilateral be in- 
scribable in a circle. 


96. We shall next give illustrations of the method of deter- 
mining the position of a circle from its equation. Beside the 
method (Art. 81) by finding the co-ordinates of the centre, and 
the radius, there is another which we may occasionally employ. 
For a cirele is given if any three points on it are given; and if 
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we find, as in Art. 87, the points in which the circle meets each 
of the axes, we shall know four points on the circle, which will 
thus be completely determined. 

Ex. 1. Given base and vertical angle of a triangle, to find the 
locus of vertex. 

Let us take the base for axis of w, and a perpendicular through 
its middle point for axis of y; let the co-ordinates of the vertex 
be 2, y, and let the base = 2c. Then the 


tangent of the base angle CAB will be Wee wt 

eu or —2—, and of CBR = Se pitino ais \ 

AR’ C+ x Bk’ ch Cat \ 
Hence we can find the tangent of the A MRB 


sum of the base angles, and make it = - 
the tangent of C, the given vertical angle, 
or 
ie + oe 
C+#2 C-& 
pees 


and, reducing this equation, the equation of the locus will be 
found to be w+ y* — 2WycotC-c=0. 


This (Art. 82, IT.) is the equation of a circle having its centre on 
the axis of y, at a distance from the origin = ¢ cot C; this distance 
will be positive, or the centre will lie above the base, if the vertical 
angle be acute; it will lie on the base if the vertical angle be right, 
and below it if the angle be obtuse. By making y = 0 in this 
equation, we find that the circle will pass through each extremity 
of the base; and the radius of the circle is found = 5 

Ex. 2. Given base and ratio of sides, find locus of vertex. 

With same axes as before, if ratio be m:n, we find, for equa- 
tion of locus, 

m{y? + (c — x)?} = n*{y? + (c+ x)*}, 

or m +n? 


2 2-9 . chien 
sr oid ACT ascot ap a YY a lr nes 
J m* — n* 


Hence locus is a circle, whose centre is on the axis of 2, at a dis- 


2k m* + n2 2mn 
tance from origin = 5 
m?—n 


c, and whose radius = ———~ ce. 
- mn? 


{ ger 
ve Nett 4 


¢ 
o 
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By making y = 0 we find, for the co-ordinates of the points 
where the circle meets base, 


m—-wTr WU — 7 
c, andw= C3 
m—n m+n 


Y= 


and since the co-ordinates of the extremities of base are w = + ¢, 
and w =—c, these (Art. 11) are the two points where the base 
is cut in the ratio of m:n. 


. “™~ Ex. 3. Find locus of a point the square of whose distance from 
.a gwen point is proportional to its distance from a given right line. 
4 Determine position and magnitude of the resulting circle, 


Ex. 4. Given base of a triangle, and m times square of one 
side + n times square of the other = a constant ; find locus of vertex : 
find centre and radius of the resulting circle, and determine the 
point where rt cuts base. , 

Ex. 5. A line of constant length moves between two fixed right 
lines, and perpendiculars to the lines are raised at its extrematies, find 
the locus of their intersection. 

Ex. 6. In general, given any number of points, to find locus of 
a point such that m' times square of its distance from the first + m* 
times square of tts distance from the second + &¢c., = a constant: or 
(adopting the notation used in Art. 70) such that & (mr?) may be 
constant. 

The square of the distance of any point zy from 2’y/ is 

(a- 2? +(y-y)% 
Multiply this by m’, and add it to the corresponding terms found 


by expressing the distance of the point zy from the other points. 


sg 


xy’, &e. If we adopt the notation of Art. 70, we may write, for 
the equation of the locus, 


Z(m) xv + B(m)y* — 2B(mzx') x — 2B(my')y + Z(ma) + S(my?) =C. 


Hence the locus will be a circle, and, by Article 81, the co-ordi- 
nates of its centre will be 
_ Xe’) _ =(my') 
© &(m)’ =(m) 
that is to say, the centre will be the point, which, in Article 70, 
was called the centre of mean position of the given points. 
If we investigate the value of the radius of this circle, we shall 


find R? S(m) = S(mr?) — V(mp?), 
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where 3 (mr)? = C = sum of m times square of distance of each of 
the given points from any point on the circle, and & (mp?) = sum 
of m times square of distance of each point from centre of mean 
position. 

Ex. 7. Given base and vertical angle of a triangle, to find the 
locus of the point of intersection of the perpendiculars of the tri- 
angles. 

Take the same axes asin Example 1. We found there that 
the following relation existed between the co-ordinates of the 


vertex, w? + y? — 2cy cot C = c?, 


which, since the y of the vertex is the perpendicular, we may 
write DP 206 COU =Car 
But we found (Art. 42, Ex. 1), that the x of the point whose 
locus we seek, is the same as the w of the vertex, and that its 

ss c? — 2 

P P 
(since s=c +a, and s=c- 2). Substitute, therefore, for p, 


c Ss we 


; the equation will then become divisible by c? — w?, and 
can be reduced to = _y2 y? + ey cot C = &. 


Now this equation only differs in the sign of cot C, from that 
found in Example 1; hence we see that it is the locus which we 
should have found had we been given the same base and a vertical 
angle equal to the supplement of the given one; and that it is, 
therefore, a circle passing through the extremities of the base. 


97. We come, next in order, to illustrate the use of the equa- 
tions given in Art. 83, viz., of the tangent (wz + yy’ = r°), and of 
the chord a(e+@e)tryysty)=r + va + yy’. 

We shall first put them into a form which is sometimes more 
convenient in practice. Let @ be the angle which the radius to 
wy makes with the axis of x, then 2’ =rcos 6, y =rsin@, and 
the equation of the tangent becomes 

x cos 0 + ysin 0 =r. 
| ~ Conversely, if the equation of any right line can be put into the form 
xcos@+ysin@ =7, 
N 


ar * 
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where r is constant, and 0 indeterminate, we may infer that this right 
line touches the curve wv? + y? = 7° (see Examples 1 and 2). 

If a similar substitution be made in the equation of the chord, 
this equation may be reduced to the form 


«cost (0+ 0) + ysin4(0' + 0) =r cos$ (0 - 0’), 

& and 6” being the angles which radii drawn to the extremities of 
the chord make with the axis of z. 

This equation might also have been obtained directly from 
the general equation of a right line (Art. 30), 

“2cosatysina=p, 
for the angle which the perpendicular on the chord makes with 
the axis is plainly half the sum of the angles made with the axis 
by radii to its extremities; and the perpendicular on the chord 
= rcos$ (0 - 6"). 

Let us now apply these formule to examples. 
Ex. 1. If a chord of a constant length be inscribed in a cirele it 


< will always touch another circle. 


We must first express the condition, that the chord joining 
two points should be of a constant length. It is (Art. 9), 
(x — 2°)* + (y' — y")* = const. 
or, since ee ish) ae 7) AN © eed) ae 
the condition may be expressed in the simpler form : 
“ve + yy = const. 

This condition will take another form if we use the substitu- 
tions 7 cos 9’, 7 cos 0’, r sin 0, rsin 0’, for 2’, v’, y', y". The con- 
dition will then become 

cos (0 — 0”) = const. or & — #” = a const. 


Hence, in the equation of the chord which we have just found, 
«cos 4 (0 + 0) +ysin3 (0 + 6’) =rcos3 (0 - 0), 
the right hand side of the equation is constant, and the angle 
4(0' + 6”) is indeterminate; therefore, by the principle just laid 
down, the chord must always touch the circle whose equation 1s 
w+ y? = 72 cos? 4 (0 — 6"), 


a circle concentric with the given one.. 
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Ex. 2. Given any number of points, if a right line be such that 
m times the perpendicular on it from the first point, + m’ times the 
perpendicular from the second, + §c., be constant, the line will always 
touch a circle. 

This only differs from the question in Art. 70, in that the 
sum, in place of being = 0, is constant. Adopting then the nota- 
tion of that Article, instead of the equation there found, 


{vw (m) — = (mz2')} cos at {y= (m) - S(my’)} sina = 0, 
we have only to write 
{vim — 3 (me’)} cosa + {yS (m) — 3S (my’)} sina = const. 


Hence this line must always touch the curve 


ele OE ise = (my) re i 
(> . at (y i at eee nae 


that is a circle whose centre is the centre of mean position of the 
given points. 

Ex. 3. Lind the locus of the point where a chord of a constant 
length 1s cut in a constant ratio. 

We insert this example here, as we have just given the condi- 
tion (ve + yy" = const.) that a chord should be of a constant 
length. The co-ordinates of a point cutting the chord in a con- 
stant ratio are (Art. 11), 


4; / “4 ; 
MU + NX my + ne 
v= ————__, and y = se aH 


m+n m+n 
and by the help of this condition it will be found, that a? + 7? is 
constant, or that the locus is a circle concentric with the given 
one. 

Hx. 4. [f tangents be drawn. at the extremities of a chord of a 
constant length, to find the locus of their intersection. 

The co-ordinates of the point of intersection of 

zcos0+ysin@ =r, and wcos # + ysin 0 = 7, 
are easily found to be 
cos (0+ 0) sin 3 (0 + 0) 

| v= cost (0-0) Y=" cost (0- 0)’ 
and if (9 — 0’) is constant, plainly w? + 7? is constant, and, there- 
fore, the locus is a circle. 


y 
, ae 
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98. We shall next give one or two examples involving the 
problem of Art. 85, to find the co-ordinates of the points where a 
given line meets a given circle. 


Ex. 1. To find the locus of the middle points of chords of a given 


circle, drawn parallel to a given line. 


Let the equation of any of the parallel chords be 


vxcosat+ysina-p=0, 


“where a is, by hypothesis, given, and p is indeterminate; the ab- 
_ seissee of the points where this line meets the circle are (Art. 85) 


found from the equation 


ae 


' @? — 2px cosa t+ p? — 7 sin? a = 0. 


~ Now, if the roots of this equation be 2’ and 2’, the w of the middle 


yoink of the chord will (Art. 11) be 


e+ a” 
ZO; from the theory 


of equations, will = pceosa. In like manner, the y of the middle 


* point will equal p sina. Hence the equation of the locus is 


J — tana, that is, a right line drawn through the centre perpen- 
i 


“dicular to the system of parallel chords, since a is the angle made 


with the axis of x by a perpendicular to the chord 
ecosat+ysna-p=0. 

Ex. 2. Given a line and a circle, to find a point such that if any 
chord be drawn through it, and perpendiculars let fall from its ex- 
tremities on the given line, the rectangle under these perpendiculars 
will be constant. 

Take the given line for axis of y, and let the axis of # be the 
perpendicular on it from the centre of the given circle, whose 
length we shall call p. ‘Then the equation of the circle is (Art. 82) 

y+ (a- pyar. 
Again, if the co-ordinates of the sought point be w’, y’, the equa- 
tion of any line through it will be 
(y-y)=m(e- 2), or y=mety — me. 
Substitute this value of y in the equation of the circle, and we 
shall get, to determine the a of the poimts where the line meets 
the circle, 


(1 + m?) a? + {2m(y' - ma’) - 2p) w+ (y — ma’)? + p? - 7? = 0. 
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But w is the perpendicular on the given line, and the product of 
the two perpendiculars (by the theory of equations) 


(y — mx’)? + p? - 7” 
‘i 1 +m 


This will not be independent of m, unless the numerator be 
divisible by 1+ m?, and it will be found that this cannot be the 
‘case unless 7/=0 and w?=p?-7r*. Hence there are two such 
points situated on the axis of x, and at a distance from the origin 
= the tangent drawn from it to the given circle. 

Ex. 3. If any chord be drawn through a fixed point on a dia- 
meter of a circle, and its extremities joined to either end of the 
diameter, the joining lines will cut off on the tangent, at the other end 
of the diameter, portions whose rectangle ts constant. 

Let us take the diameter for axis of w, and either extremity 
of it for origin, then (Art. 82) the equation of the circle will be 
xv? +y? = 2rea, and that of any chord through a fixed point on the 
diameter will be y=m(a-2’). By combining these equations 
we can determine the co-ordinates of the extremities of the chord. 
We can, however, without solving for these co-ordinates, obtain 
directly from the equations the equation of the lines joining 
these extremities to the origin. For if, by combining the equa- 
tions, we can obtain a homogeneous function of the second de- 
gree, it will be, by Art. 72, the equation of two nght lines drawn 
through the origin, and it evidently must be satisfied by the co- 
ordinates of the points which satisfy the two given equations. 

Write these equations thus, 


2 +y?=2re, and mz = mez - y, 
and, multiplying them together, we get 
ma (a? + y*) = 2rx (mex — y). 
This being homogeneous in # and y, is the required equation of 
the joining lines. It may be written thus, 
ma .y? + 2r. avy +m (x - 2r) 2 = 0. 
This equation enables us to find the values of y corresponding 


to any value of w, and we see that the product of these values will 
xv — 2p <; J r peli 
be = x, and, therefore, independent of m. ‘The intercepts 


Ds 
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made on a perpendicular at the extremity of the diameter are 
found by making x = 27 in the preceding equation, and their 


: ‘em : , nae 
product is 47° id 7 fy which will be constant as long as a’ is con- 


v 


stant. 


99. We shall next give one or two examples requiring the use 
of the equation of the polar of a point (found in Art. 89). 

Ex. 1. Jf any chord be drawn through a fixed point and tan- 
gents at its extremities: to find the locus of their point of inter- 
section. 

Let any point on the locus be XY, then the chord joining 
points of contact of tangents passing through XY, is 


X2+ Yy=7"; 
but by hypothesis, this line passes through the point w’y/’, her 
Xa + Yy = 7; 


this is the relation connecting the co-ordinates of the point XY, 
its locus, therefore, is the line 

Le + yy =, 
or the polar of the point «'7/. 

The proposition just proved may be stated otherwise, thus: 

If one point lie on the polar of a second point, the second point 
will le on the potar of the first point. 

For the equation of the polar of the second point is 

Le + yy = 7", 
and the condition that #7 should lie on this line is 
| ih ts IAI MEN 
But this is also the condition to be fulfilled, in order that the point 
wy’ should lie on the line 
ee + yy =r. 

We reserve a more detailed consideration of the properties of 
poles and polars, until we come to treat of conic sections, as the 
reader is presumed to be familiar with the geometrical demonstra- 
tion of these properties in the case of the circle. 

Ex. 2. Given any point O, and any two lines through it ; join 
both directly and transversely the points in which these lines meet a 
circle ; then, if the direct lines intersect each other in P and the trans- 
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verse in Q, the line PQ will be the polar of the point O, with regard 
to the circle. 
Take the two fixed lines for axes, and let the intercepts made 
on them by the circle be a and a, band ’. Then 
we role 
~+5-1=0, —+7-1=0, 
will be the equations of the direct lines; and 


ca a ely FR la es es 
mie eae: ls Eo GO, 


the equations of the transverse lines. Now, the equation of the 


line PQ will be 


Ss pce gles Ay es 
Z +—+ 7 + yi 2=0, 
(for, see Art. 48, this line passes through the intersection of 
Be wae ee 
a b ds BNO te 
and also of 
Ete Et ee 
ik Kooga dg tBe 


If the equation of the circle be 
Aw? + Bay + Ay? + Dz + Ey + F=0, 
a and a are determined from the equation Aw? + Dx + F = 0 (Art. 


87), therefore, 
Lat D 4 i gl 
nae easy 


E 
hae ba ae 
Hence, equation of PQ is 

Da + Ey+2F=0; 

but we saw (Art. 90) that this was the equation of the polar of 
the originO. Hence it appears, that if the point O were given, 
and the two lines through it were not fixed, the Jocus of the points 
P and Q would be the polar of the point O. 

Ex. 38. Given any two points A and B, and their polars, with 
respect to a circle whose centre 1s O: let fall a perpendicular AP 
from A on the polar of B, and a perpendicular BQ from B on the 

OA OB 


polar of A; then A Die BQ 
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The equation of the polar of A («’y’) is va’ + yy — 7? = 0, if we 
take the centre of the circle for our origin; and BQ, the perpen- 
dicular on this line from B(w’y’) is (Art. 31) *@ 4 YY =” 
icular on this line from B(2"y’) is (Art. Tate 

Hence, since / (+?) = OA, we find 

OA. BQ = 2a” + yy" - 
and, for the same reason, 

OB VAR =e2°s-7y,— 1, 
Hence OA? OB 

AP BQ 

Ex. 4. Given a circle and a triangle ABC, if we take the polars 
with respect to the circle of the three vertices of the triangle, we shall 
form a new triangle A'B'C’ (where A’ is the pole of BC, B' the pole 
of AC, and C’ the pole of AB), then the lines AA’, BB’, CC, will 
all pass through the same point. 

The equation of the line joining the point wy’ to the intersec- 
tion of the two lines wa’ + yy"-7?=0 and we” + yy” -7? =0 1s 
(Art. 49) 

AA’ (aa + yy" -— 7°) (x2x" + yy" - 1?) 
— (va + yy" — 7?) (wx + yy” — 7?) =0. 
In like manner, 
BB (va + yy" - 7?) (wa + yy” - 7°) 
— (wa + yy" — 7°) (ae + yy — 17?) = 0; 
and CC’ (av +y"y"- 9°) (we 4+ yy’ - e) 

— (va + y'y” — 9) (aa + yy’ — 7?) = 03 
and by Art. 51 these lines must pass through the same point. 
From Art. 61 it appears that the three points of intersection of 
AB and A’B, of AC and A’C, and of BC and B’C, will lie in one 


. right line. 

y The following is a particular case of the present example. Jf 
a circle be inscribed in a triangle, and each vertex of the triangle 
_ joined to the point of contact of the circle with the opposite side, the 
three joining lines will meet in a point. 


100. We shall conclude this chapter with some examples of 
the use of polar co-ordinates. 
Tix. 1. We take for our first example the well-known theorem 


~- OQ, and the angle 0 or QOC. For 
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(Euclid, III. 35, 36), that if through a fixed point any chord of a 

circle be drawn, the rectangle under its segments will be constant. 
Take the fixed point for the pole, and this theorem is an im- 

mediate consequence from the form of the polar equation (Art. 94), 


p*? - 2pd cos@ + d? — 7? = 0; 


for the roots of this equation are evidently OP, OP’, the values of 
the radius vector answering to any given value of @ or POC. 

Now, by the theory of equations, OP.OP’, the product of 
these roots will = d? — 7?, a quantity independent of 0, and there- 
fore constant, whatever be the direction in which the line OP is 
drawn. Ifthe point O be outside the circle, it is plain that d? — 72 
must be = the square of the tangent. 

Ex. 2. If through a fixed point O any chord of a circle be 
drawn, and OQ taken an arithmetic mean between the segments OP, 
OP’; to jind the locus of Q. 

We can at once find the polar equa- 
tion of the locus, that is to say, the 
relation between the radius vector 


OP + OP’, or the sum of the roots of 
the quadratic in the last example = 2d cos#; but OP + OP’ = 20Q, 
therefore, OQ =dcos@. Hence the polar equation of the locus is 
p = 4 cos 0. 

Now it appears from the final equation in Art. 94, that this is 
the equation of a circle described on the line OC as diameter. 

The question in this example might have been otherwise 
stated: ‘* To find the locus of the middle points of chords which 
all pass through a fixed point.” 

Ex. 3. If the line OQ had been taken an harmonic mean between 
OP and OP’, to find the locus of Q. 


That is to say, OQ = es but OP. OP’ = ad? - r?, and 
OP + OP’= 2d cos@, therefore, the polar equation of the locus is 
ae tie d? —r* 
Bey ae O) or pcos = Pic 


This is the equation of a right line (Art. 40) perpendicular to 
O 
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: 9 : 
OC, and at a distance from O = d — 7 and, therefore, at a dis- 


Hence (Art. 90) the locus is the polar of the 


9 


tance from C = 7 
point O. 

From Example 1 it appears, that if OQ had been taken a 
geometric mean between OP and OP’, the locus would be a circle 
whose centre would be O. 

We can in like manner solve this and similar questions when 


the equation is given in the form 
Aw? + Ay? + De + Ey + F = 0, 


for, transforming to polar co-ordinates, the equation becomes 


A A a 


and, proceeding precisely as in this example, we find, for the 
locus of harmonic means, 


e+(q cos 9 + xn p+ x0, 


es — 2F 
®* Deosé + Esin@’ 
and, returning to rectangular co-ordinates, the equation of the 
locus is De + Ey + 2F = 0, 
the same as the equation of the polar obtained already (Art. 90). 
Ex. 4. If on any radius vector through a fixed point O, OQ be 
taken in a constant ratio to OP, find the locus of Q. 
Let the equation of the given circle be 
p”? — 2pd cos 8 + d? — 7? = 0. 
Then, since by hypothesis the radius vector OP = n.OQ, we 
must substitute up for p, in order to find the equation of the lo- 
cus, and we get 
He ae 
we 
Hence the locus is a circle having its centre on the line joining 
the point O to the centre of the given circle, and at a distance 


= Q). 


d 
2 95 —cos0 + 
Biwi 


from O = -, while its radius = ae 
bh 
If the equation of the first circle had been given, with regard 


to rectangular co-ordinates, 


Az? + Ay? + Dv + Hy + F=0. 
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By transforming to polar co-ordinates it will be found, that the 
equation of the second is 

p?. A(v? +?) + w. (Da + Hy) + F =0. 
The point O has many important properties in relation to these 
two circles. 

If any line drawn through it meet the first circle in the points 
P, P’, and the second in the points Q, Q’, then, by hypothesis, 
OP = wOQ, and OP’ = wOQ’. From this property, that every 
line through O is cut similarly by the two circles, the point O is 
called the cenére of similitude of the two circles. 

A line drawn through O, to touch the first circle, must touch 
the second also, for in this case the points P and P”’ will coincide, 
therefore OP = OP’, and, therefore, the proportionate quantities 
OQ and OQ’ must be equal, and, therefore, the points Q and Q’ 
will coincide, or (Art. 83) the line OQ will touch the second 
circle. 

Since, then, the pair of tangents drawn through O to the first 
circle touch the second also, we learn that O, the centre of simi- 
litude, is the point in which the common tangents to the circles in- 
tersect. 

Ex. 5. If OQ be taken inversely as OP, find the locus of Q. 


This locus is obtained by substituting in the equation of the 
circle — for p. This will give an equation exactly similar in form 
p Aa 


to that found in the last example, therefore the locus will be a 
circle, and the two circles will have the point O for their centre 


of similitude. Indeed, since, in the last example, the ratio oa 
OP’ | : on 
oo “= constant, and since the rectangle OP.OP’ is con- 
stant (Ex. 1), it is evident that the rectangle OP.OQ’ = OQ. OP” 
1s constant. 
Ex. 6. Given a point and a right line ; if OQ be taken in- 
versely as OP, the radius vector to the right line, find the locus of Q. 
Ex. 7. Given vertex and vertical angle of a triangle and rect- 
angle under sides ; if one base angle describe a right line or a circle, 
Jind locus described by the other base angle. 
Take vertex for pole; let the lengths of the sides be p and p’,, 


or 


tn, 
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and the angles they make with the axis 0 and 6’, then we have 
pp = and 0-@=C 

The student must write down the polar equation of the locus 
which one base angle is said to describe; this will give him a re- 


2 
lation between p and 8; then, writing for p, —, and for 0, C+ &, 
Pp 


he will find a relation between p’ and @’, which will be the polar 
equation of the locus described by the other base angle. 

This example might be solved in like manner, if the ratio of 
the sides, instead of their rectangle, had been given. 

Ex. 8. Lf through any point O, on the circumference of a circle, 
any three chords be drawn, and on each, as diameter, a circle be de- 
scribed, these three circles (which, of course, all pass through O) will 
intersect in three other points, which lie in one right line.* 

Take the fixed point O for pole, then if d be the diameter of 
the original circle, its polar equation will be (Art. 94) 

p = d cos 0. 


In like manner, if the diameter of one of the other eal make 
an angle a with the fixed axis, its length will be = dcosa, and 
the equation of this circle will be 


= d cosa.cos(@ — a). 


The equation of another circle will, in hke manner, be 


p = d cos. (3. cos (8 — [3). 


To find the polar co-ordinates of the point of intersection of 

these two, we should seek what value of @ would render 
cos a.cos(9— a) = cos (3. cos(0 — [3), 

and it is easy to find that @ must = a+ B, and the corresponding 
value of p = d cosa cos (3. 

Similarly, the polar co-ordinates of the intersection of the first 
and third circles are 

d=a+y, and p =d cosa cosy. 

Now, to find the polar equation of the line joining these two 

points, take the general equation of a right line, p cos (k- 0) =p 


* See Cambridge Math. Jour., I. 169, for an ingenious solution of this question by a 
different method. The theorem itself was probably originally obtained by the method of 
deformation of curves to be explained afterwards. 
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(Art. 40), and substitute in it successively these values of @ and p, 
and we shall get two equations to determine p and &. We shall get 


p=d cosa cos[3 cos(k - a + 3) =d cosa cosy cos(k-a+y). 
Hence k=a+[P+y, and p=dcosacospP cosy. 


The symmetry of those values shows that it is the same right 
line which joins the intersections of the first and second, and of 
the second and third circles, and, therefore, that the three points 
are in a right line. 


CA ihe VC: 
THE CIRCLE, CONTINUED. 


101. In the last two chapters we investigated chiefly pro- 
perties which only required the consideration of one circle, and in 
these we simplified our calculations by a particular choice of the 
axes of co-ordinates; in the present chapter we purpose, first, to 
discuss some properties of a single circle (the axes having any 
position), and then to show how to obtain analytically the pro- 
perties of a system of two or more circles. 

To find the equation of a circle passing through three given 
potnts. 

We shall first suppose one of the given points the origin, and 
having found the equation for this case, we can obtain the equa- 
tion for the more general case by writing w - a, for #, and y-y 
for y. The equation of any circle through the origin is (Art. 82) 
| v+y?+De+ Hy=0; 
and we determine D and E by substituting in it the co-ordinates 
of the two given points. Writing p? for 2? + y”, this gives us 


px Ss Daz + Kye = 0, 
From these equations D and E are determined, and then 
writing w- a, for w, and y - y, for y, the equation of a circle 
through the three points 271, we%72, &3¥3, Will be found to be 


Rm 


ees 


102 THE CIRCLE. 


(a? + y°) {ai(yo— Ys) + ways — Yi) + U3(Y1 — Yo} 
— (a? + 1”) {aa(ys—y) + @x(y — y2) + @(y2- ys)} 
+ (av? + yo”) {aa(y — xr) + 2(y1 — Ys) + M(Ys—Y)} 
— (#3? + ys") {e(y1 — ya) + ei(yo-y) + w2A(y-y)} = 0. 

If it were required to find the condition that four points should 
lie on the circumference of the same circle, we have only to write 
the co-ordinates xy for « and y in this equation. 

From the resulting equation it appears that if A, B, C, D be 
any four points on a circle, and O any fifth point taken arbi- 
trarily, 

OA?. BCD + OC?. ABD = OB’. ACD + OD”. ABC, 
denoting by BCD the area of the triangle BCD, &c. 


102. In the last article we obtained the equation of the circle 
circumscribing a triangle in terms of the co-ordinates of its angles; 
it is, however, often more convenient in practice to express it in 
terms of the equations of its sides, as follows: 

Let the equations of the three sides be a=0, B=0, y=0, 
then any equation of the form 


| IBy + mya + naB = 0, 
is the equation of a curve of the second degree passing through 
the three given points, since it is satisfied by supposing 
“= 0 B=0, a=() y=), or Bi=0 vy =0. 
n 


We must then (as in Art. 95) find what the values of and 7 
must be, in order that this should be the equation of a circle. 
Writing for a, &c., at full length, x cosa + ysina — p, and deve- 
loping the equation, we obtain the two following conditions, 
Lcos({3 + y) + mcos(y +a) + ncos(at P) = 9, 
Zsin( +) + msin (y + a) + msin(a+ 3) = 0. 
Solving these equations we obtain 
m = sin (y- a) sin(a—- (3) 
l ie sin ({3 —y) sin({3 —y) 
Now if C be the angle contained by the sides a, (3, then 
sin C = sin (a — B), &c. (since a - 9B) is the angle between the 


ii 
7 
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perpendiculars on those sides), hence the equation of the circle | 
circumscribing a triangle is, | 
By sin A + yasin B + af sin C = 0. 

103. The geometrical interpretation of the equation just found 
deserves attention. If from any point O 
we let fall perpendiculars OP, OQ, on 
the lines a, /3, then (Art. 53) a, (3, are the 
lengths of these perpendiculars ; and since 
the angle between them is the supple- 
ment of C, the quantity af3 sin C is dou- 
ble the area of the triangle OPQ. In 
like manner, ay sin B and #y sin A are 
double the triangles OPR, OQR. Hence the quantity 

By sin A. + yasin B + a3 sin C ; 
is double the area of the triangle PQR, and the equation found | 
in the last Article asserts, that if the point O be taken on the cir- 
cumference of the circumscribing circle, the area PQR will va- 
nish, that is to say (Art. 35), the three points P, Q, R will le | 
on one right line. 

If it were required to find the locus of a point from which, if 
we let fall perpendiculars on the sides of a triangle, and join their 
feet, the triangle PQR so formed should have a constant magni- 
tude, the equation of the locus would be 


By sin A + yasin B + af sin C = const. 
and, since this only differs from the equation of the circumscrib- 


ing circle in the constant part, it is (Art. 81) the equation of a 
circle concentric with the circumscribing circle. 


104. From the equation 
By sin A + ya sin B + af sin C = 0, 


we can find the equations of the tangents to the circle at the ver- 
tices of the triangle. Put the equation into the form 


y (B sin A + asin B) + aB sin C = 0, 


and we saw (in Art. 102) that y meets the circle in the two points 
where it meets the lines a and #3, since, if we make y = 0 in the ; 
equation of the circle, that equation will be reduced to af} = 0. + 
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Now, for the very same reason, the two points in which the line 
(sin A + asin B meets the circle, are the two points where 7% 
meets the lines a and 3. But these two points coincide, since 
(sin A + asin B passes through the point af. Hence, since the 
line § sin A + asin B meets the circle in two coincident points, it 
is (Art. 83),a tangent at the point af3. 

We saw (Art. 68) that asin A + 6 sinB is the equation of a 
parallel to the base (vy) drawn through the vertex af. Hence, 
by Art. 58, the tangent asin B + 3sin A makes the same angle 
with one side, that the base makes with the other (Huclid, III. 32). 

From the forms of the equations of the three tangents, 

BONS Bose ig ae A a 1S dell yt op ae 
sn A sin B , ain.Bi  ain.©) (ht. sin} O~. sin Ay Goes 
it appears, that the three points in which they intersect each the 
opposite side are in one right line, whose equation is 
ho es A 
snA sinB sinC€ 
It will be found that the equations of the lines joining the ver- 
tices of the inscribed triangle to those of the circumscribed, are, 


a p B p Balin aa 


—— 


“snA sinB ! isin’ Be) ain © “268i Vein Ale 


and these meet in a point, the equations being of the form dis- 
cussed in Art. 60. 


105. We shall next show how to obtain the equation of the 
circle inscribed in the triangle a, 3, y. The equation 


2a? + m3? + n?y? — 2mnBy — 2nlya — 2lmaP = 0, 


represents a curve of the second degree, inscribed in the triangle 
a(sy, for if we seek the point where any side (y) cuts the figure, 
making y = 0, we obtain the perfect square, 
2a? + m3? — 2lmaB = 0; 

the roots of this equation being equal, we infer that the two points 
coincide in which y cuts the figure, and therefore (Art. 83) that 
y is a tangent. 

In the same manner it can be proved that the sides a and B 
touch the curve represented by the preceding equation. 
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This equation may also be written in a convenient form, 


ps 194 22 
Liat 4 m*[3" + ny? =0; 


for if we clear this equation of radicals we shall find it to be iden- 


tical with that just written. 


For the simplest method of Anite the adit values of © — 
1, m, n, for which the preceding equation represents a circle, Iam. 
indebted to Dr. Hart, who derives the equation of the inscribed , 


circle from that of the circumscribed, as follows: Join the points 
of contact of the circle inscribed in a triangle; let the equations 
of the sides of the triangle so formed be a’ =0, 9’ =0, y' = 0, 
and its angles A’, BY, C’; then (Art. 100) the equation of the 
circle must be 


[3'y/ sin A’ + ya sin B + a sin C = QO. 


Now we have proved (Art. 93, Ex. 1) that for any point on the }- ?§ 


circle a? =By; B2=ya; y? =a, 
and it 1s easy to see that 
A’=90°-4A; B’=90°-4B; C=90°-1 
Substituting these values, the equation of the circle becomes 
a? coszA + (33 cos$B + y? cos$C = 0. 
The general equation will, therefore, represent a circle if , m, n, 
be proportional to gos?k.A, cos?4B, cos?,dC. 


It can be proved, in like manner, that the equation of the circle 
touching the side a, and the sides b and ¢ produced, 1s 


a? cos $A + BF sngB+ yisnZC=0. 


106. In the last article we saw that the general equation | 


might be written in the form 
ny (ny — 2la — 2m) + (la — mB)? = O 


and hence that the line (/a — mf), which obviously passes through _ 
| the point af3, passes also through the point where y meets the 


curve. The three lines, then, which join the points of contact of 
the sides with the opposite angles of the circumscribing triangle, 


y are la-m3B=0, mB-ny=0, ny -la=0, 
and these obviously meet in a point. 


The very same proof which showed that y touches the curve 
P 


wns B Fy ra 
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shows also that ny — 2/a — 2m touches the curve, for when this 
quantity is put = 0, we have the perfect square (la — m3)? = 0; 
hence this line meets the curve in two coincident points, that is, 
touches the curve, and la — mj3 passes through the point of con- 
tact. Hence, if the vertices of the triangle be joined to the 
points of contact of opposite sides, and at the points where the 
joining lines meet the circle again, tangents be drawn, their equa- 
tions are 


2la + 2mB -— ny = 0, 2mB+ 2ny -la=0, 2ny + 2la — mB =0. 
Hence we infer that the three points, where each of these tan- 
gents meets the opposite side, lie in one right line, 


4, 


la + m3 + ny = 9, 
for this line passes through the intersection of the first line with 
y, of the second with a, and of the third with [3. 


107. We now proceed to examine the properties of two or 
more circles, and commence with the question: “ To find the equa- 
tion of the chord of intersection of two circles.” 

If S=0, S’=0, be the equations of two circles, then any 
equation of the form S — £8’ = 0 will be the equation of a figure 
passing through their points of intersection (Art. 48). 

Let us write down the equations 

S = (#-a)? + (y—- bP - 7 =0, 

S'=(«#-a)? + (y—0)? - 7? =0, 
and it is evident that the equation S — £S’=0, will in general 
represent a circle, since the co-efficient of zy =0, and that of 
x = that of y?. There is one case, however, where it will repre- 
sent a right line, namely, when k=1. The terms of the second 
degree then vanish, and the equation becomes 


S-S=2(@-a)a+2(0—- byt r-r+@-a?+-b?=0. 


This is, therefore, the equation of the right line passing through 
the points of intersection of the two circles.* 


108. The points of intersection of the two circles are found 
by seeking, as in Art. 85, the pomts in which the line § - 8’ 


* We shall have occasion, in the next Part, to examine more closely the nature of the 
chords of intersection of two circles. 
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meets either of the given circles. These points will be real, co- 
incident, or imaginary, according to the nature of the roots of the 
resulting equation; but it is remarkable that, whether the circles 
meet in real or imaginary points, the equation of the chord of in- 
tersection, S — S’=0, always represents a real line, having impor- 
tant geometrical properties in relation to the two circles. ‘This 
confirms our assertion (Art. 87), that the line joining two points 
preserves its existence and its properties when those points have 
become imaginary. 


In order to avoid the harshness of calling the line S- S’'=0 | 


the chord of intersection in the case where the circles do not geo- 
metrically appear to intersect, it has been called the radical axis 
of the two circles. 


109. One of the most remarkable properties of this line is 
found by examining the geometric meaning of the equation 
S-S'=0. We saw (Art. 93) that if the co-ordinates of any point 
xy be substituted in the quantity S, it represents the square of 
the tangent drawn to the circle 8, from the point wy. So also 
S is the square of the tangent drawn to the circle S, and the 


equation S — S’=0 asserts, that ¢f from any point on the radt- | 


oe 


cal axis tangents be drawn to the two circles, these tangents will be | 


equal. 

The line (S — 8’) possesses this property whether the circles 
meet in real points or not. When the circles do not meet in real 
points, the position of the radical axis is determined geometri- 
cally by cutting the line joining their centres, so that the differ- 
ence of the squares of the parts may = the difference of the 
squares of the radii, and erecting a perpendicular at this point ; 
as is evident, since the tangents from this point must be equal to 
each other. 

If it were required to find the locus of a point whence tangents 
to two circles have a given ratio, it appears, from Art. 93, that 
the equation of the locus will be, 


S- RS’ =0, 
which (Art. 107) represents a circle passing through the real or 


Imaginary points of intersection of S and 8S’. When the circles 
Sand S’ do not intersect in real points, we may express the rela- 


“2 - 
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tion which they bear to the circle S — 4°S’ by saying that the 
three circles have a common radical axis. 


110. From the form of the equation of the radical axis of two 
circles we at once derive the following theorem. 

Given any three circles, if we take the radical axis of each pair 
of circles, these three lines will meet in a point, and this point is 
called the radical centre of the three circles. 

For the equations of the three radical axes are, 

| Ss-S=0, S-S'=0, 8’ -S=0, 
which, by Art. 51, meet in a point, 

From this theorem we immediately derive the following : 

Tf several circles pass through two fixed points, their chord of in- 
tersection with a fixed circle will pass through a fixed point. 

For, imagine one circle through the two given points to be 
fixed, then its chord of intersection with the given circle will be 
fixed; and its chord of intersection with any variable circle drawn 
through the given points, will plainly be the fixed line joining 
the two given points. These two lines determine, by their inter- 
section, a fixed point through which the chord of intersection of 
the variable circle with the first given circle must pass. 


111. A system of circles having a common radical axis pos- 
sesses many remarkable properties which are more easily investi- 
gated by taking the radical axis for the axis of y, and the line 
joining the centres for the axis of x Then the equation of any 


where 6? is the same for all the circles of the system, and the 
‘equations of the different circles are obtained by giving different 


°values to kh. 


For it is evident (Art. 82) that the centre is on the axis of «, 
at the variable distance /, and if we take any two circles, 
ety 2ke+ &=0, 
xv + y? — 2h’'n + & = 0, 
and subtract one equation from the other, their chord of intersec- 
tion will be w = 0, or the axis of y. 
When we give to 6? the sign +, the radical axis will meet the 
circles in imaginary points, and when we give the sign -, in real 
points. 
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112. Jf several circles pass through two fixed points, the polar 
of a given point, with regard to anny ora adi well alwar pays pass 
through a fixed point. ; ~ k 7 1) ie sone 
The equation of the circle may be written heat 


y+ (e- kp = B+, 8 Wt Geek) = Kes 
therefore (Art. 90), equation of polar will be = S++ lao Crh, Bh 
yy + (a -hk) (a -h =P +8, 
or yf +ae+ O-k. (e+ #) =0 


therefore, since this line involves the indeterminate & in the first 
degree (Art. 69), this line will always pass through the intersec- 
tion of yy + va + 0 =0, andx«+a=0. 


) 113. There can always be found two points, however, such that 
their polars, with regard to any of the circles, will not only pass 
| through a fixed point, but will be altogether fixed. 

; This will happen when yz + zu’ + 6? = 0, and x + 2 = 0, re- 
present the same right line, for this right line would then be the 
| polar whatever the value of &. But that this should be gee case Ps 
| we must have pws ee i Ans e,! 


Hi) anh oe reedyiorie Sd. de tp ae 


ss Uda, 


The two points whose co-ordinates have been just found have | * 
| many remarkable properties in the theory of these circles, and Se 
are such that the polar of either of them, with regard to any of >. 
| the circles, is a line drawn through the other perpendicular to the ’ . 
| line of centres. Se 
| It is evident, that the equation 


ye +(e —kp=k-® 


(Art. 112) cannot represent a real circle if £? be less than 6?; and 
if k? = 6”, then-the equation will be of Class V. (Art. 82), and will 
represent a circle of infinitely small radius, the co-ordinates of 
whose centre are y= 0, e=+06. Hence the points just found 
may themselves be considered as circles of the system, and have, 


accordingly, been termed by Poncelet* the limiting points of the 
system of circles. 


114. If from any point on the radical axis we draw tangents ‘ 
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to all these circles, the locus of the points of contact must be a 
circle, since we proved (Art. 109) that all these tangents were 
equal. The equation of this circle can be readily found. 

The square of the tangent from any point (# =0, y =h) to the 


circle x+y? — Lhe + & = 0, 
being found by substituting these co-ordinates in this equation, 
= h? + 6®; and the circle whose centre is the point (x =0, y=h), 
and whose radius squared = h? + 6’, must have for its equation 
vit | w+(y-hyP=h? + &, 
ee ith Sided anit x? + y? — Why = &. 
Hence, whatever be the point taken on the radical axis (7. e., 


whatever the value of A may be), still this circle will always pass 
through the fixed points (y=0, «=+6) found in the last Article. 


115. To draw a common tangent to two circles. 
Let their equations be 
Gore N a oa 2 he aa (8), 
and (ec-a)’?+(y-6)=7? (S’)). 
We saw (Art. 84) that the equation of a tangent to (S) was 
(w - a) (a - a) + (y- 6) (¥ - 4) ="; 


p'O4! or, asin Art. 97, writing 
v-—a y-b 
r 


;. 
(w- a) cosa + (y—b) sina=7. 
In hike manner, any tangent to (S’) is 
(z - a’) cos +(y— 6) sinB = @", 

Now, if we seek the conditions necessary that these two equa- 
tions should represent the same right line; first, from comparing 
the ratio of the co-efficients of # and y, we get tana = tan, 
whence [3 either = a, or = 180°+ a. If either of these conditions 
be fulfilled, we must equate the absolute terms, and we find, in 
the first case, 

(a-a)cosa+ (6-0) sina+r-7 =0, 
and in the second case, 


(a-a)cosa+ (6-0) sina+r+% = 0. 
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Either of these equations would give us a quadratic to determine 
a. The two roots of the first equation would correspond to the 


direct or exterior common tangents, Aa, A’a’; the roots of the 
second equation would correspond to the transverse or interior 
tangents, Bd, BO. 

If we wished to find the co-ordinates of the point of contact 
of the common tangent with the circle (S), we must substitute, 


in the equation just found, for cosa, its value, sine es and for 
sin a, a , and we find 

(a-a’) (#-a)+(b-D) (¥-b) +7 -7r)=0; 
or else, 


(a-a) (# -a)+(6- 6) (y - 6) +747) =0. 

The first of these equations, combined with the equation (S) 
of the circle, will give a quadratic, whose roots will be the co- 
ordinates of the points A and A’, in which the direct common tan- 
gents touch the circle (S); and it will appear, as in Art. 89, that 

(a - a) (w - a) + @- 6) (y- 8) = rr -) 
is the equation of AA’, the chord of contact of direct common 
tangents. So, likewise, 

(a -a) (wa) + Wb) (yd) =r 44) 
is the equation of the chord of contact of transverse common tan- 
gents. If the origin be the centre of the circle (S), then a and b=0; 
and we find, for the equation of the chord of contact, 

axz+by=r(rFr). 
116. The points O and O%, in which the direct or transverse 


tangents intersect, are called the centres of similitude of the two 
circles (see p. 99). 
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Their co-ordinates are easily found, for O is the pole, with re- 
gard to circle (S), of the chord AA’, whose equation is 


(a ~ a) (o'— b)r (y — b) = 7%. 


—— (x oe a) + 
Comparing this equation with the equation of the polar of the 


,—FP7 p= 


point 27’, 
(a! — a) (w— a) + (y' -b) (yD) =" 
we get 
; (a-—a)r , ar—ar 
w-a= ———, or w= —; 
r—-7 7-7 
b’— b\r b'r — br 
‘—6= ( Ory = . 
J er : ee 
So, likewise, the co-ordinates of O’ are found to be 
ar+ar b'r + br 
= Posy and 7 a FN 
P+r +7 


These values of the co-ordinates indicate (see Art. 11) that 
the centres of similitude are the points where the line joining the 
centres is cut externally and internally in the ratio of the radii. 


117. If through a centre of similitude we draw any two lines 
meeting the first circle in the points P 
R, R, 8, 8’, and the second in the 
points p, p, 0,0, then the chords 
RS, po; RS, po; will be parallel, 
and the chords RS, p'o’; RS, po; 
will meet on the radical axis of the 
two circles. , 

Take the two fixed lines for 
axes, then we saw (Art.100, Ex. 4) 
that OR = pOp, OS = puOo, and 
that if the equation of the circle $ 


popo be 
Az? + Bey + Ay? + De + Ey + F =0, 
that of the other will be 
Aa’ + Bey + Ay? + u.(Da + Ey) + pF = 0, 
and, therefore, the equation of the radical axis will be (Art. 108) 
De + Ey + (w+ 1)F =0. 
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Now let the equation of po be 


, 
v 


VU i ae 
Bk ee 


and that of po, 


and that of R'S, 


It is evident, from the form of the equations, that RS is 
parallel to po; and, as in Art. 99, Ex. 2, RS and p’o’ must inter- 
sect on the line 


Teel hak ft 
cr ART a | Hats = Lert. Lbs 
or on Dex + Ey + (1+ #) F = 0, 


the radical axis of the two circles. 

A particular case of this theorem is, that the tangents at R and 
p are parallel, and that the tangents at R and p’ meet on the radi- 
cal axis. 


118. Given three circles ; the line joining a centre of similt- 
tude of the first and second to a centre of similitude of the first and 
third, will pass through a centre of similitude of the second and 
third. 


Form the equation of the line joining the points 


ra -— a rb — br 
w= 79 a 79 
ep ,-?”7 
” ” wu ” —~ 
and ra’ — ar rb” — br 
LS a eae ae 


(Art. 116), and we get 
(r(O—- Bb) +r (O-b) 4+ 7° (O- ba 
—{r(a -a)+r(a’-a)t+r'(a-a)}y 
+7 (ba" — b’a) + r (ba — ba’) +r" (ba — Ba) = 0. 
: Q 
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Now the symmetry of this equation sufficiently shows, that the 
line it represents must pass through the third centre of similitude, 


ra’ — ra rb" — rb 

amr marae meer 

This line is called an avis of similitude of the three circles. 
Since for each pair of 
circles there are two cen- 
tres of similitude, there 
will be in all stv for the 
three circles, and these 
will be distributed along 
four axes of similitude, 
as represented in the 
figure. The equations 
of the other three will 
be found by changing 
the signs of 7 and 7’, or 
of » and 7”, or of 7 and 


“ 


7”, in the equation just 


given. 


119. One particular case of the preceding theorem is often 
useful. 

If a cirele (3) touch two others (S and 8’) the line joining the 
points of contact will pass through a centre of similitude of 8 and 8. 

For when two circles touch, one of their centres of similitude 
will coincide with the point of contact, and, by the theorem 
proved in the last article, the line joining a centre of similitude of 
S and 3, to a centre of similitude of (S’ and =) must pass through 
a centre of similitude of S and NV’. 

If > touch S and S’, either both externally or both internally, 
the line joining the points of contact will pass through the external 
centre of similitude of S and 8’... If = touch one externally and 
the other internally, the line joining the points of contact will 
pass through the znternal centre of similitude. 


120. We shall conclude this chapter by investigating the 
problem : Yo describe a circle to touch three given circles. 
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Let the equations of the three circles be 
(2 -a)’?+(y- 6b)? -7r? =0, or S = 0, 
(2 - @)?+(y —- bY? - 72 =0, or S =0, 
(vw — a’)?+ (y — bP - r2=0, or S’=0. 

We can determine the position of the centre of the touching 
circle from the condition, that the distance between the centres of 
any two touching circles must equal the sum of their radii. 

Now the square of the distance of any point from the centre 
of (S) =(#@-a)?+(y- bP? =S4+7". 

Hence we get the condition 

S+7= (Ri 7), 
and, in like manner, 

V+ 7? = (R47), 
and Sot 7? = (R + 2’). 

(These equations, evidently, apply to the case of external con- 
tact. If the contact with any of the circles be internal, the dis- 
tance between the centres will then = the difference of the radu, 
and: we must change the sign of 7 or 7 or *” in the preceding 
formule). 

Hence it appears, that there may be ezg/t circles touching the 
three given circles, according to the different signs which we may 
give tor, 7, 1", €. 9., 

rm +++4+----, 
Yr, +4+--4+4--, 
ry, t-4+-4+-4+-. 

If we eliminate R from the preceding formule, we shall get 
two equations which will enable us to determine the co-ordinates 
of the centre of the touching circle. 

Subtract the equations, and we get 


S— S'=2R(r- 7), and S- 8’ = 2R(r- 1, 
x TSS 


a r ae y’ 


This is the equation of the line joining the centre of the touching 
circle to the radical centre (Art.110). It may be written in the 
more symmetrical form 


Sat Satie ry 5) + (2,47) 5°. 
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If we now write for S, &c., their values, the co-efficient of x 
in this equation is found to be 
—~2Zfair-r)+d(r-r)+a(r-7)}, 
and of y to be 
—~2{b(7 -r)+ br -n+ 0 (r-74r)}. 

Now if we compare these co-eflicients with the coefficients in 
the equation of the axis of similitude (Art. 118), we arrive at the 
conclusion (see Art. 88) that the centre of the circle touching three 
others lies on the perpendicular let fall from their radical centre on 
the axis of similitude. 

We saw that eight circles can be drawn to touch three given 
circles, and as the three circles have four axes of similitude, the 
centres of the touching circles will lie, a pair on each of the per- 
pendiculars let fall from the radical centre on the four axes of 
similitude. 

Two circles answer to each axis of similitude; for the equation 
of an axis of similitude (Art. 118) remains unaltered, if we change 
in it the signs of all the radi. Hence the axis answering to the 
case of external contact (or + 7 + 7 + 7”) must also answer to the 
case of internal contact (or — 7-7 — 7’); and similarly for the 
other axes of similitude. 


121. From the three equations found in the last Article we 
can obtain another relation between the co-ordinates of the centre 
of the touching circle. This relation, however, will be of the se- 
cond degree, and, though sufficient for the algebraical solution of 
the problem, does not enable us to represent the results in an 
elementary geometrical manner. ‘To remove this inconvenience 
M. Gergonne proposed to seek the co-ordinates not of the centre 
of the touching circle, but of its point of contact with one of the 
given circles. We have already one relation connecting these co- 
ordinates, since the point lies on a given circle; therefore, if we 
can find another relation between them, it will suffice completely 
to determine the point.* 

Let us for simplicity take for origin the centre of the circle, 
the point of contact with which we are seeking, and let the equa- 
tions of the three circles be 


* Gergonne, Annales des Mathématiques, vol. vii. p. 289. 
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(v-aPr+(y-b=r?  (S), 
(w-a)+(y-b)y=r? (8), 
2? +P = 72 (S’), 
and of the sought circle, 
(w-A)?+ (y- By? = R (3); 
then, as in Art. 120, we get the three relations, 
A? + BP =(R+ 7’), 
(A - a@)?+ (B- Jy? =(R+ 7)? 
(A - a)? + (B- bP = (R47), 
whence we get 
; 2Ad’ + 2BU = a? + 62 4 2 — 72 42 7" r')R, 
an 
2Aa + 2Bb = a? + 0? + 7? — 72 + 2(7"- r)R. 

Now it is proposed, instead of determining A, B, and R, from 
these equations, to seek the co-ordinates of the point of contact of 
the circles (S”) and (3). If a and y be these co-ordinates, we 
have, from similar triangles, 


A tt”) pif Rt” 
eis aamabal aioe 
Substitute these values in the last found equations, and we find 


{2ax + 2by+ 2(r—-7') 7} Bie =a? +0? —(r- 2, 


R+ re 


“ 
7 


{2ae+ 2644+ 2(r - 7) 7°} 


Hence 


=a? + 6? - (7 -2")*. 


ae+by+(r—-r)r dat by+(%-7r)r 


az iy. b2 ies (7 ie 7”) = a % 52 ds (7 = 7)? % 
This is the equation of a right line, whose intersection with the 
circle (S”) determines the points of contact required. 


122. Although what has been said is sufficient for the alge- 
braical solution of the problem, yet, in order to complete the 
geometrical solution, it is necessary to show how to construct the 
line whose equation has been just found. ‘This will be done if 
we can find any two points on the line. But the form of the 
equation at once points to one point on the line; for (Art. 48) it 
must pass through the intersection of the lines 
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av + by+(r-r')r =), 
and aet+ byt (re -9r')r =0; 
but (Art. 115) the line 

ax + by + (r-7)r =0 
is the chord of contact of common tangents to the circles (S) and 
(S’), or, in other words (Art. 116), is the polar, with regard to 
the circle 8’, of the centre of similitude of these circles. In like 


manner, 
det+by+(r-7')r =0 
is the polar of the centre of similitude of the circles (S) and (8"); 
therefore (since the intersection of any two lines is the pole of the 
line joining their polars), the intersection of the lines 
ax +by+(r—7)7", and de + by + (r- 7’), 
is the pole of the axis of similitude of the three circles, with re- 
gard to the circle (8"). 
Again, put the last equation of the last Article into the form 


2ax + 2by+2(r—r')r _— 2an+ 2by+2(r-Kr\r 


7 pas 1 7 7 7 a ars 1 
a? + B- (r- 7’)? a? + 6? — (7 — vr’)? d 
or 
2ax + 2by- a? -b? +72? - 9? 2ae4+ 2'y - a? — 62 4 72-9 
az + b2 es (7 are 7’)? ae a? + b2 3 (r ah 7’)? ? 
but Zax + 2by - a —- +r? -¥?=0 


is (Art. 107) the equation of the radical axis of the circles (S) and 
(S”), and the numerator of the right hand member of the equation 
represents the radical axis of 
the circles S’ and 8’; hence the S” 
line represented by the equa- 
tion will pass also through the 
radical centre of the three circles. 

Hence we obtain the fol- g’ 
lowing construction: 

Drawing any of the four § 
axes of similitude of the three 
circles, take its pole with re- 
spect to each circle, and join 
the points so found (P, P’, P’) 
with the radical centre (Art. 110); then, if the joing lines meet 
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the circles in the points (a, 6; a’, ’; a’, 6”), the circle through 
a, a, a willbe one of the touching circles, and that through 
b, b, 6’ will be another. Repeating this process with the other 
three axes of similitude, we can determine the other six touching 
circles. : 


123. It is useful to show how the preceding results may be 
derived without algebraical calculations. 

- (1). By Art. 119 the lines ad, a’b’, a’b” meet in a point, viz., 
the centre of similitude of the circles aa‘a’, bbb’. 

(2). In like manner aa’, 0’b" intersect in S, the centre of simi- 
litude of C’, C’. 

(3). Hence (Art. 117) the transverse lines ab’, a’b” intersect 
in the radical axis of CC’. So again a’b", ab, intersect on the 
radical axis of OC’, C. Therefore the point R (the centre of simi- 
litude of aaa’, 606") must be the radical centre of the circles 
aC. 

(4). In like manner, since ad’, ab" pass through a centre of 
similitude of aa‘a’, bbb"; therefore (Art. 117) aa’, bb" meet on 
the radical axis of these two circles. So again the points S’ and 
S’ must lie on the same radical axis; therefore SS'S’, the axis of 
similitude of the circles C, C’, C’, ts the radical axis of the circles 
ada’, bb’b". 

(5). Since a’b” passes through the centre of similitude of 
aaa’, bbb", therefore (Art. 118) the tangents to these circles 
where it meets them intersect on the radical axis SS’S”. But this 
point of intersection must plainly be the pole of ab” with regard 
to the circle C’.. Now since the pole of a’d” lies on SSS’, there- 
fore (Art. 98) the pole of SSS’ with regard to C” lies on ab’. 
Hence a’d” is constructed by joining the radical centre to the pole 
of SSS” with regard to C’. 

(6). Since the centre of similitude of two circles is on the line 
joining their centres, and the radical axis is perpendicular to that 
line, we learn (as in Art. 120) that the line joining the centres of 
ada’, bb’b’ passes through R, and is perpendicular to SS’S”. 
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OCHAPTER TX. 


PROPERTIES COMMON TO ALL CURVES OF THE SECOND DEGREE, 
DEDUCED FROM THE GENERAL EQUATION. 


124. Tue most general form of the equation of the second 
degree is Ay? 4. Bay + Cy? + Dx + Ey + F = 0, 


where A, B, C, D, E, F are all constants. 

The nature of the curve represented by this equation will 
vary according to the particular values of these constants. Thus 
we saw (Chap. V.), that in some cases this equation might repre- 
sent two right lines, and (Chap. VI.), that for other values of the 
constants it might represent acircle. Itis our object in this chap- 
ter to classify the different curves which can be represented by 
equations of the general form just written, and to obtain some of 
the properties which are common to them all.* 

Five relations between the co-efficients are sufficient to deter- 
mine a curve of the second degree. It is true that the general 
equation contains siv constants, but it is plain that the nature of 
the curve does not depend on the absolute magnitude of these co- 
efficients, since, if we multiply or divide the equation by any 
constant, it will still represent the same curve. If, therefore, we 
write the equation in the form 


ey eB GC. ee 
Wo Cone. os tRttpytl=9, 


&e. 


ee Ap B 
it will be sufficient to determine the five quantities PP 


Thus, for example, a conic section can be described through 


* We shall prove hereafter, that the section made by any plane in a cone standing on 
a circular base is a curve of the second degree, and, conversely, that there is no curve of 
the second degree which may not be considered as a conic section. It was in this point of 
view that these curves were first examined by geometers. We mention the property 
here, because we shall often find it convenient to use the terms ‘“‘ conic section” or * conic,” 
instead of the longer appellation, ‘‘ curve of the second degree.” 


- 
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five points. For each point (#’y’) through which the curve must 
pass, we have a relation between the co-eflicients, viz., 


Av? + Ba'y + Cy? + Da' + Ey’ + F = 0, 
since the co-ordinates w’, 7’ must: satisfy the equation ; and the 
five relations so obtained enable us to determine the five quan- 


A 
; Pe’ &e. 


125. Every right line must meet a curve of the second degree in 


tities 


two real, coincident, or imaginary points. 
Let us first consider the case of lines which pass through the 
origin. The truth of the proposition will then easily appear by 


transformation to polar co-ordinates. If the angle between the | 


axes be w, then for a line making angles a, (3, with the axes, we 


saw (Art.15) that 2 sin w =p sina, ysinw = psin 3, or, as we shall *»” 


write for shortness, c=mp, y=np. Making these substitutions in 
the general equation, we have, to determine the length of the ra- 
dius vector to either of the points where this line meets the curve, 
the quadratic, : 

(Am? + Bmn + Cn?) p? + (Dm + En) p + F =0. 


‘obtain the roots of this equation in a somewhat simpler form 
We obtain tl ts of this equat hat pler f 


1 
by solving for — rather than for p, and we find 
p 


1 -(Dm+En)+ ¥ {(Dm + En)? - 4F . (Am? + Bmn + Cn?)} 
PMs OAH fil 2H yeken Pbiy) |F ond RS 
Since this equation always gives two values for p, we see, as in 
Art. 85, that every line through the origin will meet the curve 
in two real, coincident, or imaginary points. 

The case of a line not passing through the origin is reduced 
to the former, by transferring the origin to any point on the line. 
Since transformation of co-ordinates cannot alter the degree of an 
equation (p. 48), the new equation must still be of the form 

A’x? + Bay + Cy? + Div + Wy + F=0; 
and the co-ordinates of the points where any line (my = nx) through 
the new origin meets the curve, are the éwo roots of a quadratic 
equation, precisely similar in form to that already given. 


126. Although, in order to establish the theorem of the last 
Article, it was only necessary to show that the equation 
R 


~ 


” 
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Ax? + Bey + Cy? + Da + Ey + F =0, 
when transformed to parallel axes through any point (#7), was 
still of the same form, yet we shall often find it useful hereafter to 
know the actual values of the new co-efficients. We form the 
new equation by substituting w+ wv’ forx, and y+y/ for y (Art. 12), 
and we get 
A(a+ a’)? + Bieta’) (yt y) + Cyt y)?+D(e+e)+ E(yty)+F=0. 
Arranging this equation according to the powers of the va- 
riables, we find that the co-efficients of 2, wy, and y?, will be, as 
before, A, B, C; that 
the new D, D’ = 2Aa’ + By + D; 
the new EH, H’ = 2Cy + Ba’ + E; 
the new F, F’ = Aw? + Buy’ + Cy? + Da’ + Hy’ + F. 
Hence, 2f the equation of a curve of the second degree be trans- 
formed to parallel axes through a new origin, the co-effictents of the 
highest powers of the variables will remain unchanged, while the new 
absolute term will be the result of substituting in the original equation 
the co-ordinates of the new origin.* 


127. We meet with an apparent exception to the theorem of 
Art. 125, when the value of m:n is such as to render 


Am? + Bmn + Cn? = 0. 


In this case the equation for determining p reduces to a simple 
equation, and it would seem as if the line my = nx would only 
meet the curve in one point. However, on referring to the gene- 


ral value of i given in Art. 125, 
P 


1 —(Dm+ En) + y {((Dm + Hn)? — 4F.(Am? + Bmn + Cn?)} 
et Ga nom ean ast) wea 
p 


we shall see that, although this line meets the curve in only one 
finite point, it will also meet it in another at an infinite distance. 
For, when Am? + Bmn + Cn? = 0, the quantity under the radical 
becomes equal to the rational part; therefore, when we give the 


. e i 
radical the sign +, one value of — becomes =0, and, consequently, 


: Pp. fe ts : 
the corresponding value of p becomes infinite; while the other 


* This is equally true for equations of any degree, as can be proved in like manner. 
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1 : : ! 
value of —-, corresponding to the sign -, in general will remain 


five p= uae 
si Dm + En 

Since two values of m:n can in general be found, which will 
render Am? + Bmn + Cn? = 0, there can be drawn through the origin 
two real, coincident, or imaginary lines, which will meet the curve at 
an infinite distance, and each of these lines will only meet the curve 
in one other point. 

We may prove, by the transformation of co-ordinates, as in 
Art. 125, that there are two directions in which lines can be drawn 
through any point to meet the curve at infinity; and, since it was 
proved, in Art. 126, that the co-eflicients A, B, C were unaltered 
by transformation, we obtain for every point the very same 
quadratic, Am? + Bmn + Cn? = 0, to determine those directions. 
Hence, 7f through any point two real lines can be drawn to meet the 
curve at infinity, parallel lines through any other point will meet the 
curve at infinity.* 

If we multiply by p? the equation Am? + Bmn + Cn? = 0, and 
substitute for mp and np their values w and y, we obtain for the 
equation of the two lines through the origin which meet the 
curve at infinity, 


finite, and will 


Aw? + Bey + Cy? = 0. 


128. The most important question we can ask, concerning the 
form of the curve represented by any equation, is, whether it be 
limited in every direction, or whether it extend in any direction 
to infinity. We have seen, in the case of the circle, that an equa- 
tion of the second degree may represent a limited curve, while 
the case where it represents right lines shows us that it may also 
represent loci extending to infinity. It is necessary, therefore, to 
find a test whereby. we may distinguish which class of locus is re- 
presented by any particular equation of the second degree. 

With such a test we are at once furnished by the last Article. 
For if the curve be limited in every direction, no radius vector 
drawn from the origin to the curve can have an infinite value; 


* . + . . . . . . 
This, indeed, is evident geometrically, since parallel lines may be considered as 
passing through the same poiut at infinity. 
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but we found in the last Article, that, in order that the radius vec- 
tor should become infinite, we must have Am? + Bmn + Cn? = 0. 

I. If now we suppose B? — 4AC to be negative, the roots of 
this equation, 


m ~B+ /(B?-4AC) 


n 26 sa : 


will be imaginary, and no real value of m:n can be found which 
will render Am? + Bmn+Cn?=0. In 
this case, therefore, no real line can be a 
drawn to meet the curve at infinity, 

and the curve will be limited in every di- 

rection. We shall show, in the next 

chapter, that its form is that represented 

in the figure. 

A curve of this class is called an Ellipse. 

II. If B? —- 4AC be positive, the roots of the equation 
Am? + Bmn + Cn? = 0 will be real; 
consequently, there are two real 
values of m:n which will render in- 
finite the radius vector to one of the 
points where the line (my=nz) meets 
the curve. Hence, in this case, two 
real lines (Aw? + Bay + Cy? = 0) can 
be drawn through the origin to 
meet the curve at infinity. A curve 


of this class is called an Hyperbola, 
and we shall show, in the next chapter, that its form is that re- 
presented in the figure. 

Ill. If B?-— 4AC = 0, the roots 
of the equation Am? + Bmn+ Cn? = 0" 
will then be equal, and, therefore, 
the two directions in which a right 
line can be drawn to meet the curve 
at infinity, will in this case coincide. 


A curve of this class is called a —_~ 
Parabola, and we shall (Chap. XI.) ~~ / 


show that its form is that here represented. 
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129. We shall here notice some of the particular forms which 
the general equation of the second degree may assume. 

I. The circle is a particular form of the edlipse, for, since in the 
most general form of the equation of the circle C=A, B=2A cosw 
(Art. 81), we have ’ 

B? —- 4AC = ~— 4A? sin? w, 
and, therefore, always negative. 

Il. If B=0, while A and C have the same sign, the curve 
must be an ellipse; but if A and C have different signs, the curve 
is an hyperbola. 

III. If either A or C=0, and B not =0, the quantity B? - 4AC 
will reduce to B?, which being essentially positive, the curve is 
an hyperbola. 

In the case where A =0 the axis of w is itself one of the lines 
which meet the curve at infinity, and where C =0, the axis of 7; 
these lines being in general given by the equation 

Aa? + Bay + Cy? = 0. 

IV. If either A or C be = 0, and at the same time B = 0, then 
B? — 4AC =0, and the curve is a parabola. 

V. In general the curve will be a parabola, if the three first 
terms form a perfect square. 

VI. If F=0 the origin is on the curve (see note, p. 73), 

VII. The curve will touch the axis of y if E?=4CF, and the 
axis of cif D?=4AF. This is proved precisely as at page 79. 

We shall presently explain the effect of the suppositions D or wo 
Pee. - Ont. 3, J 


y A 
130. From any point two tangents, real, coincident, or imagi- 
nary, can be drawn to a curve of the second degree. 

We found, in Art. 125, that the radii vectores to the points in 

which any line my = nx meets the curve, are given by the equation 
3 (Dm+En)+ ¥ {(D?- 4AF) m?+ 2 (DE — 2BE)mn-+(H?-4CF) n?} 
2k 

Now, if this line be a tangent, the two points in which it meets 

the curve must coincide, and, therefore, the values of p must be 


| E 
Pp 
equal. ‘This will be the case when the quantity under the radi- 


cal=0. The directions, therefore, in which tangents can be 
drawn from the origin are found from the quadratic 


. 
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(D? - 4A F) m? + 2(DE - 2BF) mn + (EH? - 4CF)n? = 0. 
Therefore, as in Article 88, there are always two, and only two, 
such directions, real, coincident, or imaginary. 

It is only necessary to notice particularly the case where these 
two directions coincide. If we apply the condition that the equa- 
tion just obtained should have equal roots, we get 


(D? — 4AF) (E? - 4CF) = (DE - 2BF), 
or AR (AE? + CD? + FB? — BDE - 4ACF) = 0. 


This will be satisfied, if F = 0, that is, if the origin be on the 
curve. Hence, any point on the curve may be considered as the 
intersection of two coincident tangents, just as we saw that any tan- 
gent might be considered as the line joining two coincident 
points. | 

The equation will also have equal roots if 


AE? + CD? + FB? - BDE - 4ACF = 0. 


Now we obtained this equation (p. 69) as the condition that the 
equation of the second degree should represent two right lines. 
To explain why we should here meet with this equation again, 
it must be remarked that by a tangent we mean in general a line 
which meets the curve in two coincident points; if then the curve 
reduce to two right lines, the only line which can meet the locus 
in two coincident points is the line drawn to the point of inter- 
section of these right lines, and since éwo tangents can always be 
drawn to a curve of the second degree, both tangents must in 
this case coincide with the line to the point of intersection. 


131. The origin being on the curve, to find the equation of the 
tangent at tv. . 

We may find this équation ey making E = 0 m the equation 
for determining the direction of the tangent given in the last Ar- 
ticle, or else directly as follows: 

Let the equation of the curve be 

Aw? + Bay + Cy? + Dx + Ey = 0, 
then the radii vectores to the points in which any line my = nw 
meets it are found from the equation 


(Am? + Brn + Cn?) p? + (Din + En) p = 0. 
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Hence one value of p is always = 0, or the origin is always one 
point in which this line meets the curve, and the radius vector to 
the other is Dm + En 


PP Am? + Binn + On? 


Now, if the line my = nz be a tangent, the points in which it 
meets the curve will coincide, and, therefore, this value of p must 
also=0. Hence Dm + En =0, and, multiplying by p, and writing 
« and y for mp and np, the equation of the tangent is 


Dez + Ky = 0. 


182. The origin not being on the curve, to find the equation of 
the line joining the points of contact of tangents through tt. 

Let m:n’ be one of the roots of the quadratic in Art. 130; 
then, since this.-value will render the radical = 0, we find, for the 
radius vector to the point where the tangent m’'y =n'v mects the 
curve, 

1 Din’ + En’ 


Be os ae TK Din'p + En'p + 2F = 0; 
p 


the co-ordinates then of the points of contact must satisfy the 
_ equation "  Dae+ Ky + 2F =0. 


The point of contact of the tangent m’'y = nx must, therefore, lie 
on the right line represented by this equation; so likewise must 
the point of contact of the other tangent, my =n"; hence the 
line joining the points of contact of tangents through the origin 
is the line represented by the equation 


De + Ey + 2F = 0. 


This is the equation of a real line, whether the roots m’ : 7’, m’:n’” 
be real or imaginary. We shall call this line, as in the case of 
the circle, the polar of the origin, and, conversely, we shall call 
the origin the pole of this line. 

If the origin be on the curve, F =0, and the equation of the 


polar becomes De + Ey =0; 
we infer, therefore, from the last Article, that the polar of any 
point on the curve is the tangent at the point. 


133. Having examined the case where the value of m:n is 
such as to make the quantity under the radical = 0 in the value of 
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1 
— (Art. 125), we shall now consider the case where m:n is such 


as to make the quantity owdside the radical = 0, that is, when 


Dm+En=0, or en a 
n i 
In this case the values of p will be of the form 


p=tivR 


(denoting the quantity under the radical by R); the values of p 
will, therefore, be equal with opposite signs. The points answer- 
ing to these values are equidistant from the origin, and on oppo- 
site sides of it; therefore, the chord represented by the equation 
De + Ey = 0 is bisected at the origin. 

This line, Dx + Ey = 0, is evidently parallel to the polar of 


the origin whose equation we saw was 
Dax + Ky + 2F = 0. 


Hence, through any given point can in general be drawn one 
chord, which will be bisected at that point, and this chord will be 
parallel to the polar of the given point. 


134. There is one case, however, where more chords than one 
can be drawn, so as to be bisected, through a given point. 

If, in the general equation, we had D=0, E=0, then the 
quantity Dm + En would be = 0, whatever were the value of m:n; 
and we see, as in the last Article, that in this case every chord 
drawn through the origin would be bisected. The origin would 
then be called the centre of the curve. Now, although for any 
origin, taken arbitrarily, the quantities D and E are not = 0, yet 
we see, that if the curve have a centre, by taking this point for 
our origin, the quantities D and E will vanish, or, conversely, 
that if the axes be transformed to any new origin, so that the co- 
efficients of w and y may vanish, then will the new origin be a 
centre of the curve. 

In order to determine whether it be possible, by transforma- 
tion of co-ordinates, to make the new D and E =0, we have only 
to refer to the formule given in Art. 126, whence we find, that the 
co-ordinates of the new origin must frlfil the conditions 

2Aa’ + By’ + D=0, 
2C7' + Ba’ + E=0. 


St 


— a 


_—-— awiiiion, 


: 
4q 
4 
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These éwo equations are sufficient to determine 2’ and 2/, and, 
being linear, can be satisfied by only one value of # and y; hence, 
Curves of the second degree have in general one, and only one 
centre, 
Its co-ordinates are found, by solving the above equations, to 
be BE —- 2CD BD —- 2AE 
pn andi Outer een 8 kA Co 


In the ellipse and hyperbola B? — 4AC is always finite (Art. 
128); but in the parabola B? — 4AC = 0, and the co-ordinates of 
the centre become infinite. The ellipse and hyperbola are hence 
often classed together as central curves, while the parabola is 
called a non-central curve. The student must be careful, how- 
ever, to remember that, strictly speaking, every curve of the second 
degree has a centre, although in the case of the parabola this 


centre is situated at an infinite distance. 


135. To find the locus of the middle points of chords, parallel to 
a given line, of a curve of the second degree. 

We saw (Art. 133), that a chord through the origin my = nx 
is bisected if Dm + En = 0. Now, transforming the origin to any 
point, it appears, in like manner, that a parallel chord will be bi- 
sected at the new origin ifm times the new D+ n times the new 


EK =0, or (Art. 126), 
m (2A2 + By + D) + n(Ba' + 2Cy' + E) = 0. 


This, therefore, is a relation which must be satisfied by the co- 
ordinates of the new origin, if it be the middle point of a chord 
parallel to my = nx. Hence, the middle point of any parallel chord 
must lie on the right line 
m (2Ae+ By+D)+n(Be + 2Cy + E) =0, 

which is, therefore, the required locus. 

Every right line bisecting a system of parallel chords is called 
a diameter, and the lines which it bisects are called its ordinates. 

The form of the equation shows (Art. 48), that every diameter 
must pass through the intersection of the two lines 


2Ac + By+ D=0, and 2Cy+ Be+E=0; 


and, on turning to the equations from which we determined the 


Ds) 
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co-ordinates of the centre (Art. 134), we infer, that every dia- 
meter passes through the centre of the 
curve. 

Since 


m(2Axv+By+D)+n(Be+2Cy+H)=0 


is the equation of the diameter bisect- 
ing chords parallel to my = nx, it ap- 
pears, by making m and n alternately = 0, that 


2Axz + By+D=0 


is the equation of the diameter 


bisecting chords parallel to the 
axis of x, and that 


2Cy + Be + E=0 


is the equation of the diameter 
bisecting chords parallel to the 
axis of y. 


In the parabola B? =4AC, or 


2ivent Di 
Bay 2G 
2Az + By + D = 01s parallel to the line 2Cy + Ba + E = 0; con- 


, and hence the line 


sequently, all diameters of a pa- 


rabola are parallel to each other. 
This, indeed, is evident, since we 
have proved that all diameters 
of any conic section must pass 
through the centre, which,.in the 
case of the parabola, is at an in- 
finite distance; and since parallel 
‘right lines may be ea 
meeting in a point at infinity.* ~ 

The familiar example of the crreks will sufficiently illustrate 
to the beginner the nature of the diameters of curves of the second 


* Hence, given any conic section, we can find its centre geometrically. For if we 
draw any two parallel chords, and join their middle points, we have one diameter. In 
like manner we can find another diameter. Then, if these two diameters be parallel, the 
curve is a parabola, but if not, the point of intersection is the centre. 


ae » 
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degree. He must observe, however, that diameters do not in ge- 
neral, as in the case of the circle, cut their ordinates at right 
angles. In the parabola, for instance, the direction of the dia- 
meter being invariable, while that of the ordinates may be any 
whatever, the angle between them may take any possible value. 
136. The direction of the diameters of a parabola is the same 
as that of the line through the origin which meets the curve at an 
infinite distance. 
For the lines through the origin which meet the curve at infi- 
nity are (Article 127) 
Ax? + Bay + Cy? = 0, 
or, writing for B its value, / (4AC), 
(JV Av + ¥ Cy)? = 0. 
But the diameters are parallel to 2Aw + By = 0, by the last Arti- 
cle, which, if we write for B the same value, /(4AC), will also 


reduce to VAa+ f Cy =0. 


Hence every diameter of the parabola meets the curve once at in- 
finity, and, therefore, can only meet it in one finite point. 


137. If two diameters of a conte section be such, that one of them 
bisects all chords parallel to the other, then, conversely, the second will 
bisect all chords parallel to the first. 

The equation of the diameter which bisects chords parallel to 
my = nx 1s (Art. 135) 

(2Am + Bn) « + (Bm + 2Cn)y + Dm + En = 0. 
If then this be parallel to m’'y = nz, we must have 


mn —  Bm+2Cn 
nm 2Am-+ Br’ 
or 2Amm + B(mn + mn’) + 2Cnn' = 0. 


But the symmetry of the equation shows that it is also the condi- 
tion that the line my =n should be parallel to the diameter bi- 
secting the chord my = n'a. 

Diameters so related, that each bisects every chord parallel to 
the other, are called conjugate diameters.* 


* It is evident that none but central curves can have conjugate diameters, since in 
the parabola the direction of all diameters is the same. 
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If in the general equation B = 0, the axes will be parallel to a 
pair of conjugate diameters. 

For the diameter bisecting chords parallel to the axis of # will, 
in this case, become 2Aw + D =0, and will, therefore, be parallel 
to the axis of y. 

In like manner, the diameter bisecting chords parallel to the 
axis of y will, in this case, be 2Cy+ EH =0, and will, therefore, be 
parallel to the axis of w. 


138. To find the equation of the tangent at any point (a’y’). 
The process by which (p. 76) we found the equation of the 
tangent to a circle expressed by the general equation is applicable 
to all curves of the second degree, if we make the coefficient of 
y’, C instead of A. We find thus for the equation of the chord, 
y-y A (a+ 2") + By’ + D | 
a-x C(y+y)+Be +E’ 


and for the equation of the tangent, 
y-y  2Az' + By +D 
w-«e  2Cy¥ +Bre+E 


Or reducing, and remembering that 2’y’' satisfies the equation of 


the curve, 
(2Aa’ + By’ + D) x + (2Cy' + Ba’ + E) y+ Da’ + Ky’ + 2F =0. 


139. To find the equation of the polar of any point x'r. 

The method used in Art. 90 is applicable, word for word, to 
the general equation of the second degree, and shows that the 
equation of the polar is exactly similar in form to the equation of 
the tangent, with the only difference that the point wy is no 
longer on the curve. Or the same result may be obtained by 
transformation of co-ordinates as follows: 

We saw (Art. 132), that the equation of the polar of the ori- 
gin was De + Ey + 2F = 0. 

Now, if we transform the axes to any new point (a’y’), the polar 
of this new origin must be Div + E’y + 2K’ = 0; or (Art. 126), 
(2A2’ + By + D) + (Ba' + 2Cy'+ E)y 

+ 2(Aw? + Bay + Cy? + Da’ + Ey + F) =0. 

This equation is transformed back to the old origin by writing 
a—w for x, and y — 7 for y, and is, therefore, 
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(2A2' + By’ + D) (# - x’) + (Ba' + 2Cy'+ E) (y-y/) 
+ 2(Av? + Bay’ + Cy? + De’ + Ey’ + F=0; 
whence, by reduction, we find the equation of the polar, 
(2A2'+ By + D) @ + (Ba' + 2Cy'+ E) y+ Da’ + Hy + 2F = 0. 


140. It is evident that a chord drawn through any point, so 
as to be bisected at it, must be an ordinate to the diameter passing 
through that point. Hence the theorem of Art. 133 admits of 
being stated as follows: 

The polar of any point is parallel to the ordinates of the dia- 
meter passing through that point. This includes, as a particular 
case: The tangent at the extremity of any diameter is parallel to the 
ordinates of that diameter. Or, again, in the case of central curves, 
since the ordinates of any diameter are parallel to the conjugate 
diameter, we infer that, The polar of any point on a diameter of a 
central curve is parallel to the conjugate diameter. 


141. Lf any point (x"y") be taken on the polar of (a'y'), tts polar 
must pass through (x'y’). 
For, the condition that (w 
is (Art. 139), 
(2Az’ + By + D)a’ + (207 + Ba’ + E) y+ Da’ + Ey‘ + 2F =0. 
But this may be arranged 
(2Aa” + By’ + D) a’ + (2Cy’ + Ba” + E) y+ Da’ + Ey’ + 2F =0, 


and is, therefore, also the condition that (#’y') should lie on the 


Lj ale 


polar of (a’y’). 

Since, if a third point (#y”) be taken on the polar of (2’y’) its 
polar must also pass through (w’y’), the preceding proposition may 
be stated thus: 

The intersection of any two lines is the pole of the line joining | 
their poles ; and, conversely: The line joining any two points is the — 
polar of the intersection of the polars of these points. For here 
(w’y’) and (ay) are the two points, and (#’y’), which is the pole 
of the line joining those points, is also the intersection of their | 
polars. 

Generally, ¢f any point move along a fixed right line, its polar 
must always pass through a fixed point, namely, the pole of the fixed 
line. 


IETS 


y’) should lie on the polar of (2’y’) 
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This is an easy consequence from the other theorems esta- 
blished in this Article; or it may be deduced independently from 
the equation of the polar, by the help of the principle laid down 
in Art. 71. 


142. If any radius vector drawn 
through the origin O meet the curve in 
R’ and R’, and if OR be taken an har- 
monic mean between OR’ and OR’: to 
prove that R, lies on the polar of O. 

We found (Art. 125) that OR’, OR’ 


were determined by the quadratic 


(Am? + Bin + Cn?) p? _ 
+(Dm + En)p + F = 0. 


Hence, by the theory of equations, 


1 lt = Dm+n 
QE yi GRewmey CMO Ae 
and, therefore, 
ae Dm + En 
RRs ve Rh pears 


In order to find the locus of R we must write 2 and y for m.OR 
and n.OR, and the equation of the locus is 


Da + Ky + 2F = 0, 
that is, the equation of the polar of the origin. 


Hence, any line drawn through a point is cut harmonically by 
the point, the curve, and the polar of the point.* 


143. Lf two lines be drawn through any point, and the points 
joined where they meet a curve of the second degree, the joining lines 
will intersect on the polar of that point. 

The reader, on referring to the proof given (p. 95) of this 
property in the case of the circle, will find that the same proof 
will apply, word for word, to the general case of conic sections, 
since no use was there made of the equality of the co-efficients of 
a? and y’. 


* For an enumeration of some of the particular cases included in this theorem, the 
reader is referred to the section on the harmonic and anharmonic properties of conic sec- 
tions, Chap. XIV. 
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Tf through a point O any line OR’ be drawn, the tangents at R’ 
and R” will meet on the polar of O. 

This is a particular case of the preceding theorem, namely, 
where the two lines are supposed to coincide; or else it follows 
immediately from Art. 141, since the pole of any chord through 
O must lie on T'T’; and by the pole of the line we mean the in- 
tersection of tangents at the points where it meets the curve.* 


144. If any line (OR) be drawn through a point (O), and (P) 
the pole of that line, be joined to O, then the four lines, OP, OT, OR, 
OT’, will form an harmonic pencil (OT and OT’ being the tangents 
from QO). 

For, since OR is the polar of P, by- Art. 142 PTRT’ is cut 
harmonically, therefore, OP, OT, OR, OT’, form an harmonic 
pencil. : 


145. The theorem of Art. 142 may also be proved by a pro- 
cess precisely similar to that employed at page 82. We may seek 
the ratio in which the line joining two points is cut by the curve. 
la” + ma’ ly” + my’ 

l+m’ lem 
1: m the quadratic 

3 P (Ax? + Ba’y’ + Cy’? + Da’ + Hy’ + F) 
+ lm{(2Ax" + By’ + D) a + (Bu" + 2Cy" + E) y+ De’ + Ey’ + 2F} 

+m (Aw? + Bay + Cy? + Da’ + Ey’ + F) = 0. 

Now if 2”y’” be on the polar of #’y' the coefficient of /m vanishes, 
the roots of the equation are of the form / = + ym, and the line 
joining the points is cut harmonically. 


Substituting 


, for and y, we have to determine 


The same equation enables us also to write down the equation 
of the pair of tangents drawn from any point to the curve. For 
if wy’ lie on either of the tangents through #7, the equation for 
Z:m must have equal roots, and zy” must therefore satisfy the 
equation , 
4(Aa?+Bay +Cy?+ Da + Ey+F) (Aw? + Ba'y'+ Cy?+ Da’ + Ey'+ F) 

= {(2Az' + By'+ D) x + (Ba' + 2Cy' + E) y + Da’ + Ey’ + 2F}?. 


* From this property the polar of a point might have been defined as the locus of the 
intersection of tangents at the extremities of any chord passing through the point. This 
definition applies, whether the point be within or without the comic. 
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145) If through any point O two chords be drawn, meeting the 
curves in the points R’, R’, 8’, 8", then the ratio of the rectangles 
OR’. OR’ 
OS’. OS” 
provided that the direction of the lines OR, OS be constant. 

For, from the equation given to determine p in Art. 125, it 
appears that 


will be constant, whatever be the position of the point O, 


/ “tr F 
OR’. OR" = 4585 Brn + Ont 
In like manner 

yay aS 
OS. O08 = Am? + Bm'n’ + Cn?’ 


hence 
OR’. OR’ _ Am? + Bim'n' + Cn? 
OS’. OS” Am? + Bmn + Gn? 


Now we saw (Art. 126), that if we transformed the axes to 
any new origin O’, the quantities A, B, C would remain unal- 
tered, and (Art. 125) that the quantities m,n, m’, n’ depend only 
on the angles which the radius vector makes with the axes, and 
are therefore constant while the direction of this radius vector is 
constant; the ratio just given will therefore remain constant. 

The theorem of this Article may be otherwise stated thus: Jf 
through two fixed points O and O' any two parallel lines OR and 


/ “” 


e OR . e 
O'p be drawn, then the ratio of the rectangles 00.00" well be con- 
. . . P p 
stant, whatever be the direction of these lines. 


For, the first rectangle is, as we saw, 


EF 
Am? + Bmn + Cn?’ 
and the second rectangle is 
vv’ 
Am? + Bmn + Cn” 
(E” being the new absolute term when the equation is transferred 


to O' as origin), the ratio of these rectangles = mg and is, there- 


fore, independent of m and n. 
This theorem is the generalization of Euclid, ILI. 35, 36. 


Lg 
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147. The theorem of the last Article includes under it several 
particular cases, which it is useful to notice separately. 

I, Let O' be the centre of the curve, then O’p’ = O’p” and the 
quantity Op. O’p” becomes the square of the semidiameter parallel 
to OR. eee The rectangles under the segments of two chords 
which intersect are to each other as the squares of the diameters pa- 
rallel to those chords. 

II. Let the line OR be a tangent, then OR’ = OR’, and the 
quantity OR’. OR” becomes the square of the tangent; and, since 
two tangents can be drawn through the point O, we may extract 
the square roots of the ratio found in the last paragraph, and infer 
that Zwo tangents drawn through any point are to each other as the 
diameters to which they are parallel. 

Ill. Let the line OO’ be a diameter, and OR, O'p, parallel to 
its ordinates, then OR’ = OR’ and O’p’= O'p’. Let the diame- 
OR? O'p? 
AO.OB  AO.OB' 
Hence, The squares of the ordinates of any diameter are propor- 
tional to the rectangles under the segments which they make on the 

diameter. 


ter meet the curve in the points A, B, then 


148. There is one case in which the theorem of Article 146 
becomes no longer applicable, namely, when the line OS is pa- 
rallel to one of the lines which meet the curve at infinity; the 
segment OS" is then infinite, and OS only meets the curve in 
one finite point. We propose, in the present Article, to inquire 


/ 


. ; ; OS : 
whether, in this case, the ratio ————,. will be constant. 
‘ : OR’. OR 


Let us, for simplicity, take the line OS for our axis of w, and 
OR for the axis of y. Since the axis of a is parallel to one of 
the lines which meet the curve at infinity, the term A will = 0 
matt 129, III.), and the equation of the curve will be of the form 


Bay + Cy? + De + Ey + F = 0. 
Making y = 0, the intercept on the axis of x 1s found to be 


SOS = gi and making w = 0, the rectangle under the intercepts 


? Be RS, 
on the axis of y is = ra 


x 
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Hence OS’ C 


OR JOR Gar aly 
Now, if we transform the axes to any parallel axes (Art. 126), C 
will remain unaltered, and the new D = Ba-+D. 
Hence the new ratio will be 


C 
Now, if the curve be a parabola, B = 0, and this ratio is constant ; 
hence, #f a line parallel to a given one meet any diameter (Art. 186) 
of a parabola, the rectangle under its segments is in a constant ratio 
to the intercept on the diameter. 

If the curve be a hyperbola the ratio will only be constant 
while x’ is constant; hence, ¢fa chord of ahyberbola be met by two 
lines parallel to an asymptote, the lengths of these lines are propor- 
tional to the siete under the segments into which each divides the 
WTO. \ teenie ee ee 
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EQUATIONS OF THE SECOND DEGREE REFERRED TO THE CENTRE AS 
ORIGIN. 


149. In investigating the properties of the ellipse and hyper- 
bola, we shall find our equations much simplified by choosing the 
centre for the origin of co-ordinates. If we transform the general 
equation of the second degree to the centre as origin, we saw 
(Art. 134) that the co-eflicients of « and y will = 0 in the trans- 
_ formed equation, which will be of the form 


Ax? + Bay + Cy? + F = 0. 
It is sometimes useful to know the value of F’ in terms of the co- 
efficients of the first given equation. We saw (Art. 126) that 


HY = Av? + Bay + Cy? + Da’ + Ey’ + F, 
where wv’, y’, are the co-ordinates of the centre, or 


“20D BE Gee een 
~ BP- 4AC? "7 © Be AAC 
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The calculation of this may be facilitated by putting EF” into the 
form 


FW = 4 {((2Aa'+ By + D) v’ + (2Cy’+ Ba’ + E) y+ Da’ + Ky’ + 2F}. 
The first to terms must be rendered = 0 by the co-ordinates 
of the centre, and the last 


2CD - BE 2AE — BD. 


wl eae ORs SLAC 


he 2 i. 


Hence 


re PRC Cie) ee mL Ee eee 
. B? —- 4AC 

150. If the numerator of this fraction were = 0, the trans- 
formed equation would be reduced to the form 

Ax? + Bay + Cy? = 0, 

and would, therefore (Art. 73), represent two real or imaginary 
right lines, according as B? —- 4AC is positive or negative. Hence, 
as we have already seen, p. 69, the condition that the general 
equation of the second degree should represent two right lines, is 


AK? + CD? + FB? - BDE - 4ACF = 0. 
For it must plainly be fulfilled, in order that when we transfer 


the origin to the point of intersection of the right lines, the abso- 
lute term may vanish. 


151. To return to the general case. We saw (Art. 137) that } 
if the axes be a pair of conjugate diameters, the quantity B must |... .», 


= (0); hence the equation must be of the form 
Ax? +.Ci?.—.F. 

It is evident, now, that any line parallel to either axis is bisected 
by the other, for if we give to w any value, we obtain equal and 
opposite values for y. Now the angle between conjugate diame- 
ters is not in general right, as it is in the case of the circle; but 
we shall show that there is always one pair of conjugate diameters 
which cut each other at right angles. These diameters are called 
the aves of the curve, and the points where they meet the curve 
are called its vertices. 

The equation of the diameter conjugate to my = ne is (Art. 
137), in general, \ 

m(2Ae + By + D) + n(2Cy + Ba + E) = 0, 


‘ 
i] 
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and the condition that this should be perpendicular to my = nz is 
(Art. 38) 
(2Am + Bn) n — (Bm + 2Cn) m = 0, 


or Bm? — 2(A — C) mn - Bn? = 0; 
or, multiplying by p?, and writing wz, y for mp, np, 
Ba? — 2(A — C) ay — By? = 0. 
This is the equation of two real lines at right angles to each other 


(Art. 74); we perceive, therefore, that central curves have two, 
and only two, conjugate diameters at right angles to each other. 


152. On referring to Art. 75 it will be found, that the equa- 
tion which we have just obtained for the awes of the curve is the 
same as that of the lines bisecting the internal and external angles 
between the real or imaginary lines represented by the equation 

Aw + Bay + Cy? = 0. 

It was proved (Art. 127),that this equation represented the 
real or imaginary lines drawn through the origin to meet the 
curve at infinity, and also that the direction of these lines remains 
the same, whatever be the point through which they are drawn. 
Again, it was proved (Art. 127) that each of these lines will, in 
general, meet the curve in one other point, at a distance from the 
origin, aah 

eo" Dm + En 

But if the point through which the lines are drawn be the centre, 
we have D=0; E=9, and this distance will also become infinite. 
Hence two lines can be drawn through the centre, which will 
meet the curve in ¢wo coincident points at infinity, and, conse- 
quently, in no other point, real or imaginary. ‘These lines are 
imaginary in the case of the ellipse, but in the hyperbola they are 
real, and are called the asymptotes of the curve. 

We shall show hereafter that though the asymptotes do not 
meet the curve at any finite distance, yet that the further they 
are produced, the more nearly they approach the curve. 

Since we have showed that the asymptotes meet the curve in 


two coincident points at infinity, it appears, from our definition of 


a tangent, that the asymptotes may be considered as tangents to the 
curve whose points of contact are at an infinite distance. 


am 
Om, 
ci 
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Hence, since the asymptotes pass through the centre, two real 
or imaginary tangents may be drawn through the centre, each of 
whose points of contact will be at an infinite distance, and, there- 
fore, the line joining those points of contact will be altogether at 
an infinite distance. Hence, from our definition of poles and 
polars (Art. 132), the centre may be considered as the pole of a line 
situated altogether at an infinite distance.* 

From the present Article we see that the awes of the curve are 
the diameters which bisect the angles between the asymptotes, 
and (note, p. 67) that the axes will be real whether the asymp- 
totes be real or imaginary, that is to say, whether the curve be an 


ellipse or an hyperbola. 


153.t We proved that if we transform the equation of the se- 
cond degree from any given co-ordinate axes to the axes of the 
curve, it must take the form 


Aw? + Cy? = F. 

We might have used this principle to discover the axes of the 
curve. Let the given axes be rectangular; then, if we turn them 
round through any angle 0, we have (Art. 14) to substitute for wz, 
xcos@—ysin@, and for y, esn@+ ycos@; the equation will, 
therefore, become 
A (a cos 9 - ysin 8)? + B(x cos 0 — ysin 6) (#sin 6 + y cos @) 

+ C(wsin 0 + ycos 6)? = F; 
or, arranging the terms, we shall have 
the new A = A cos?@ + Bcos 6 sin@ + C sin?6; 
the new B = 2C sin 9 cos 0 + B(cos?@ — sin?) — 2A sin 8 cos 0; 
the new C =A sin?@ — Boos @ sin 0 + C cos? 0. 


Now, if we put the new B=0, we get the very same equation 


to determine tan 8, which we had, in Art. 151, to determine m: %. 


This affords an independent proof, that the equation referred to 
the aves will want the term wy. This equation also -gives us a 


* This inference may be confirmed from the equation of the polar of the origin, 
Da + Ey + 2F = 0, which, if the centre be the origin (D and E being then = 0), reduces 
to F = 0 an equation which, we saw (Art. 72), represents a line situated altogether at 
infinity. 

{ This Article and the next may, on first reading, be omitted. 


ee . 
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simple expression for the angle made by the new axes with the 


old, namely, dodo B 
an 20 = ———.. 


A-C 

154. Our chief object in giving the formule of transformation 
here was in order to demonstrate the following theorem. We 
know that the nature of the curve depends on the sign of the 
quantity B? - 4AC. Now, as the nature of the curve cannot be 
altered by any transformation of co-ordinates, it is important to 
show that neither can the sign of the quantity B? -4AC. 

First. If the axes be transformed to any parallel axes this is 
evident, since (Art. 126) the co-efficients A, B, C, remain un- 
changed. 

Secondly. If the axes be transformed from one rectangular 
system to another, although A, B, C will be changed, yet the 
quantity B? - 4AC will remain unaltered, for the values in the 
last Article may be written 


2A'=A+C+Bsin 26 + (A — C) cos 26, 
2C’=A+C- Bsin 26 - (A — C) cos 20. 


Hence 
PB 4A’C’ = (A + C)? — (Bsin 20 + (A —- C) cos 26}? 
ut 
B? = {Bcos 26 — (A — C) sin 20}? ; 
therefore, 


B? — 4A'C’= B? + (A — C)?- (A+ C)? = B?- 4AC. 
Thirdly. Ifthe axes be transformed from a rectangular system 
to an oblique system containing an angle = w. 
Since B?-4AC is the same, whatever rectangular axes we 
use, we may suppose the axis of w not to be changed. ‘Then 


(Art. 13) we must substitute for #7, 7+ ycosw, and for y, ysinw. 
Hence we shall have 


A= As 

B’=2A cosw+ Bsinw; 

C’ = Acos?w + Bsinw cosw + Csin?w. 
Therefore, B? - 44°C. = (B* - 4AC) sin? w. 


Its sign must, consequently, be the same as that of B*- 4AC. 
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THE EQUATION REFERRED TO THE AXES, 


155. We saw that the equation referred to the axes was of the 
form Aa? + Oy =F, 
C being positive in the case of the ellipse, and negative in that of 
the hyperbola (Art. 133, IT.) 

The equation, of the ellipse may be written in the following 
more convenient form : 

Let the intercept made by the ellipse on the axis of « be =a, 
then a is found by making y=0 and «=a in the equation of the 


curve, or Aa?= F, and a? = A In like manner, if } be the inter- 


bush Ee : ’ 
cept on the axis of y, 6>=~. Hence the equation of the ellipse, 


C 
Bagi, Cr ig 
Pr’ ara ie if 
may be written at yp ' 
a? 62 f 


The equation of the hyperbola, which, we saw, only differs 
from that of the ellipse in the sign of the co-efficient of y?, may 
be written in the corresponding form, 


156. We now proceed from these equations to investigate the 
ficure of the curves, and commence with the equation of the 
ellipse. | 

Since we may choose whichever axis we please for the axis of 
2, we shall suppose that we have chosen the axes so that a may 
be greater than 6. 

The length of any semidiameter of the ellipse can be found, 
by writing pcos @ for a, and psin @ for y, in the preceding equa- 
tion. We thus get 


or a? bh? 
P 
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This equation may otherwise be written in either of the forms 
Ay a’ 6? ao a? b? 
e 2 = (@ =) cos? 6? + (a? — 82) sin? 6 
It is customary to use the following abbreviations, 


CRE 
az 


a — p= ¢'; e? 


and the quantity e is called the eccentricity of the curve. 

Dividing by a?, the numerator and denominator of the fraction 
just found, we obtain the form most commonly used of the polar 
equation of the ellipse, the centre being the pole, 


pies 1 — & cos? 0 

Now, the least value that 6? + (a? — b?) sin?@ can have, is when 

§ = 0; therefore, since 
Bu a2 h? 
PB + (a — 8) sin?’ 

the greatest value of p is the intercept on the axis of x, and is =a. 

Again, the greatest value of b? + (a? — b?) sin? @, is, when 
sin 9 =1, or @=90°; hence the least value of p is the intercept on 
the axis of y, andis= 06. ‘The greatest line, therefore, that can 
be drawn through the centre is the axis of x, and the least line, 
the axis of y. 

From this property these lines are called the axis major and 
the axis minor of the curve. It is 


plain that the smaller @ is, the greater 
p will be; hence, the nearer any dia- 
meter is to the axis major, the greater it 
will be. The form of the curve will, 
therefore, be that here represented. 


We obtain the same value of p 
whether we suppose 9=a, or 0=—a. Hence, Z'wo diameters 
which make equal angles with the axis will be equal. And it is easy 
to show that the converse of this theorem 1s also true. 

This property enables us, being given the centre of a conic 
section, to determine its axes geometrically. For if, with any 
semidiameter as radius, we describe a concentric circle, and draw 
a semidiameter to the point where this circle cuts the conic section 
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again, these semidiameters will be equal, being radii of the same 
circle; and by the theorem just proved, the axes of the conic will 


be the lines internally and externally bisecting the angle between 
them. 


157. ‘The equation ofthe ellipse can be put into another form, 
which will make the figure of the curve still more apparent. If 
we solve for y we get 


b 
hers bee 
y _v@ ar? Ns 


Now, if we describe a concentric circle with the radius a, its 
equation will be y= (a2 - 2°). 


Hence we derive the following construction: 
“ Describe a circle on the axis major, and take on each ordinate 


i 
LQ a point P, such that LP may be to LQ in the constant ratio rf 


then the locus of P will be the required ellipse.” 

Hence the circle described on the 
axis major lies wholly without the curve. 
We might, in like manner, construct 
the ellipse, by describing a circle on the 
axis minor, and increasing each ordinate 


; an ek 
in the constant ratio A 


Hence the circle described on the 
axis minor lies wholly within the curve. 


We see also, that the equation of the circle is the particular 
form which the equation of the ellipse assumes when we suppose 


b=a. 


158. We now proceed to investigate the figure of the hyper- 
bola from its equation, 
a yp 
a 


ip 


The intercept on the axis of # is evidently = + a, but that on 
2 


the axis of y, being found from the equation Ca gt: imaginary ; 


b2 
the axis of y, therefore, does not meet the curve in real points. 
Since we have chosen for our axis of # the axis which meets 
U 
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the curve in real points, we are not entitled to suppose a greater 
than b. The terms, therefore, axis major and axis minor, become 
inapplicable, and we shall call the axis of x the transverse axis, © 
and the axis of y the conjugate axis. 


159. To find the length of any semidiameter of the hyperbola. 
Transforming to polar co-ordinates, as in the case of the 
ellipse, we get 
Usd ae a*b? a?b? 
Pb? cos?) — a? sin? 0? — (a? + 0?) sin? (a? + 6?) cos? O — a? 


Since formule concerning the ellipse are altered to the corres- 
ponding formule for the hyperbola by changing the sign of 0?, 
we must, in this case, use the abbreviation c? for a? + 6?, and 


2 2 


e? for -, the quantity e being called the eccentricity of the 


hyperbola. 
Dividing then by a?, the numerator and denominator of the 
last found fraction, the polar equation of the hyperbola is obtained, 
2 
i a 
e? cos? — 1 
a form only differing from the polar equation of the ellipse in the 
sion of 0?. 

Now, the denominator 6? - (a? + b?) sin? @ will plainly be 
greatest when 0 = 0, therefore, in the same case, p will be least; 
or the transverse axis is the shortest line which can be drawn from the 
centre to the curve. 

As @ increases p continually increases, until 


: b b 
sin § = Hie: Tea By (or tan § = “) 


when the denominator of the value of p becomes = 0, and p be- 
comes infinite. After this value of 0, p? becomes negative, and 
the diameters cease to meet the curve in real points until 


b b 
sin 9 = ~ Tea By [or tan § = -z) 


when p again becomes infinite. It then decreases regularly as 0 
increases, until 9 becomes = 180°, when it again receives its mi- 


Se ea ee 


; 
: 


nimum value = a. 
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The form of the hyperbola, therefore, is that represented by 
_ the dark curve on the figure. 


160. We found 
that the axis of y 
does not meet the 
hyperbola in real 
points, since we ob- 
tained the equation 
y? = — & to determine its point of intersection with the curve. 
We shall, however, still mark off on the axis of y portions, CB, 
CB’= + 0, and we shall find that the length CB has an important 
connexion with the curve, and may be conveniently called an 
axis of the curve. In like manner, if we obtained an equation to 
determine the length of any other diameter, of the form p? =— R’, 
although this diameter cannot meet the curve, yet if we measure 
on it from the centre lengths = + R, these lines may be conve- 
niently spoken of as diameters of the hyperbola. 

The locus of the extremities of these diameters which do not 
meet the curve, is at once found by changing the sign of p? in the 
equation of the curve 


1 cos?@~ sin?6 


p? a be 
to be 1 sin?@ ~~ cos? 
Rana Fay wie cia 
or Oger ong 1 
62 gt 


This is the equation of a hyperbola having the axis of y for its 
axis meeting it in real points, and the axis of # for the axis meet- 
ing it in imaginary points. It is represented by the dotted curve 
on the figure, and is called the hyperbola conjugate to the hyper- 
bola, ey 

ie a 


161. We proved (Art. 159) that the diameters answering to 


= 


b Th x 
tan =+-— meet the curve at infinity; they are, therefore, the 
a 


same as the lines called, in Art. 152, the asymptotes of the curve. 
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They are the lines CK, CL on the figure, and evidently separate 
those diameters which meet the curve in real points from those 
which meet it in imaginary points. 


b , : 
The expression tan § = + — enables us, being given the axes in 
a 


magnitude and position, to find the asymptotes, for, if we form a 
rectangle by drawing parallels to the axes through Band A, then 
the asymptote CK must be the diagonal of this rectangle. 

Again, re 1 

cos@ = V(@+8) = rk 

But, since the asymptotes make equal angles with the axis of a, 
the angle which they make with each other must be = 20. Hence, 
being gwen the eccentricity of a hyperbola, we are given the angle be- 
tween the asymptotes, which is double the angle whose secant is the 
eccentricity. a 

We saw (Art. 152) that the equations of the asymptotes were 
found by putting the highest terms of the equation = 0, the centre 
being the origin. Therefore, the equations of the asymptotes to 


the curve a ¥? 
a 
are contained in the equation 
i why 
ahi > Bie: 


Thus we see that two conjugate hyperbole have the same asymp- 
totes. 

The lines drawn through any point to meet the curve at infi- 
nity must (Art. 127) be parallel to the lines drawn through the 
centre to meet the curve at infinity, that is (Art. 152), must be 
parallel to the asymptotes. Hence (Art. 129), the axis of x will 
be parallel to an asymptote if the co-efficient of 2? = 0, and the 
axis of y will be parallel to an asymptote if the coefficient of 
y?=0. If the axes be the asymptotes themselves, we must have, 
in addition, the co-efficients of « and y = 0 (since the asymptotes 
intersect at the centre); and the equation of the hyperbola, re- 
ferred to the asymptotes as axes, takes the simple form, 


ann, 
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THE TANGENT. 


162. We now proceed to investigate some of the properties 
of the ellipse and hyperbola. We shall find it convenient to con- 
sider both curves together, for, since their equations only differ 
in the sign of 4?, they have many properties in common which 
can be proved at the same time, by considering the sign of 0? as 
indeterminate. We shall, in the following Articles, use the signs 
which apply to the ellipse. The reader may then obtain the cor- 
responding formule for the hyperbola by changing the sign of b?. 
We might infer the equation of the zangent to the curve 

a ¥? 
a §2 
from the general equation of a tangent given Art. 138; but the 
equation is so important, that we think it worth while to obtain 
it independently, by a method similar to that used Art. 84. 
The equation of the line joining any two points is 


1, 


tat RA 


/ / “” 
i &—-k# 


But if the two points be on the curve, we have 


xv y? 1 uv? " y? 
Gilt Litas OFT ath. bea 
hence ee — oo? a 
2 — yf” ars: 
and we have Y-y b? a + x" 
a Bm oO, fe ae 
v-2 aeyt+y 


The equation of the chord is, therefore, 
y-y b? a + x" 


a-a# @y+y" 
and that of the tangent, 
(Nara he alle 
er 


or, reducing, and remembering that w’y/ satisfies the equation of 
the curve 


ee yy 
ene te 
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a form easily remembered, from its similarity to the equation of 
the curve itself. | 


163. To jind the condition that any line — + z = 1 should touch 


a? 2 
the conic section — 4 a A 
If we compare the equations 
Le 4 
peas + v, —= i; 
m mn 
and 0 : 
ue LY = 1, 
a b? 
we find "eevee | el 
fe nde ee 
a 6? 
but since xg? x? 
it ive be l, 
ET Ser 
we have, for the required condition, 
a 2 
ome aie SAL 
me n 


164. To find the equation of the line joining the points of con- 
tact of tangents through any point (x'y’). 

We might infer, from Art. 139, that the equation of the polar 
is similar in form to the equation of the tangent, or we may prove 
it directly, as follows: te 

Let the co-ordinates of the point of contact of one of the tan- 
gents through (#'y’) be X, Y, then the equation of the tangent 
must be (Art. 163) 


ae _ xy 
ape 
and, since this tangent passes through (ay) by hypothesis, we 
have Xe’ Yr 
a ae 


We see, therefore, that the co-ordinates of either point of con- 
tact must satisfy the equation 


wae Ww i els 
+ Ee 


CENTRAL CONIC SECTIONS—CONJUGATE DIAMETERS. 151 


and, since this is the equation of a right line, it must represent 
the line joining them. 


The polar of any point of the axis (whose 7/ = 0) is 


/ 
LL 


=], 


2 

. . . ° ° a 
that is, a line perpendicular to the axis at a distance = —- 
Er 


Hence, if several ellipses be described with the same axis ma- 
jor, the polar of any fixed point on the axis is the same for all. 


CONJUGATE. DIAMETERS. 


165. We proved (Art. 151) that the equation of the curve, 
referred to any pair of conjugate diameters, is of the form 


Aa? + Cy? = F, 


which, if a’, b', be the lengths of these diameters, may be written 
(as in Art. 155) 


a? 
ae 


ue 
52 = le 


Now it can be proved, precisely as in Art. 162, that the equation 
of any tangent, referred to these axes, is 


7 oe TE ee 
ee Ore 


wa’ yy 
2 aha ie it 


and, as in Art. 164, that the equation of the polar of any point 
(vy) is of the same form. The polar of any point on the axis of 
x 1s, therefore, 


Hence, the polar of any point P is found by drawing a diameter 
through the point, taking CP.CP’ = to the square of the semi- 
diameter, and then drawing through P” a parallel to the conjugate 
diameter. This includes, as a particular case, the theorem proved 
already (Art. 140), viz.: 

The tangent at the extremity of any diameter is parallel to the 
conjugate diameter. 


166. The theorem just stated enables us easily to find the 
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equation, referred to the rectangular axes, of the diameter conju- 
gate to that passing through any point on the curve (#7). 
For the tangent at the point (a7) 1s (Art. 162) 


Therefore, the conjugate diameter, which is a parallel to the tan- 
gent, drawn through the centre, is 


/ 


ei YY _o. 


eB 
Let @ be the angle made with the axis of # by the original 
diameter, then tan 0 plainly = 2 and if & be the angle made by 


the conjugate diameter, this equation shows that 


a 
tan 0 a en 
oy 


2 


b 
tan 0 tan 0’ = Sone 
a 


Hence 


This relation, connecting the angles made with the axis major 
by a pair of conjugate diameters, enables us at once to determine 
whether any given pair of diameters be conjugate or not. 

The corresponding relation for the hyperbola is (see Art. 162) 

tan @ tan! = un 
a 

167. Since, in the ellipse, tan @ tan@’ is negative, if one of 
the angles 60, 6’, be acute (and, therefore, its tangent positive), the 
other must be obtuse (and, therefore, its tangent negative). Hence, 
conjugate diameters in the ellipse he on different sides of the axis 
minor (which answers to 8 = 90°). 

In the hyperbola, on the contrary, tan @ tan 6’ is positive, 
therefore, @ and @ must be either both acute or both obtuse. 
Hence, in the hyperbola, conjugate diameters lie on the same side of 
the conjugate axis. 


In the hyperbola, if tan 8 be less than 2 tan 0’ must be greater 


than 23 but (Art. 161) the diameter answering to the angle 
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Pui ay : 
whose tangent is 7s the asymptote which (by the same Article) 


separates those diameters which meet the curve from those which 
do not intersect it. Hence, 2f one of two conjugate diameters meet 
a hyperbola in real points, the other will not. Hence also it may 
be seen that each asymptote is 1ts own conjugate. 


168. The co-ordinates of the extremity of the diameter con- 
jugate to that passing through ny, are found by combining the 


equation of the conjugate (= + wy -0) with the equation of 


52 
the curve. 
If these co-ordinates be xy’, it will be found that 
a’ - , 2 “i xv 
gp and Fae 


for these co-ordinates satisfy the equation 
ae 2 2 9 
Soukt me 
Sa ge 
and also the condition (Art. 166) 


“4 b2 x 


It is often useful to express the lengths of a diameter (a’), and 
its conjugate (6’), in terms of the abscissa of the extremity of the 
diameter. 


We have a2 =u? + yy", 
But Rede): 
yj? = “= (a? — x), 
Hence Ce 
a? = 5? + —_— 2”; 
a 


or (Art. 156) 


Again, we have 


or 


hence 


a? = Oe + oF a?. 


b2 wv bis 2 Le, = : "2 3 b? wv? 
MA b2 y a2 ’ 
/ 6? / 
= a — 2? + — a; 
a 
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From these values we have 
a? + 6? = a? + DB’, 
or, The sum of the squares of any pair of conjugate diameters of an 
ellipse is constant. 


169. In the hyperbola we must change the signs of 0? and 0”, 
and we get ee ee ee 


or, The difference of the squares of any pair of conjugate diameters 
of a hyperbola is constant. 

If in the hyperbola we have a=, its equation becomes 

a — y? = a’, 

and it is called an equilateral hyperbola. 

The theorem just proved shows that every diameter of an equa- 
lateral hyperbola is equal to its conjugate. 

The asymptotes of the equilateral hyperbola being given by the 


equation a? — 4? = 0, 


are at right angles to each other. Hence this hyperbola is often 
called a rectangular hyperbola. 

The condition that the general equation of the second degree 
should represent an equilateral hyperbola is A = — C; for (Art. 74) 
this is the condition that the asymptotes (Aw? + Bay + Cy? = 0) 
should be at right angles to each other; but if the hyperbola be 
rectangular it must be equilateral, since (Art. 161) the tangent of 


half the angle between the asymptotes = therefore, if this angle 


= 45°, we have Areal 


170. To find the length of the perpendicular from the centre on 
the tangent. 
The length of the perpendicular from the origin on the line 


is (Art. 30) 


1 
/ eee / ET 
at Ot ae. b? 


but we proved, Art. 168, that 
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Da Sg? yt 
¥ 


2 
b at Ra 
hence _ ab 
= 
171. To find the angle between any pair of conjugate diameters. 
The angle between the diameters is ST 
P oP 


equal to the angle between either, and the 
tangent parallel to the other. Now 


Cle 'p 
Cy as 
sing (or PCP’) = = 


sin OPT = 


Hence 


The equation a’ sing = ab (a relation which may also be im- 
mediately inferred from Art. 156, III.) proves, that the triangle 
formed by joining the extremities of conjugate diameters of an ellipse 
or hyperbola, has a constant area. 


172. The sum of the squares of any two conjugate diameters 
being constant, their rectangle is a maximum when they are 
equal, and, therefore, in this case, sin @ is a minimum; hence the 
acute angle between the two equal conjugate diameters is less 
(and, consequently, the obtuse angle greater) than the angle be- 
tween any other pair of conjugate diameters. 

The length of the equal conjugate diameters is found by 
making a’ = 6’ in the equation a? + b° = a? + 6°, whence 

a? + 6 
Sey 


Hence, in this case, : 2ab 
sin ¢ = ———- 
Bie 


q? 


The angle which either of the equiconjugate diameters makes 
with the axis of #, is found from the equation 


}2 
tan @ tan # = — —. 


a? 
by making tan @ = — tan 6’, for any two equal diameters make 
equal angles with the axis of # on opposite sides of it (Art. 156). 
Hence h 
tan = -- 


a 
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It follows, therefore, from Art. 161, that if an ellipse and hyper- 
bola have the same axes in magnitude and position, then the 
asymptotes of the hyperbola will coincide with the equiconjugate 
diameters of the ellipse. 

The general equation of an ellipse, referred to two conjugate 
diameters, a 

at yeh 
becomes x? + y? =a”, when a =U’. 

We see, therefore, that, by taking the equiconjugate diameters 
for axes, the equation of any ellipse may be put into the same form 
as the equation of the circle, 2?+y?=,r?, but that in the case of 
the ellipse the angle between these axes will be oblique. 


173. To express the perpendicular from the centre on the tangent 
in terms of the angles which it makes with the axes. 
The equation of the tangent, expressed in terms of the perpen- 
dicular and the angle which it makes, is (Art. 30) 
&#COSa + ySiNa = p. 


This must be identical with the equation 


Sy ee 
hence v cosa av  acosa 
as pS ROT Tie , 
a p a p 
In hike manner y‘osina 
b ) eg 


we have, therefore (Art. 155), 
p? = a’ cos?a + 6? sin?a.* 

The equation of the tangent may, therefore, be written 

| xzcosa + ysina — + (a*cos’a + b?sin®a) = 0. 
Hence, by Art. 31, the perpendicular from any point (a’y’) on 
the tangent 1s 

z cosa + y' sina — (a cos’a + b’sin?a), 

a being the angle which this perpendicular makes with the axis 
major. 


* In like manner p? = a? cos? a + b? cos? B, a and G being the angles the perpendicu- 
lar makes with any pair of conjugate diameters. 
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SUPPLEMENTAL CHORDS. 


174. The chords which join the extremities of any diameter 
to any point on the curve are called supplemental chords. 

Diameters parallel to any pair of supplemental chords are con- 
qugate. 

For if we consider the triangle formed by joining the extre- 
mities of any diameter AB to any point on the curve D; since, 
by elementary geometry, the line joining the middle points of 
two sides must be parallel to the third, the diameter bisecting 
AD will be parallel to BD, and the diameter bisecting BD will 
be parallel to AD. The same thing may be proved analytically, 


by showing that the product of the tangents of the angles made 


Pith cis by" AD and BDdgs =o. Os 


az 


This property enables us to draw geometrically a pair of con- | 


jugate diameters making any angle with each other. For we 
have only to describe on any diameter a segment of a circle con- 
taining the given angle, then if we join the points where the cir- 
cle meets the curve to the extremities of the assumed diameter, 
we obtain a pair of supplemental chords inclined at the given 
angle, and which (by the present Article) are parallel to a pair of 
conjugate diameters. 


THE ECCENTRIC ANGLE.* 


175. It is always advantageous to express the position of a 
point on a curve, if possible, by a single independent variable, 
rather than by the éwo co-ordinates wy’. Thus (Art. 97), in the 
case of the circle, we found our formulz simplified by the use of 
a subsidiary angle ¢, where we wrote 7 cos ¢ for 2’, and r sin ¢ for 
y. We shall find a similar substitution useful in discussing pro- 
perties of the ellipse, and shall write 

w=acosd, y =bsing, 


a substitution, evidently, consistent with the equation of the ellipse 


On0m 


* This section may be omitted on first reading the subject. 


+ The use of this angle @ occurred to me some years ago, as a particular case of the 


a 
wr 

‘ 

> 


oS 
A> 
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The geometric meaning of the angle ¢ is easily explained. 
If we describe a circle on the axis major as diameter, and pro- 
duce the ordinate at P to meet the circle at Q, then the angle 


QCL = 4, for CL = CQ cos QOL, or 2’ =acos¢, and PL = : QL 
(Art. 157), or, since QL = CQ sin QCL = asin ¢, we have 
y =bsing. 


176. Some important consequences may be drawn from this 
construction. 

If we draw through P a parallel PN D 
to the radius CQ, then Q 


PM :CQ::PL: QL::23:a, [wis 
but CQ =a, therefore PM = 0. N A 
PN parallel to CQ is, of course, = a. Ko 

Hence, if from any point of an ellipse 
a line = a be inflected to the minor axis, 
its intercept to the axis major = 0. 

Or, conversely, if a line MN, ofa constant length, move about 
in the legs of a right angle, and be produced until MP be con- 
stant, the locus of P is an ellipse, whose axes are equal to MP 
and NP. 

If the ordinate PQ were produced to meet the circle in the 
point Q’, it could be proved, in like manner, that a parallel 
through P to the radius CQ’ is cut into parts ofa constant length. 
Hence, if a line of constant length move about in the legs of a 
right angle and be cué into constant parts at P, the locus of P will 
be an ellipse. 

On this principle has been constructed an instrument for de- | 
scribing an ellipse by continued motion, called the Liliptic Com- 
passes. CA, CD’, are two fixed rulers, MN a third ruler of a 
constant length, capable of sliding up and down between them, 
then a pencil fixed at any point of MN will describe an ellipse. 


methods given in Chap. XIII. It has, however, been already recommended by Mr. 
O’Brien in the Cambridge Mathematical Journal, vol. iv. p. 99, and has since been in- 
troduced by him, under the name here adopted, into his treatise on Plane Co-ordinate 
Geometry, p. 111. 
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If the pencil be fixed at the middle point of MN it will de- 


scribe a circle.* 


177. The consideration of the angle ¢ affords a simple method 
of constructing geometrically the diameter conjugate to a given 


one, for tan Ot es “2 ib oes - 
Bi a 


, J2 
Hence the relation piel ect “, 
becomes tan p tang =— 1, 
or o- p = 90°. 


Hence we obtain the following construction for drawing the 
diameter conjugate to any given one. Let the ordinate at the 
given point P, when produced, meet the 
semicircle on the axis major at Q, join ~ Q 
CQ, and erect CQ’ perpendicular to it, then 
the perpendicular let fall on the axis from oe) Naa 
Q will pass through P’, a point on the con- SET Se teoeieig 
jugate diameter. 


Hence, too, can easily be found the co-ordinates of P’ given 
in Art. 168, for, since 


“7 


cos ¢@ = sing, we have — = B 
a 


and since eah y" a 
sin ¢ = — cos@, we have Tame 
a 


From these values it appears that the areas of the triangles 
PCM, P’CM, are equal. 


178. The lengths of two conjugate semidiameters can be ex: 
pressed in terms of the angle ¢, for 
SORE ray Se 
or a? = a? cos* d + b? sin? g. 
Again, OF e = ai? tea 2: ; 
or, using the expressions for w”, y’, found in the last Article, 
6? = a? sin? g + b? cos? ¢. 


* We shall give another proof of this theorem in Chap, XII. The proof here used is 
taken from O’Brien’s Co-ordinate Geometry, p. 112. 


So 
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Hence, as we saw before, 
a? +b? =a? +B. 
The equal conjugate diameters evidently answer to ¢ = 45°. 
The equation of any chord of the ellipse can be expressed in 
terms of ¢ and 9g’, as in Art. 97, 


— cos} (p+ 9’) +5 sind (p+ 9’) =c0s 3 (p- 9), 
and that of the tangent 


x : ; 
= COS b+ 7 sin ¢ = 1. 


179. The methods of the last four Articles do not apply to 
the hyperbola. For the hyperbola, however, we may substitute 


zw =asecd, y = dtang, 


since Ee ey a 
ies a) abi 


This angle may be represented Q P 
geometrically, by drawing a tan- 
gent MQ from the foot of the ordi- M 


nate M to the circle described on 
the transverse axis, then the angle QCM = 4g, since 
CM = CQ sec QCM. 
We have also QM = a tan ¢, but PM = dtang. 
Hence, if from the foot of any ordinate of a hyperbola we draw 
a tangent to the circle described on the transverse axis, this tan- 
gent is in a constant ratio to the ordinate. 


180.* Since the equation of the conjugate hyperbola is 


Ome 


any point on the conjugate hyperbola may be expressed by 
y =bsecg, and 2 =atang’. 
Now if @ be the angle made by any diameter with the axis of 
x, we have Goto 
tan? =~ =-sing. 
“a 


* This Article is taken from a paper by Mr. Turner in the Cambridge and Dublin 
Math. Jour., vol. i. p. 122. 
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In like manner fosttri ® 


hence the relation connecting two conjugate diameters 


5? 
tanf tanf = — 
a 


becomes sind = sing’; 


or, simply, o = ¢. 


THE NORMAL. 


181. A line drawn through any point of the curve perpendi- 
cular to the tangent at that point is called the Normal. 

Its equation is easily found by Art. 39, for it is a line drawn 
through (#7) perpendicular to the line whose equation is 


Le yy 
ry a5 Ly = ] ; 
a 5? 
its equation is, therefore, 
x , , 5 
—(y-y)=5 (#-2e 
2¥-Y=Be- +) 
or ioe iby. 
PSF Py Sarl 
4 izive 


¢ being used, as in Art. 156, to denote a? — 2?. 

Hence we can find the portion 
CN intercepted by the normal on 
either axis; for, making y = 0 in the 
equation just given, we find 


, 7 fhe 
f—-—- 2, OF £62, 


a2 


: c : ¢ 
e being = -, as in Art. 156. 
a 


We can thus draw a normal to an ellipse from any point on 
the axis, for given CN we can find 2’, the ordinate of the point 
through which the normal is drawn. 

The circle may be considered as an ellipse whose eccentricity 
= 0, since 2 = a?-8?=0. The intercept CN, therefore, is con- 
stantly =0 in the case of the circle, or every normal to a circle 
passes through tts centre. 

¥ 


i h. » 
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182. The portion MN intercepted on the axis between the 
normal and ordinate is called the Subnormal. Its length is, by 
the last Article, 2 }2 


gv —-—-e# =u. 

ae ae 
The normal, therefore, cuts the abscissa into parts which are in a 
constant ratio. 

If a tangent drawn at the point P cut the axis in T, the inter- 
cept MT is, in like manner, called the Sudbtangent. 


Since the whole length CT =< (Art. 165), the subtangent 


The length of the normal can also be easily found. For 


2 


a~ 


4 2 2 2 
PN?= PM? + NM?= 24 ge (yey © a), 
as a 


but if 0’ be the semidiameter 5 eae to CP, then (Art. 168) 


— 2 + ce ye = = b?, 
bb 
Hence the length of the normal PN = —- 
a 


If the normal be produced to meet the axis minor it can be 


/ 


ede : ab 
proved, in like manner, that its length = —- Hence, the rectangle 


. b 
under the segments of the normal is equal to the square of the semi- 
conjugate diameter. 


] 7 


Again, we found (Art. 172) that the perpendicular from the 


ab 
centre on the tangent = ry Hence, the rectangle under the normal 
and the perpendicular from the centre on the tangent, is constant and - 
equal to the square of the semiaxis. 

We can thus express the normal in terms of the angles it 
makes with the axis, for 


2h a dite oe Cr - a(1- @) 
a Fe pv (a’cos?a + b sin? a) Arte 1s V (1 - esin2a) 


AIS3 
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THE FOCI. 


183. If on the axis major of an ellipse 
we take two points equidistant from the 
centre, whose common distance 

=+ V(a?- 6), or=+¢, 
these points are called the foci of the curve. 

The foci of an hyperbola are two points on the transverse axis, 

at a distance from the centre still = + ¢, ¢ being in the hyperbola 
= / (a + 8). 

Lo express the distance of any point on an ellipse from the focus. 

Since the co-ordinates of one focus are (7 =+ ¢,«y =0)s\the 
square of the distance of any point from it 


= (@ —c)? + y? = 22 +72 — Qee' + 2. 
But (Art. 168) 


e? + y? = 0 + ex, and b+ & = a’. 


Hence FP? = a? - Qca + ex; 
and, recollecting that ¢ = ae, we have 
PP =2-— ex. 


(We reject the value (ex — a) obtained by giving the other 
sign to the square root. For, since « is less than a, and e less 
than 1, the quantity ex -a is constantly negative, and, therefore, 
does not concern us, as we are now considering, not the direction, 
but the absolute magnitude of the radius vector FP). 

We have, similarly, the distance from the other focus 


HP =a + ex, 
since we have only to write ~ ¢ for + ¢ in the preceding formule. 
- Hence FP + FP = 2a, 


or, The sum of the distances of any point on an ellipse from the foct 
és constant and equal to the axis major. 


184. In applying the preceding proposition to the hyperbola 
we obtain the same value for FP?, but in extracting the square 
root we must change the sign in the value of FP, for in the hyper- 
bola w is greater than a, and ¢ is greater than 1. 

Hence, a — ex is constantly negative; the absolute magnitude, 
therefore, of the radius vector is 

FP = ex - a, 
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In like manner, FP = ex + a. 
Hence F’P — FP = 2a. 


Therefore, in the hyperbola, the difference of the focal radii ts con- 
stant, and equal to the transverse axis. 

For both curves the rectangle under the focal radi = a? — ex”, 
that is (Art. 168), is equal to the square of the semiconjugate diameter. 


185. The reader may prove the converse of the above results 
by seeking the locus of the vertex of a triangle, if the base and 
either sum or difference of sides be given. 

Taking the middle point of the base (= 2c) for origin, the 
equation is 

Vv {y? + (e+ v)*} + vo [y? + (c- x)*} = 2a, 
which, when cleared of radicals, becomes 
x2 yp? 
eo” ae 


aealy 


Now, if the sum of the sides be given, since the sum must 
always be greater than the base, a is greater than ¢, therefore the 
co-efficient of y? is positive, and the locus an ellipse. 

If the difference be given, a is less than c, the coefficient of ¥? 
is negative, and the locus an hyperbola. 


186. To find the length of the perpendicular from the focus on 
the tangent. 
The length of the perpendicular from the focus (+c, 0) on the 


line (= ~ ie = 1) is, by Art. 31, 


but, Art. 170, / 
ub 


Hence 


Likewise, WT 2 : (a+ et) = ; Hie 
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Hence FT .E’T’ = 2? (since a? - ea? = 6”), 
or, The rectangle under the focal perpendiculars on the tangent is 
constant, and equal to the square of the semiaaxis minor. 


This property applies equally to the ellipse and the hyperbola. 


187. Some important consequences may be drawn from the 
value of the perpendicular just found. 


For we had b FT 3b 
Hd b = 7 FP, or Fp 3” 
po Pela era 


FP 


Hence the sine of the angle which the focal radius vector 
makes with the tangent = a 

We find, in like manner, the same value for sin F’PT’, the sine 
of the angle which the other focal radius vector makes with the 
tangent. Hence the focal radu make equal angles with the tangent. 

This property is true both for the ellipse and hyperbola, and, 
on looking at the figures, it is evident 
that the tangent to the ellipse is the 
external bisector of the angle between 
the focal radii, and the tangent to the 
hyperbola the znéternal bisector. 

Hence, if an ellipse and hyperbola, 
having the same foct, pass through the 
same point, they will cut each other at right angles, thatis to say, the 
tangent to the ellipse at that point will be at nght angles to the 
tangent to the hyperbola. 


188. The normal, being perpendicular to the tangent, is the 
internal bisector of the angle between the focal radii in the case of 
the ellipse, and the external bisector in the case of the hyperbola. 

We can give an independent proof of this, by showing that it 
cuts the distance between the foci into parts which are in the 
ratio of the focal radi (Euc. VI. 3), for the distance of the foot 
of the normal from the centre is (Art. 183) = ew’. Hence its dis- 
tances from the foci are ¢ + ea and ¢ — ea’, quantities which are 
evidently ¢ times a + ex’ and a — ea’. 
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_ From the preceding theorem can be derived a simple solution 
of the problem, to draw a normal to the ellipse from any point on 
the axis minor, for the circle through the given point, and the 
two foci, will meet the curve at the point whence the normal is 
to be drawn. 

It follows from the preceding Article, that if a line be drawn 
through the centre parallel to either focal radius vector, and ter- 
minated by the tangent, its length will ey = a, for the perpendi- 


cular from the centre on the tangent = o (Art. 170), but this 


perpendicular, divided by sin FPT (- 7) is the length of the re- 
quired parallel. 


189. Another important consequence may be deduced from 
the theorem (of Art. 186), that the rectangle under the focal per- 
pendiculars on the tangent is constant. 

For, if we take any two tangents, we have 


| ikl bab edt 


FT .FYT = Fe. F?, or PP 


1 a ae : ; é ' 
but —— is the ratio of the sines of the parts into which the line 


7 


FP divides the angle at P, and oe a is the ratio of the sines of 


the parts into which F’P divides the same angle; we haves there- 
fore, the angle TPF = ¢PE’. 

If we conceive a conic section to pass 
through P, having F and F” for foci, it 
was proved in Art. 187, that the tangent 
to it must be equally inclined to the 
lines FP, F’P; it follows, therefore, from 
the present Article, that it must be also 
equally inclined to PT, P¢ ; hence we 
derive a useful theorem, that if through any point (P) of a conic 
section we draw tangents (PT, Pt) to a confocal conic section, these 
tangents will be equally inclined to the tangent at P. 


190. To find the locus of the foot of the perpendicular let fall 
from either focus on the tangent. 
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From Art. 173 the polar equation of the locus can imme- 
diately be found, for since the perpendicular expressed in terms 
of the angles it makes with the axis is 

2 cosa + y' sina — y (a? cosa + 0? sin?a), 
the perpendicular from the focus (+ ¢, 0) is 
ccosa — + (a® cos?a + 6? sin? a), 
and, therefore, the polar equation of the locus is 
p =ccosa — (a? cos’a + J? sin?a), 
or p” — 2cp cosa + c? cos*a = a? cos?a + 6? sin?a, 
or p? — 2cp cosa = B. 

This (Art. 94) is the polar equation of a circle whose centre is 
on the axis of w, at a distance from the focus = ¢; the circle is, 
therefore, concentric with the curve. The radius of the circle is, 
by the same Article, = a. 

Hence, if we describe a circle having for diameter the transverse 
axis of an ellipse or hyperbola, the perpendicular from the focus will 
meet the tangent on the cireumference of this circle. 

Or, conversely, if from any point F (see figure, p. 163) we draw 
a radius vector FT to a given circle, and draw TP perpendicular to 
FT, the line TP will always touch a conic section having EF for its 
focus, which will be an ellipse or hyperbola, according as F is within 
or without the circle. 

It may be inferred from Art. 188, that the line CT, whose 
length = a, is parallel to the focal radius vector F’P. 


191. The polar of either focus is called the directrix of the 
conic section. The directrix must, therefore 
(Art. 165), be a line perpendicular to the axis 


9 


a 


7 e , a 
major at a distance from the centre = +—- 
c 


a 


Knowing the distance of the directrix from 
the centre we can find its distance from any point 
on the curve. It must be equal to 


az i a 1 7 
aS Hed Cet DS 


But the distance of any point on the curve from the focus = a — ex 
(Art. 183). 
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Hence we obtain the important property, that the distance of 
any point on the curve from the focus is in a constant ratio to tts dis- 
tance from the directrix, viz., as é to 1. 

In the ellipse e is less than 1, and the distance from the focus 
is less than the distance from the directrix. In the hyperbola e¢ is 
greater than 1, and the distance from the focus is greater than the 
distance from the directrix. 

We shall show, in the next chapter, that the parabola also has 
a focus, and that in this case the distance of any point from the 
focus is equal to the distance from the directrix. 


192. If any chord be drawn through the focus, tangents at its 
extremities will intersect on the directrix (this follows from the defi- 
nition of the directrix and Art. 141); and the line joining the point 
of intersection to the focus will be perpendicular to the chord. 

We shall deduce this as a particular case of a more general 
theorem. 


The equation of the polar of any point (= ~ Bes bed 
being perfectly similar to the equation of the tangent, the equa- 
tion of the perpendicular on the polar from the point 2’y’ must be 


similar to the equation of the normal, 


2 
sali a i =e (ATL. 151), 


x 


and the intercept it makes on the axis of w is, as in Art. 181, 
=e¢ x’. Ifx’, therefore, be constant, the intercept will be constant, 
that is, If a point be taken anywhere on a fixed perpendicular to the 
axis, the perpendicular from tt on its polar will pass through a fixed 
point on the axis. 

If the point be taken anywhere on the directrix then 2’ will 


2 
a ; 

= —, and, therefore, e?a’=c. Hence, the perpendicular from any 
c 


point of the directrix on its polar will pass through the focus. 
Ont: 


* The method used in this Article was communicated to me by the Rev. W. D. Sad- 
leir, together with several other theorems, which will be given in Chap. XII., also 
deduced from the analogy between the equations of the polar and the tangent. 
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193. To find the polar equation of the ellipse or hyperbola, the 
focus being the pole. 

This might be obtained by transforming the rectangular 
equation to the focus as origin, and then substituting p cos @ and 
psin®@ for # and y; or it may be derived immediately from the 
value of the focal radius vector (Art. 183) 

Le Cx. 
For x’ (being measured from the centre) = p cos 0 + ¢. 

Hence p =a — ep cos 8 — ec, 


or a(l—¢é) 6? 1 


P~T+ecosh a 1+ecos9 


The double ordinate at the focus is called the parameter; its 
half is found by making @ = 90° in the equation just given, to be 
2 
= ze =a(l1-e?). The parameter is commonly denoted by the 
letter p. Hence the equation is often written 


Pe ia ra 
Pp 2° T+ecos0 


The parameter is also called the Latus Rectum. 


194. Several useful inferences may be drawn from the polar 
equation. 2 


If the radius vector FP, when produced backwards through 


the focus, meet the curve again in P’, then FP being f AAD = 36” 
co 


ae a fe) 1 Het yald) su) 
FP’, which answers to (9 + 180°), will = 2° t—ecos0 
Hence 1 1 4 


BP EP een: 
or, Lhe harmonic mean between the segments of a focal chord is con- 
stant, and equal to the semiparameter. 
This may otherwise be stated 


el Mee Were os 
FP+FP & iy 
or, Lhe rectangle under the segments of a focal chord is to the whole 
chord in a constant ratio. 
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The rectangle under the seoments 
he as Br tees Sh Yas 1 
4°1—@cos?0 a 1—-& cos?’ 
and the whole chord (FP + FP’) 
1 262 1 


—e@cos?0 a l—eécos?@ 


mt aks | 


195. It will be remembered that the length of a semidiameter 
making an angle @ with the transverse axis is (Art. 156) 
j2 


1 — & cos?@ 


R? = 


2R? 


Hence the length of the chord just given = —, or 
a 


Any focal chord is a third proportional to the transverse axis 
and the parallel diameter. 

Again, we know that the sum of the squares of two conjugate 
diameters is constant (Art. 168). Hence, the sum of two focal 
chords drawn parallel to two conjugate diameters is constant. 

Or, again, we can prove that the sum of the reciprocals of the 


Cc 
\ 


squares of two semidiameters at right angles to each other is constant. 


1 — & cos? 1 — e?sin?@ a 


For one reciprocal = — is , and the other = Eo 


Hence, therefore, the sum of the reciprocals of two focal chords at 


right angles to each other is constant. 


196. While speaking of polar co-ordinates we may mention, 
that in any curve the portion intercepted by the tangent on a 
perpendicular to the radius vector drawn through the pole is 
called the polar subtangent. Hence the theorem proved in Art. 
192 may be stated thus: Jn the ellipse and hyperbola, the focus 
being the pole, the locus of the eatremity of the polar subtangent is 
the directrix. We shall prove, in the next chapter, that this is 
equally true for the parabola. 


197. The equation of the ellipse, referred to the vertex, is 


(c-a)?  y¥? 
az Pye in ae 
or SN fc adala stabs ged 
i aa a ay SC dines 
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Hence, in the ellipse, the square of the ordinate is dess than the 
rectangle under the parameter and abscissa. 
The equation of the hyperbola is found in like manner, 
j2 


y? = px + — x. 


a 
Hence, in the hyperbola, the square of the ordinate exceeds the 
rectangle under the parameter and abscissa. 

We shall show, in the next chapter, that in the parabola these 
quantities are equal. 

It was from this property that the names parabola, hyperbola, 
and ellipse, were first given. 


THE ASYMPTOTES. 


198. We have hitherto discussed properties common to the 
ellipse and the hyperbola. There is, however, one class of pro- 
perties of the hyperbola which have none corresponding to them 
in the ellipse, those, namely, depending on the asymptotes, which 
in the ellipse are imaginary. 

We saw that the equations of the asymptotes were always 
obtained by putting the highest powers of the variables = 0, the 
centre being the origin. Thus the equation of the curve, referred 
to any pair of conjugate diameters, being 


that of the asymptotes is 
SiS EN y ce ad) 
a) or —-+=0 — =a Aye 
ae Ue the OG aie cae mR uv 
Hence the asymptotes are parallel to the diagonals of the paral- 
lelogram, whose adjacent sides are any pair of conjugate semi- 
diameters. For, the equation of CT 


{. 


= 

is Z = —, and must, therefore, coin- 
z a 

cide with one asymptote, while the 


equation of AB € + = 1) is pa- 
rallel to the other (see Art. 161). 


Hence, given any two conjugate diameters, we can find the 
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asymptotes; or, given the asymptotes, we can find the diameter 
conjugate to any given one; for we have only to draw AO pa- 
rallel to one asymptote, to meet the other, and produce it equal 
to itself, when we find B, the extremity of the conjugate dia- 
meter. 


199. The portion between the asymptotes of any tangent to a 
hyperbola is bisected at the curve, and is equal to the conjugate dia- 
meter. 

This appears at once from the last Article, where we have 
proved AT = 0'= AT’; or, directly, taking for axes the diameter 
through the point and its conjugate, the equation of the asymptotes 
is a2 of 

oie he Poee 
Hence, if we take w = a’, we have y =+0'; but the tangent at A 
being parallel to the conjugate diameter, this value of the ordinate 
is the intercept on the tangent. 


0. 


200. Lf any line cut an hy- 
perbola, the portions DE, FG, 
intercepted between the curve and 
its asymptotes, are equal. 

For, if we take for axes a 
diameter parallel to DG and its 
conjugate, it appears from the 
last Article, that the portion 
DG is bisected by the diameter; so is also the portion EF; hence 
DE = FG. 


The lengths of these lines can immediately be found, for, from 


9 9 


ey 
the equation of the asymptotes (= - 3 = 0) we have 


/ 


y(=DM = MG) = +52, 


Again, from the equation of the curve 


Tee) (MND) te 7: (5 : 1} 


a 
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Hence , 2 ae 
DE (= FG) =b ‘gah VS ~ 1)}, 
and al 68. xu? 
DF (= EG) =6 {= 4 Ve 1)}. 


201. From these equations it at once follows, that the rectangle 
DE.DF is constant, and = 6%. Hence, the greater DF is, the 
smaller will DE be. Now it is evident, that the further from 
the centre we draw DF the greater will it be, and that by taking 


« sufficiently large, we can make DF [ - b’ {i r / (F rs 1)¥] 


greater than any assigned quantity. Hence, the further from the 
centre we draw any line, the less will be the interval between the curve 
and its asymptote, and by increasing the distance from the centre, we 
can make this interval less than any assigned quantity. 


202. It appears from Art. 161, that if the equations of the 
asymptotes be a= 0, 3=0, the equation of the curve must be of 
the form afg=. If the asymptotes be chosen for axes of co- 
ordinates, their equations are w= 0, y=0, and the equation of the 
curve must be of the form ay = k, as we saw (Art. 161). 

The equation of the curve, in this form, may be employed 
with advantage in investigating properties of the asymptotes. 

The geometrical meaning of this equation evidently is, that 
the area of the parallelogram formed by the co-ordinates is constant. 


203. If the equation be given in the form zy= #*, we can 
easily form the equation of any chord or of any tangent. 


We have | Fe # > je 
=—, andy =-33 
oa + SL 


e 


therefore, Se ie et faa) 
GL ES yee aes 
the equation of a chord is, therefore, 


4 2 
eS a eae 
-— EE RZ 


L- # UL 
which may be written (since #? = vy = ay’) 


yeraey=hk? + yx". 


cn 
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Making «’ = «" and y/ = y, we find the equation of the tangent, 


LY - Ya = ones 
or (writing 27/' for hk’) 


‘'«< From this form it appears that the intercepts made on the 
»,asymptotes by any tangent = 2w’ and 2y/; their rectangle is, there- 


fore, 4h°. Hence, the triangle which any tangent forms with the 
asymptotes has a constant area, and is equal to double the area of the 
parallelogram formed by the co-ordinates. 


204. It is desirable to express the quantity 4? in terms of the 
lengths of the axes of the curve. 

Since the axis bisects the angle between the asymptotes, the 
co-ordinates of its vertex are found, by putting # = y in the equa- 
tion zy =k, to be e=y=k. 

Hence, if @ be the angle between the axis and the asymptote, 

a = 2k cos 0 


(since a is the base of an isosceles triangle whose sides = & and 


base angle = @), but (Art. 161) 


a 
cos § = 


V (a2 +B)’ 
hence Aae V (a? + 6?) 
2 
And the equation of the curve, referred to its asymptotes, is 
a? + 6 
A 

205. The perpendicular from the focus on the asymptote is 
equal to the conjugate axis 0. 

For itis CF sin 0, but CF = (a + 62), and sin 0 = 
(Art. 161). 

This might be deduced as a particular case of the property, 
that the product of the perpendiculars from the focus on any tan- 
gent is constant, and = 6?. For the asymptote may be considered 
as a tangent, whose point of contact is at an infinite distance 
(Art. 161), and the perpendiculars from the foci on it are evi- 
dently equal to each other. 


b 
V (a?+ 6?) 
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206. The distance of the focus from any point on the curve is 
equal.to the length of a line drawn through the point parallel to an 
asymptote to meet the directrix. 

For the distance from the focus is e times the distance from 
the directrix (Art. 191), and the distance from the directrix is to 


the length of the parallel line as cos 0( = Art. 161) is to l. 


Hence has been derived a method of describing the hyperbola 
by continued motion. A ruler ABR, bent at B, slides along the 
fixed line DD’; a thread of a length = RB is fastened at the two 
points R and I’, while a ring at Pkeepsthe |p 
thread always stretched, then as the ruler 
is moved along, the point P will describe 


R 


an hyperbola, of which F is a focus, DD’ a B 
directrix, and BR parallel to an asymptote, 
since PF must always = PB. 


207. Besides this method of mechani- A 
cally describing an hyperbola, and the me- 
thod of describing an ellipse given Art.176, |D’ 
there is another depending on the fundamental property that the 
sum or difference of the focal distances of any point on the curve 
is constant. 

If the extremities of a thread be fastened at two fixed points 
F and EF’, it is plain that a pencil moved about so as to keep the 
thread always stretched, will describe an ellipse whose foci are F 
and I’, and whose axis major is equal to the length of the thread. 

In order to describe an hyperbola, let a 4 
ruler be fastened at one extremity (I*), and pee A: 
capable of moving round it, then if a thread, P 
fastened to a fixed point FE’, and also to 
a fixed point on the ruler (R), be kept -. 
stretched by a ring at P, as the ruler is moved round, the point 
P will describe an hyperbola; for, since the sum of F’P and PR 
is constant, the difference of FP and F’P will be constant. 


F’ 
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THE PARABOLA. 


208. THE equation of the second degree, we saw (Art. 129), 
will represent a parabola, when the first three terms form a per- 
fect square, or when the equation is of the form 


(ax + by)? + De + Hy + F=0. 


We saw that we could not transform this equation to any 
finite point so as to make the coefficients of w and y both vanish. 
The form of the equation, however, points at once to another 
method of simplifying it. 

We know (Art. 31) that the quantity D«+ Ey + F is propor- 
tional to the length of the perpendicular from the point (zy) on 
the right line whose equation is Da+ EKy+F=0; and, in like 
manner, the quantity az + by is proportional to the perpendicular 
on the line aw + by = 0. 

Hence if we construct the two lines whose equations are 

ax + by = 0, Dz + Ey + F=0, 
the equation of the curve asserts that the square of the perpen- 
dicular from any point of the curve on the first line is in a con- 
stant ratio to the perpendicular on the second line. 

Now if we transform our axes, and make the line aw + by our 
new axis of z, and Dz + Ey + F = 0 our new axis of y, then our new 
y will, of course, be proportional to the perpendicular on the line 
ax + by, and our new w to the perpendicular on Da + Ey + F= 0, 
and the transformed equation must be of the form 


y? = pe: 

It is evident that our new origin is a point on the curve, and 
since for every value of w we have two equal and opposite values 
of y, our new axis of w will be a diameter, and our new axis of y 
parallel to its ordinates. But the ordinate drawn at the extremity 
of any diameter is (Art. 140) a tangent to the curve, therefore, 
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the new axis of y is the tangent at the origin. Hence, if we are 
given the equation of the parabola in the form 
(ax + by)? + De + Ey + F = 0, 
the equation az + by = 0 represents the diameter passing through 
the origin, and the equation Dx + Hy + F = 0 represents the tan- 
gent at the point where this diameter meets the curve. And the 
equation of the curve, referred to a diameter and tangent at its 
extremity as axes, is of the form 
y? = pe. 

209. Though we have transformed the equation of the para- 
bola into a very simple form, yet our new axes have the incon- 
venience of not being in general rectangular. We shall prove, 
however, that it is possible to transform the equation into this 
form, still retaining the axes rectangular. 

If we introduce an arbitrary constant h, the equation 

(av + by)? + Dx + Ey + F=0 
will be found to be equivalent to the equation 
(av + by +k)? + (D - 2ak) + (Hi - 26h) y+ F-h =0. 
Hence, as in the last Article, 
axz+byt+k=90 
is the equation of a diameter, and 
(D - 2ak) x + (EK - 26k)y+ F-P=0 
of the tangent at its extremity. (This confirms our proof (Art. 
135) that all the diameters of the parabola are parallel). 

Now, the condition that these two lines should be perpen- 
dicular is (Art. 38) 

a(D — 2ak) + 6(E - 2bk) = 0. 
Hence _ aD + bE 
= 5 4B) 

Since we get a simple equation to determine the particular 
value of k, which would make the new axes rectangular, there is 
one diameter whose ordinates cut it perpendicularly, and this dia- 
meter is called the avis of the curve. And we see, as in the last 
Article, that if we take for axes, this diameter aw + by +k, and the 
perpendicular tangent (D — 2ak) # + (EK - 2bk)y+F-k? =0, the 
transformed equation must be of the form 

y? = px. 
2A 


‘ao eee 
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210. From the equation y’ = px we can at once perceive the 
figure of the curve. It must be symmetrical on both sides of the 
axis of 2, since every value for x gives two 
equal and opposite for y. None of it can 
lie on the negative side of the origin, since 
if we make w negative y will be imagi- 
nary; and as we give increasing positive 


values to x, we obtain increasing values for 
y. Hence the figure of the curve is that here represented. 

Although the parabola resembles the hyperbola in having in- 
finite branches, yet there is an important difference between the 
nature of the infinite branches of the two curves. Those of the 
hyperbola, we saw, tend ultimately to coincide with two diverging 
right lines; but this is not true for the parabola, since, if we seek 
the points where any right line (# = ky + 2) meets the parabola 
(y? = px), we obtain the quadratic 


y? — pky - pl = 0, 
whose roots can never be infinite as long as & and / are finite. 
We proved before, that the diameters are the only lines which 
pass through a point of the curve at infinity, and if we seek the 
point in which any diameter (y =m) meets the curve, we find 


ae 
ez 
i 
Now, although this value increases as m increases, yet it will never 
become infinite as long as m is finite; hence, though the curve 
tends more and more nearly to become parallel to the diameters, 


yet it does not actually become so at any finite distance. 


211. The figure of the parabola may be more clearly conceived 
from the following theorem. 

If we suppose one vertex and focus of an ellipse given, while 
its axis major increases without limit, the curve will ultimately 
become a parabola. 

The equation of the el- 
lipse, referred to its vertex, 


is (Art. 197) 
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We wish to express ) in terms of the distance VF (=m), 
which we suppose fixed. We have m=a- y (a? - 0?) (Art. 183), 


whence 6? = 2am — m?, and the equation becomes 


‘ 2m? 2m m? 
aes (4m ~ = Ie ~ & - =| x. 


Now, if we suppose a to become infinite, all but the first term of 
the right-hand side of the equation will vanish, and the equation 
becomes y? = 4ma, 
the equation of a parabola. 

Hence we see that the focus and vertex of an ellipse being 
given, while the axis major is indefinitely increased, the parame- 


12 
ter (- aa Art. 193) will remain finite, and = 4m. 


Hence if the equation of the parabola be given in the form 
y? = px, the quantity p is called the principal parameter. 


A parabola may also be considered as an ellipse whose eccen- 
f : 


Lee b b 
tricity isequaltol. Fore?=1--—. Now we saw that —, which 
a a 


is the co-efficient of x? in the preceding equation, vanished as we 
supposed a@ increased according to the prescribed conditions ; 
hence ¢? becomes finally = 1. 


THE TANGENT. 


212. The equation of any chord of the parabola can be easily 
obtained. For, since y? = pa’ and y? = pa’, we have 


yey? =p (a — a"), and = 
and the equation of the chord 1s 
Ya Yo eR 
a-# yty” 
or ty )y-pe-yy =9. 


The equation of the tangent is found from this, by supposing 
y =y', or (remembering that y? = pa’) 1s 2y'y =p («+ «’). 

If we seek the point where the tangent meets the axis, we 
obtain # = — x’, or TM (which is called the subtangent) is bisected 
at the vertex. 


ot 
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We saw that if the oblique axes were any diameter and a 
tangent through its vertex, the equation of the parabola was still 
y? = pa. : 
The equations of the chord and tangent remain the same, and it 
will be equally true that the subtangent is = twice the abscissa. 
This Article enables us, there- 
fore, to draw a tangent at any 
point on the parabola, since we 
have only to take TV = VM and 
join PT; or again, having found 
this tangent, to draw an ordinate 
from P to any other diameter, 


since we have only to take V’M’' = T’V’, and join PM’. 


213. The equation of the polar of any point «xy must be si- 
milar in form to that of the tangent (Art. 139), and is, therefore, 
2y'y = p(@ +x); 
or we may prove it as follows, as in Art. 164: 
If the point of contact of a tangent passing through (a‘y’) be 
(avy"), then (v’y') must satisfy the equation 
2y'y = p (a + #), 
and we have 2y'y" = p (a + x"). 
Hence (2”y’) lies on the right line 
2y'y =p (a+). 
So also must the point of contact of the other tangent through 
(ay); this line is, therefore, the line joining these points of con- 
tact. If we seek the point where this polar meets the axis of 2, 
we get Pi eee 


Hence we derive a theorem, which will be useful hereafter, 
that the intercept which the polars of any two points cut off on the 
axis is equal to the intercept between perpendiculars from those points 
on that axis ; each of these quantities being equal to (a — 2”). 
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DIAMETERS. 


214. We have said, that if we take for axes any diameter and 
the tangent at its extremity, the equation will be of the form 


y= pe. 

We shall prove this again by actual transformation of the 
equation referred to rectangular axes (y? = px), because it is de- 
sirable to express the new p’ in terms of the old p. 

If we transform the equation y? = px to parallel axes through 
any point (z’y’) on the curve, writing w+ a and y+y for w and y, 
the equation becomes y? + Qyy! = pe. 


Now if, preserving our axis of x, we take a new axis of y, in- 
clined to # at an angle = 6, then our old y PN = PM’ sin, and 
our old «= V'M’+ PM’cos@. (See figure on last page.) 

We, therefore, substitute y sin for y, and «+ ycos@ for x, 
and our equation becomes 

y? sin? @ + 27/‘y sin 0 = px + py cos. 

In order that this should reduce to the form y? = pz, we must 
Haye 2y sin = pcos@, or tanf= sf 

Now this is the very angle which the tangent makes with the 
angle of x, as we see from the equation 


2yy = p(w + x). 
The equation, therefore, referred to a diameter and tangent, will 


take the form 
eee te, “2, or yr=pa 
Y ~ gin? Q™” a stage 


- The quantity p’ is called the parameter corresponding to the | 
diameter V’M’, and we see that the parameter of any diameter is to 
the principal parameter (p), inversely as the square of the sine of the 


’ ’ ’ . . . / 0) 

angle which tts ordinates make with the axis, since 50 = / < 
i sin? @ 

We can express the parameter of any diameter in terms of the 


co-ordinates of its vertex from the equation tan 9 = owe hence, 
y 


1 - BS 2.Y; ta! stdin en des neha b 


hence p =p +t 4a. 
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THE NORMAL. 
215. The equation of a line through (#’y’) perpendicular to 
the tangent 2yy' = p(w + 2’) 1s 
py -y) + 2¥(@-#). 
If we seek the intercept on the 
axis of w we have 


w= VIN)ie +t 
and, since VM = wz, we must have 


MN (the subnormal, Art. 182) = a 


Hence in the parabola the subnormal is constant, and equal to 
the semiparameter. ‘The normal itself 


= /(PM?+ MN?) = V (¥ Te VW {o( a +). 


THE FOCUS. 


216. A point situated on the axis of a parabola, at a distance 
from the vertex equal to one-fourth of the principal parameter, is 
called the focus of the curve. 

This is the point which Art. 211 has led us to expect to find 
analogous to the focus of an ellipse; and we shall show, in the 
present section, that a parabola may in every respect be considered 
as an ellipse, having one of its foci at this distance, and the other 
at infinity. 

To find the distance of any point on the curve from the focus. 


The co-ordinates of the focus being (. 0), the square of its 


distance from any point 1s 
Py 2 pe Pr wy Naa ey O99 4% 
(« hy ty 28) y+ Epa = (eB), 


Hence the distance of any point from the focus = wv’ + f 


This enables us to express more simply the result of Art. 214, 
and to say that the parameter of any diameter is four times the dis- 
tance of tts extremity from the focus. 
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217. The polar of the focus of a parabola is called the direc- 
éria, as in the ellipse and hyperbola. 

Since the distance of the focus from the vertex =, its polar 
is (Art. 213) a line perpendicular to the axis at the same distance 
on the other side of the vertex. The distance of any point from 


the directrix must, therefore, = 2’ + ts, 


4 
Hence, by the last Article, the distance of any point on the curve 
from the directriz ts equal to its distance from the focus. 


We saw (Art. 191) that in the ellipse and hyperbola, the dis- 
tance from the focus is to the distance from the directrix in the 
constant ratio e tol. We see, now, that this 1s true for the para- 
bola also, since in the parabola e=1 (Art. 211). 

The method given for mechanically describing an hyperbola, 
Art. 206, can be adapted to the mechanical description of the pa- 
rabola, by simply making the angle ABR a right angle. 


218. The point where any tangent cuts the axis, and its point of 
contact, are equally distant from the focus. 

For, the distance from the vertex of the point where the tan- 
gent cuts the axis = w (Art. 212), its distance from the focus is, 


therefore, x + Q. E. D 

219. Any tangent makes equal angles with the axis and with the 
focal radius vector. 

This is evident from inspection of the isosceles triangle, which, 
in the last Article, we proved was formed by the axis, the focal 
radius vector, and the tangent. 

This is only an extension of the atte of the ellipse 
(Art. 187), that the angle TPF = T’PE’; for, if we suppose the 
focus F’ to go off to infinity, the line Pr’ will become parallel to 
the axis,and TPF = PTF. (See figure at foot of p. 178). 

Hence the tangent at the extremity of the focal ordinate cuts 
the axis at an angle of 45°. 


220. To find the length of the perpendicular from the focus on 
the tangent. 
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It is evident (see figure, p. 182) that FR= FT sn FTR; but 
we have proved, Art. 214, that tan FTR = a and, therefore, 


sinFTR=  / z 
e+ 
Hence PR=9/ {F(#+4)}, 


or FR is a mean proportional between FV and FP. 

It appears, also, from this expression, and from Art. 215, that 
FR is half the normal, as we might have inferred geometrically 
from the fact that TF = FN. 

We might have obtained the same value of FR directly from 
the equation of the tangent, 27'y =p (a+ 4’), by Art. 31, and then, 
by reversing the process at the commencement of this Article, 
arrive at a more strictly algebraical proof of Art. 219. 


Pp 
4 


221. To express the perpendicular from the focus in terms of 
the angles which it makes with the axis. 
This is easy from Art. 220, for we have there given 


r= {4(204)} 


and p 


cosa = sn FTR = e/ 


TRe oe 


4 cosa 


4 
Pp ? 
aA 


- : 


therefore, 


Hence the locus-of the extremity of the perpendicular from the 
focus on the tangent rs a right line. 

For, taking the focus for pole, we have at once the polar 
equation 


pP cosa = f 


The equation shows that the right line is the tangent at the 
vertex. 
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Conversely, if from any point F we draw FR a radius vector 
toa right line VR, and draw PR perpendicular to it, the line PR 
will always touch a parabola having F for its focus. 

We shall show hereafter how to solve generally questions of 
this class, where one condition less than is sufficient to determine 
a line is given, and it is required to find its envelope, that is to say, 
the curve which it always touches. 

We leave, as a useful exercise to the reader, the investigation 
of the locus of the foot of the perpendicular by ordinary rectan- 
gular co-ordinates. 

The equation of the tangent, the focus being the origin, can, 
therefore, be expressed 
iS. 


4Acosa — 


“cosa + ysina + ; 


and hence we can express the perpendicular from any other point 
in terms of the angle it makes. 


222. To find the locus of the intersection of tangents which cut at 
right angles to each other. 

This can be solved from the form of the equation of the tan- 
gent given in the last Article, 


xv Cos?a + ysinacosa +f = 0, 


The equation of a tangent perpendicular to this, that is, whose 
perpendicular makes an angle = 90° + a with the axis, is found by 
substituting cosa for sina, and — sina for cosa, or 


Lae) 


xsin?a — ysina cosa + me 


a is eliminated by simply adding the equations, and we get 


x +f — 0, 
the equation of the directria, since the distance of focus from di- 
ioe 2 
rectr1x =>: 
2 


223. The theorem of the last Article is only a particular case 
of another more general one, which follows at once geometrically 
from the principles already laid down. 

2B 
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The angle between any two tangents is half the angle between the 
focal radii vectores to their points of contact. 

For, from the isosceles PFT, the angle PTF which the tan- 
gent makes with the axis is half the angle PFN, which. the focal 
radius makes with it. Now, the angle between any two tangents 
is equal to the difference of the angles they make with the axis, 
and the angle between two focal radii is equal to the difference of 
the angles which they make with the axis. 

We can now obtain the theorem of the last Article, for if two 
tangents make with each other an angle of 90°, the focal radii 
must make with each other an angle of 180°, therefore, the two 
tangents must be drawn at the extremities of a chord through the 
focus, and, therefore, from the definition of the directrix, must 
meet on the directrix. 


224. It can be proved, by a method precisely similar to that 
used in Art. 192, that the line joining the pole of any focal chord 
to the focus is perpendicular to the chord. Leaving this method 
to the student’s own examination, we shall prove another general 
proposition under which this is included, and which we shall show, 
in Chap. XII., to be true for all the conic sections: the line join- 
ing the focus to the intersection of two tangents bisects the angle which 
their points of contact subtend at the focus. 

Let us use the form of the equation of the tangent given in 
the last Article, 


and 


where a and (3 ‘are the angles made by the perpendiculars on 
these tangents with the axis; and, subtracting, we get, for the 
line joining the intersection to the focus, 
asin (a+) — ycos(a+P) = 0. 

This is the equation of a line making the angle a + 3 with the 
axis of z. Now, VFP = 2a and VEP’ = 283, therefore, the line 
making an angle with the axis =a + (3 must bisect the angle 
PFY’. | | 
Cor. 1. If we take the case where the angle PFP’ = 180°, then 
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the tangents TP, TP’ will intersect on the directrix, and the 
angle TEP = 90°. 

Cor. 2. If any chord PP’ p’ 
cut the directrix in D, then FD é 
is the external bisector of the 
angle PFP’, for we have proved 
FT to be the internal bisector, 
but D is the pole of FT (since 
it is the intersection of PP’, the 
polar of T’, with the directrix, 
the polar of F); therefore, DF is perpendicular to FT (Cor. 1), 
and, therefore, the external bisector. 

Cor. 3. If any variable tangent. to the parabola meet two fixed 
tangents, the angle subtended at the focus by the portion of the 
variable tangent intercepted between the fixed tangents, is the 
supplement of the angle between the fixed tangents. 

For, it was proved (Art. 223), that the angle QRT was half 


pq, but, by the present Article, pFQ = rF Q and gFP = 7B Ire 
therefore PFQ is 


also half pFg, and, 


therefore, 


PFQ is = QRT, 
or is the supplement T 
of PRQ. 


Cor. 4. From the 
last corollary it follows, that a circle described through PER 
must pass through F, since the angle contained in the segment 
PQF will be the supplement of that contained in PQR. That is 
to say: The circle circumscribing the triangle formed by any three 
tangents to a parabola will pass through the focus. 


225. To jind the polar equation of the P 


parabola, the focus being the pole. 
We proved (Art. 216) that the focal } 
radius eV oe 
Se « Ce ee Mocs. fg 
=o +2 -vM+2 = FM i 4 =p cos +f. Soke 
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This is exactly what the equation of Art. 193 becomes, if we 
suppose e = 1 (Art. 211). 

In this equation @ is supposed to be measured from the side 
FM;; if we suppose it measured from the side FV, the equation 
becomes p 


e— 


oa 1 + cos@ 


This equation may be written 


and is, therefore, one of a class of equations, 
p” cos nO = a", 


some of whose properties we shall mention hereafter. 


CHAPTER XII. 
EXAMPLES AND MISCELLANEOUS PROPERTIES OF THE CONIC SECTIONS. 


226. ‘Tux method of applying algebra to problems relating to 
conic sections is essentially the same as that employed in the 
case of the right line and circle, and will present no difficulty to 
any reader who has carefully worked out the examples given in 
Chaps. III. and VII. We, therefore, only think it necessary to 
select a few out of the great multitude of examples which lead to 
loci of the second order, and we shall then add some properties of 
conic sections which it was not found convenient to insert in the 
preceding chapters. 

Example 1. To jind the locus of a point such that its distance 
from a fixed point (xy) may be in a constant ratio to its distance 
from a fined right line. 

If we take the fixed line for the axis of w, the equation of the 


locus will be (a 2’)? + (y—y)? = ey? 
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Since the term zy is wanting in this equation, it will represent 
an ellipse, hyperbola, or parabola, according as the co-efficient of 
y? is positive, negative, or cypher (Art. 129), that is, according as 
eis less, greater, or equal to 1. 

This is the converse of Art. 191. 


Ex. 2. A line of constant length moves Ys 
° . N 2 
about in the legs of a given angle: to find 
the locus described by a fixed point on tt. 
By similar triangles Oo M K 


Oe ek 
m 7 


(denoting PL by n, PK by m, and LK by J), 
but since LK? = OL? + OK? —- 20OK.0OL cosw, 


we have R Py? F Px? 2Pxycosw 
me n? mn o°.' 
or ze y* 2eycosw l 
ee ; 


ft 2 We inh 
the equation pb ahnellipss having the point O for its centre, since 


B? — 4AC is here negative, being = — sin? @. 


This is an extension of the principle of the elliptic compasses 


(Art. 176). 


Ex. 3. If P be a fixed point, and LK any right line drawn 5S » > 


through it, to find the locus of intersection of the parallels to OK, 
OL, through the points L and K. 

Kx. 4. Or of perpendiculars erected to OK, OL, through the 
same points. 

Ex. 5. [fa point Q be taken on LK s0 that QK = PL, to find 


its locus. 


Ex. 6. Two equal rulers, AB, AC, are B 
connected by a pivot at B; the extremity A iS 
is fixed, while the extremity C is made to 
traverse the right line AC; find the locus « C 


described by any fixed point P on BC. 
Ex. 7. Gwen base and difference of base angles of a triangle : 
to find the locus of vertex. 


We may proceed exactly as at page 87, where the sum of the 


4 
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base angles is given. The locus will be found to be an equilateral 
hyperbola, of which the base is a diameter. The difference of 
base angles being given, it is easy to see that the internal and ex- 
ternal bisectors of the vertical angle must be parallel to fixed 
lines, and these lines will be parallel to the asymptotes of the 
locus. Conversely if we consider the triangle whose base is any 
diameter of an equilateral hyperbola, and whose vertex is on the 
curve, the sides are parallel to conjugate diameters (Art. 174); 
but conjugate diameters of an equilateral hyperbola make equal 
angles with the asymptotes (Art. 169). 

Ex. 8. Given base and the product of the tangents of the base 
angles of a triangle: find the locus of vertex. 

It will be a conic section, of which the extremities of the base 
are vertices. ‘This is the converse of Art. 166. 

Ex. 9. Given base and the product of the tangents of the halves 
of the base angles : find the locus of vertex. 

It will be an ellipse, of which the extremities of the base are 
the foci. | 

Ex. 10. Given base and sum of sides of a triangle: find the 
locus of the centre of the inscribed circle. 

It may be immediately inferred, from the last two examples, 
that the locus is an ellipse, whose vertices are the extremities of 
the given base. 

Ex. 11. Given the vertical angle of a triangle in magnitude and 
position, and also the area: find the locus of a point dividing the 
base in a given ratio. 


227. If a curve be such that the distance of any point of it from 
a fixed point can be expressed as a rational function of the first de- 
gree of tts co-ordinates, then the curve must be a conic section, and the 
fixed point its focus.* | 
For, if the distance can be expressed 
p= Aw + By AF C, 
since Aw + By + C is proportional to the perpendicular let fall on 
the right line whose equation is (Aw + By + C = 0), the equation 
signifies that the distance of any point of the curve from the fixed 


* See O’Brien’s Co-ordinate Geometry, p. 89. 
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point is in a constant ratio to its distance from this line, and, 
therefore (Art. 226, Ex. 1), the curve is a conic section, of which 
the fixed point is a focus. 

If p be a rational function of the co-ordinates of a degree 
higher than the first, we have 


J (#2 4+ y?) = A+ Be + Cy + Da? + Hay + &., 


and it is evident that, if we clear the equation of radicals, the 
curve will be of a degree higher than the second. 


228. Ex.1. Jf any variable tangent to a central conic section 
meet two fixed parallel tangents, tt will intercept portions on them, 
whose rectangle is constant, and equal to the square of the semi- 
diameter parallel to them. 

Let us take for axes the diameter parallel to the tangents and 
its conjugate, then the equation of the curve will be 


we 

at gant 
and the equation of the variable tangent 

wa yy 

a ot Re =< [, 


The intercepts on the fixed tangents are found by making 2 alter- 
nately = + a’, and we get 


and, therefore, their product is 


Ue ct eta 
welled bay 


but, from the equation of the curve 


ie v2 ; 
(I~) 


therefore the product = 0”. 

Ex. 2. The same construction remaining, the rectangle under 
the segments of the variable tangent is equal to the square of the dia- 
meter parallel to it. 

For, the intercept on either of the parallel tangents is to the 
adjacent segment of the variable tangent as the parallel semi- 
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diameters (Art. 147) ; therefore, the rectangle under the intercepts 
of the fixed tangents is to the rectangle under the segments of the 
variable tangent as the squares of these semidiameters; and, since 
the first rectangle is equal to the square of the semidiameter pa- 
rallel to it, the second rectangle must be equal to the square of 
the semidiameter parallel to 2¢. 

Ex. 3. If any tangent meet any two conjugate diameters, the 
rectangle under its segments is equal to the square of the parallel 
semidrameter. 

Take for axes the semidiameter parallel to the tangent and its 
conjugate, then the equation of the curve will be 

prierat 


and, if the equation of any diameter be 


/ 


mL 
y ae 


that of its conjugate ier be 
+ WY — 0 (Art. 166). 


a + 92 
The intercepts on the tangent are found by making wv =a’ to be 
“i 
= La a, and y = a 


whose rectangle is ee =O": 

We might, in like manner, have given a purely algebraical 
proof of Ex. 2. 

Hence, also, 7f the points be joined to the centre where two pa- 
rallel tangents meet any tangent, the joining lines will be conjugate 
diameters. 

Ex. 4. Given, in magnitude and position, two conjugate dia- 
meters, Oa, Ob, of a central conic, to determine the axes. 

The following construction is founded 
on the theorem proved in the last example: 
Through a, the extremity of either diameter, 
draw a parallel to the other, it must of course 
be a tangent to the curve. Now on Oa take 
a point P, such that the rectangle Oa.aP= O28? 
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the hyperbola), and describe a circle through O, P, having its 
centre on ac, then the lines OA, OB, are the axes of the curve; 
for, since the rectangle Aa. aB = Oa. aP = O0?, the lines OA, OB 
are conjugate diameters, and since AB is a diameter of the circle, 
the angle AOB is right. 

In the case of the hyperbola it is more simple to find the 
asymptotes by Art. 198, and thence the axes. 

Ex. 5. Given any two semidiameters, if from the extrenuty of 
each an ordinate be drawn to the other, the triangles so formed will 
be equal in area. 

Ex. 6. Or if tangents be drawn at the extremity of each, the 
triangles so formed will be equal in area. 


229. We shall in this Article illustrate the use of the eccentric 
angle in simplifying formule. 

Ex.1. To jind the locus of the intersection of the focal radius 
vector FP with the radius of the circle CQ. 


Let the central co-ordinates of P be 2’y/’, of Q 
O xy, then we have, from the similar triangles, 
FON, FPM, 


i A a 
@+e aw+e a(et+cosd) 


Gf we substitute for w’ and 7 the values acos¢, 
bsing, Art. 175). Now, since ¢ is the angle 
made with the axis by the radius vector to the point O, we at 
once obtain the polar equation of the locus by writing p cos@ 
for x, psing for y, and we find 
p b 
C+pcosp a(e+cosd) 
or be 
P e+ (a—b)cosp 

Hence (Art. 193) the locus is an ellipse, of which C is one focus, 
and it can easily be proved that F is the other. 

Ex:2. The normal at P is produced to meet CQ: find the locus 
of their intersection. 

The equation of the normal is (Art. 181) 


a’x bey . 
a — ox 


x / yf 
yoke 


iit 
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or (Art. 175) ae by 


——~=¢; 
cos@ sing 


? 
but we may, as in the last example, write pcos¢ and psing for «x 
and y, and the equation becomes 


(a - b)p=e, 
or p=atb. 


The locus is, therefore, a circle concentric with the ellipse. 
Ex. 3. It is useful in astronomy to express the angle PFC in 
terms of the angle ¢. It will be found that 


Yc s 
tan ¢ PEC = V (=) tand ¢. 


Ex. 4. If from the vertex of an ellipse a radius vector be drawn 
to any point on the curve, find the locus of the point where a parallel 
radius through the centre meets the tangent at the point. 

The tangent of the angle made with the axis by the radius 


/ 


vector to the vertex = 7 therefore, the equation of the paral- 


+a’ 
lel radius through the centre is 
y y bsing 


a @+a  a(l+cosdy 
and we seek the locus of the intersection of this line with the tan- 
gent 


= COs¢ + sing = 17(Art. 178). 


The first equation may be written 


y 6 (1—cos¢) 
“za sing ” 


or 


re a 
° 


. v 
sin @ oar COS == 
a 


gr ONES 


The locus is, therefore, ae 1, the tangent at the other extremity 


of the axis. 

The same investigation will apply, if the first radius vector be 
drawn through any point of the curve, by substituting a’ and 0’ 
for a and 6, the locus will then be the tangent at the diametrically 
opposite point. 
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230. Ex.1. To find the locus of the intersection of tangents to 
an ellipse or hyperbola which cut each other at right angles. 

Let us denote by p, p’, the perpendiculars from the centre on 
the two tangents, then (Art. 173) 


p? = @ cos*a + b?sin?a; 
but, since the tangents are at right angles, we have 
p? = a* sin?a + b?cos?a. 
Now the square of the distance of the centre from the intersection 


of any two lines at right angles, is equal to the sum of the squares 
of its distances from the lines themselves, or 
p? = p? + p? =a? + Be. 
The locus is, therefore, a circle concentric with the given conic. 
Ex. 2. To draw a normal to an ellipse or hyperbola passing 
through a given point. 
Let the point on the curve at which the normal is drawn be 
XY, then its equation is (Art. 181) 


LOE AEN 

DT aOy'e ‘ 
and if this normal passes through a fixed point wy’, we have the 
relation ata! bY m4 

en Y: 


Hence the points on the curve, whose normals will pass through 
(wy), ave the points of intersection of the given curve with the 


hyperbola Cay = aay — by'x. 


231. The equation of the polar of any 
point being given by the equation 


a a 
the student will have no difficulty in find- 
ing the lengths of the perpendiculars on this polar from the 
centre and the foci, or in establishing the following theorems 
(see note, p. 168). 

Ex.1. CM.PN’=2?. This is analogous to the theorem that 
the rectangle under the normal and the central perpendicular is 


constant. 
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Hx. 2..PN.NN = = (a — &x’?). When P is on the curve 


this equation gives us athe known expression for the normal 
= ee (Art. 182). 

‘Ey. 3. FG.FG =CM.NN’.. When P is on the curve this 
theorem becomes FG. I’G’ = 0?. 


232. If two fixed points (ay), (ay), on an hyperbola, be joined 
to any variable point (ay), the portion which they intercept on 
either asymptote rs constant. 

If we take the asymptotes for our axes of co-ordinates, the 
equation of any chord is (Art. 203) 

avy + Ya sya’ + RB. 


If we make in this equation y=0, we find, for the intercept 
from the origin on the axis of a, 
ae ela a, 
In like manner, the intercept made by the other chord 1s 
Diced ees 
and the difference between these 2’ — x” is independent of the po- 


LL LA 


sition of the variable point ay”. 


233. Ex.1. To find the angle subtended at the focus by the tan- 
gent drawn to a central conic from any point (xy). 

Let the point of contact be («y’), the centre being the origin, 
then, if the focal radii to the points (wy), (‘7’), be p, p, and make 
angles 6, 0’, with the axis, it is evident that 


/ 


et Cs 1 (FLED OE Cu abtay  erereue’l, 
cos 9 = ——, sin =" ; cos f = ; sin 0’ = %. 
v p i 


p 
Hence oon OE Oe (x +c) (a + c) + yy 
pp 
but from the equation of ne, tangent we must have 
ay 
tery =], 


Substituting this value of yy’, we get 


19 
@ 


PP COS (6 a ’) = UU + CU + CH + ¢% — ie -/- b 9 
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or pp cos(0-6@) = eaa'+ ca + cx'+ a = (a+ ex) (a+ ex’); 
or, since p = a@ + ea’, we have 


cos(9 - #) = 


at Cu » 


Since this value depends solely on the co-ordinates (ay), and 
does not involve the co-ordinates of the point of contact, either 
tangent drawn from (wy) subtends the same angle at the focus 
(see Art. 224). 

Ex. 2. It can in like manner be proved, that if the conic sec- 


tion be a parabola, p 


wv + a 
4. 
0 a 0 = ° 
cos ( ) - 


Ex. 3. Jf normals be drawn at the extremities of any focal 
chord, a line drawn through their intersection parallel to the axis will 
bisect the chord. 

Ex. 4. A line joining the intersection of the focal normals to the 
intersection of the corresponding focal tangents will pass through the 
other focus. 

Ex. 5. If the ordinate at any point of a conic be produced to 


meet the tangent at a focus, its whole length will be equal to the dis- le 


tance of the point from that focus. 
Ex. 6. Lf from the focus a line be drawn, making a given angle 
with any tangent, find the locus of the point where it meets tt. 


234. If through any point on a conic two lines at right angles to 
each other be drawn to meet the curve, the line joining their extremi- 
ties will pass through a jfiwed point on the normal. 

Let us take for axes the tangent and normal at the given 
point, then the equation of the curve must be of the form 

Az? + Bay + Cy? + Ky = 0 
(for F =0, because the origin is on the curve, and D = 0 (Art. 
132), because the tangent is supposed to be the axis of w, whose 
equation is y= 0). 
Now let the equation of any two lines through the origin be 


a+ pay + gy? = 0. 


* This very simple expression is taken from O’ Brien’s Co-ordinate Geometry, p. 156. 
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Multiply this equation by A, and subtract it from that of the 
curve, and we get 
(B- Ap) «ey + (C-Agq)y? + Ey = 0. 
This (Art. 48) is the equation of a figure passing through the 
points of intersection of the lines and conic; but it may evidently 
be resolved into the two equations 
ans 
the tangent at the given point, and 
(B-Ap)#+(C-Ag)y+E=0, 
which must be the equation of the chord joining the extremities 


of the given lines. 
The point where this chord meets the normal (the axis of y) 


is = ie G3 but if the lines are at right angles g = — 1 (Art. 74), 
and the intercept on the normal has the constant length 

aaa! 3 

SAC 


This theorem will be equally true if the lines be drawn so as 
to make with the normal angles, the product of whose tangents 
is constant, for, in this case, g is constant, and, therefore, the in- 


- is constant. 


i 
tercept Ago 


235. Given two conte sections, to find the locus of the pole, with 
respect to one, of any tangent to the other. 
Let their equations be 


a2 op 
—=+5-=1, 
GQ? eee? 


Ax? + Bay + Cy? + De +-Ey + F = 0, 
the polar of any point, with regard to the second, is (Art. 139) 
(2Aa' + By’ + D) & + (2Cy'+ Ba’ + E) y + Da’ + Ey’ + 2F = 0. 
But the condition that this should touch the first is (Art. 163) 
a. (2Aa + By + D)? + 6%. (2Cy' + Ba’ + EB)? = (De' + Ey’ + 2F)?. 
This condition, which must be satisfied by the point (xy), is the 


equation of its locus, and is plainly of the second degree. 
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236. Ex. 1. lf a quadrilateral, ABCD, be inscribed in a conic 
section, any of the points EK, F, O, ts the pole of the line joining the 
other two. 

This is only another mode of stat- 
ing the first theorem in Art. 143; for 
since EC, ED, are two lines drawn 
through the point E, and CD, AB, Cc 
one pair of lines joining the points ee am 
where they meet the conic, these lines hia 
must intersect on the polar of E; so A B 
must also AD and CB; therefore, the 
line OF is the polar of E. In like manner it can be proved that 
EF is the polar of O, and EO the polar of F. 

The theorem in Art. 143 also furnishes us with a solution of 
the problem, “ ‘To draw a tangent to a given conic section from a 
point outside, with the help of the ruler only.” 

For we have only to draw any two lines through the given 
point E, and to complete the quadrilateral as in the figure, then 
the line OF will meet the conic in two points, which, being joined 
to E, will give the two tangents required. 

Ex. 2. If a quadrilateral be circumscribed about a conic section, 
any diagonal is the polar of the intersection of the other two. 

We shall prove this theorem, as we might have proved the 
last, by means of the harmonic properties of.a quadrilateral. It 
was proved (Art. 59) that HA, EO, EB, EF, are an harmonic 
pencil. Hence, since EA, EB, are, by hypothesis, two tangents 
to a conic section, and EF a line through their point of intersec- 
tion, by Art. 144 EO must pass through the pole of EF; for the 
same reason, FO must pass through the pole of EF: this pole 
must, therefore, be O. 

Ex. 3. Given four points on a conic section, to find the locus of 
ats centre. 

Let us take for axes any two opposite sides of the quadrilate- 
ral passing through the four given points. Now, the general 
equation of a conic being 

Aw + Bey + Cy? + Dz + Ey + 1 = 0, 
the intercepts on the axis of « are found from the equation 
Av? + De+1=0; 


EK 
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and these intercepts being given, A and D are given. In like 
manner, it is proved that C and E are given, so that B is the only 
indeterminate which remains in the equation. Now the co-ordi- 
nates of the centre must satisfy the equations 

2Ae + By+D=0, 

2Cy+ Be + H=0; 
and if from these equations we eliminate B, we obtain the equa- 
tion of the locus, 

2Ax® — 2Cy?+ Da - Hy = 0. 

The condition that the axes should touch the curve is (Art. 
129) D?=4AF and HK? =4CF. It will be found that, in this case, 
the locus will become the line bisecting the chord of contact, as 
is evident geometrically. 

Ex. 4. Given four points on a conic section, the polar of any 
fixed point will pass through a fixed point. 

The equation of the polar of any point (2’y’) is 

(2Ax' + By + D)# + (2Cy' + Ba'+ E) y+ Da'+ Ey + 2F =0. 
Now, if in this equation we suppose B indeterminate, since it only 
enters in the first degree, the line must pass through a fixed point 
(Art. 69). 

Ex. 5. Given four tangents to a conie section, the locus of the 
centres is the line joining the middle points of the diagonals, 

Kx. 6. And the locus of the pole of any fixed right line rs a right 
line. 


237. To find the locus of the pole of a fixed line with regard to 
a series of concentric and confocal conie sections. 


We know that the pole of any line (= + 2 = ) with regard 


y? 
b2 
and ny = b? (Art. 164). 

Now, if the foci of the conic are given, a b? = ¢? is given; 
hence, the locus of the pole of the fixed line is 

Mme - ny = Cc, 

the equation of a right line perpendicular to the given line. 

If the given line touch one of the conics, its pole will be the 
point of contact (Art. 132). Hence, given two confocal conics, if 


hed 
to the conic (S +*% =1), is found from the equations mx = a? 
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we draw any tangent to one and tangents to the second where this 
line meets it, these tangents will intersect on the normal to the first 
conte. 

We have already mentioned two other important properties 
of confocal conics (Arts. 187 and 189).. 
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238. Any two figures are said to be similar and similarly 
placed, if radii vectores drawn to the first from a certain point O 
are in a constant ratio to parallel radu drawn to the second from 
another point 0. If it be pos- 
sible to find any two such 
points O and o, we can find 
an infinity of others; for, take | 
any point C, draw oc par acne 


; a wags : 
to OC, and in the constant ratio hes then from the similar tri- 


-angles OCP, ocp, cp is parallel to CP, and in the given ratio. In 
like manner, any other radius vector through ¢ can be proved to 
be proportional to the parallel radius through C. 

If two central conte sections be similar, all diameters of the one 
are constantly proportional to the parallel diameters of the other, 
since the rectangles OP.OQ, op.og, are proportional to the squares 
of the parallel diameters (Art. 147). 


239. We now propose to investigate the condition that two 
conic sections, whose equations are given, 
Ax? + Bay + Cy? + Dv + Hy + F = 0, 
an* + bay + cy? + dx +ey + f=), 
should be similar, and similarly placed. 
The equation of the first, referred to its centre as origin, must 
(Art. 149) be of the form 
| Aa? + Bay + Cy? = F, 
and the square of any semi-diameter 
Pr 


Peet bet OEUVRE Si MOC Mes Bt 
R A. cos?§ + Beos@ sin@ + Csin?0’ 


the square of a parallel semi-diameter of the second is 
) 
“a D 
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y" 
2 
~ 


~ acos?@ + bcos@sin@ + esin?@ 


i? 


Puente 
The ratio — cannot be independent of 0 unless we have 
Y pas 


sei 
Gas aes 


Hence, two conic sections will be similar, and similarly placed, 
af the co-efficients of the highest powers of the variables are the same 
in both, or only differ by a constant multiplier. 


240. It is evident that the directions of the axes of similar 
conics must be the same, since the greatest and least diameters 
of one must be parallel to the greatest and least diameters of the 
other. 

If the diameter of one become infinite, so must also the pa- 
rallel diameter of the other, that 1s to say, the asymptotes of similar 
and similarly placed hyperbole are parallel. The same thing fol- 
lows from the result of the last Article, since (Art. 152) the direc- 
tions of the asymptotes are wholly determined by the highest 


terms of the equation. 
ae Be 
must 


Similar conics have the same eccentricity; for : 
| a 


maz — mb? 


be = 


+ Similar and similarly placed conic sections 
m*a* 


have hence sometimes been defined as those whose axes are pa- 
rallel, and which have the same eccentricity. 

If two hyperbole have parallel asymptotes they are similar, 
for their axes must be parallel, since they bisect the angles be- 
tween the asymptotes (Art. 152), and the eccentricity wholly 
depends on the angle between the asymptotes (Art. 161). 


241. Since the eccentricity of all parabole is constantly = 1, 
we should be led to infer that all parabole are similar and simi- 
larly placed, the direction of whose axes is the same. Since, how- 
ever, the investigation of Art. 239 only applies to central conics, 
it is necessary to give a separate proof of this theorem. The 
equation of one parabola, referred to its vertex, being 9? = pz, or 


_ pcosé 


~ gin?’ 


SIMILAR CONIC SECTIONS. 203 


it is plain that a parallel radius vector through the vertex of the 


other will be to this radius in the constant ratio ty 


242. Hx.1. Lf on any radius vector to a conic section through a 
fixed point O, OQ be taken in a constant ratio to OP, find the locus 
of Q. 

The investigation is precisely the same as at page 98, and the 
locus will be found to be a conic similar to the given conic, and 
. similarly placed. 

The point O may be called the centre of similitude of the two 
conics, and it can be proved, as at page 99, that the centre of sim1- 
litude is the point where common tangents intersect. 

Ex. 2. [f a pair of radi be drawn through a centre of similitude 
of two similar conics, the chords joining their extremities will be 
either parallel, or will meet on the chord of intersection of the contes. 

This is proved precisely as at page 112. 

Ex. 3. Given three similar conics, their six centres of similitude 
will lie three by three on right lines (see figure, page 114). 

Ex. 4. Lf any line cut two similar and concentric conics, its parts 
intercepted between the conics will be equal. 

Any chord of the outer conte which touches the interior, will be 
bisected at the point of contact. 

These are proved in the same manner as the theorems at page 
172, which are but particular cases of them; for the asymptotes 
of any hyperbola may be considered as a conic section similar to 
it, since the highest terms in the equation of the asymptotes are 
the same as in the equation of the curve. 

Ex. 5. If a tangent drawn at V, the vertex of the inner of two 
concentric and similar ellipses, meet the outer in the points 'T and T’, 
then any chord of the inner drawn through V is half the algebraic sum 
of the parallel chords of the outer through 'T and T’. 


243. Two figures will be similar, although not similarly 
placed, if the proportional radii make a constant angle with each 
other, instead of being parallel; so that, if we could imagine one 
of the figures turned round through the given angle, they would 
be then both similar and similarly placed. 

If we wish to find the condition that the two conic sections, 


a —— ne 


| 
204 SIMILAR CONIC SECTIONS. ; 


Aa? + Bay + Cy? + Da + Ey + F = 0, 
ax® + bay +cy? +dxe +ey + f =0, 
should be similar, even though not similarly placed, we have only 
to transform the first equation to axes making any angle 0 with 
the given axes, and examine whether any value can be assigned | 
to @ which will make the co-efficients of the highest powers of the 
variables proportional to the co-eflicients in the second equation. 
We thus obtain the two conditions (Art. 153) 
A cos? @ + Boos @ sin 8 + C sin? 6 a 
B (cos? — sin?0) — 2(A — GC) sinOcos0 0’ 
A sin? @ — Beos@ sin@ + C cos?@ C 
B (cos? @ — sin?@) — 2(A = C) sin@ cos 0’ 
from which, if we eliminate 6, we shall have the required con- 
dition. 

Now if the curves be hyperbola we may evade the trouble of 
elimination, for, in order that it should be possible to turn the 
asymptotes of one parallel to those of the other, itis necessary that 
they should contain the same angle, or (Art. 74) that 

B?-4AC_ b?-4ac 

(A+C) (atc)? 
This, therefore, must be the result of the elimination if the curves 
be hyperbole, but it is evident that the result of the elimination 
must be the same whatever be the values of a, b, ¢; hence, in . 
every case, the result of the elimination, as the reader may easily : 
verify, will be Be-4AC  b?-4Aac, 
This is, therefore, in general, the condition that two conic sections 
should have the same eccentricity. 

We wish the reader to examine attentively the force of the 
proof employed in this Article, because it affords one of the 
earliest examples of the use which we shall make of the law of 
continuity, viz., that, being given any figure in its most general 
state (where certain points, lines, &., are real), then any property © 
of that figure not involving those points or lines will be true of 


CaS | 


—_— Ts, 


eee il el, ee, i 


any particular state of that figure, even where some of those lines 


* This condition was communicated to me by Mr, Jellett. 
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or points are imaginary. ‘Thus, for example, any property of the 
_ hyperbola not involving the asymptotes will be true of the ellipse 
(whose asymptotes are imaginary); and we shall be safe in assert- 
ing this, even if it were the consideration of the asymptotes which 
had originally led us to the property of the hyperbola. We 
should, in most cases, be able to justify this inference by showing 
that there was some other method of proof which must hold good, 
and bring out the same result in all cases; and that, therefore, if 
we can ascertain in any case what that result must be, we know 
it for every case. In the present question, for instance, the me- 
thod of transformation must bring out the same result in all cases; 
but in the case of the hyperbola, the consideration of the asymp- 
totes showed us at once what this result must be: we were thus 
enabled, without the trouble of elimination, to arrive immediately 
at the required condition. 


li se 


THE CONTACT OF CONIC SECTIONS. 


244. We proved (Art. 18) that we obtain an equation of the 
mn” degree to determine the co-ordinates of the points of inter- 
section of two curves of the m and n'* degrees. Hence, two conic 
sections will in general intersect in four points. 

If two of these points of intersection coincide, the conic sec-~ 
tions are said to touch each other, and the line joining the coinci- 
dent points will be the common tangent. 

Let the equations of the conics, referred to the tangent and 
normal, be (Art. 234) 

Aw? + Bay + Cy? + Hy = 0, 

Av’? + Bay + Cy? + Ky = 0, | 
then the equation of the line (LM) joining the other two points , 
of intersection will be, as in Art. 234, 


(BA’- AB’) «+ (CA’- AC) y+ (EA’- AE’ =0. 
This is called a contact of the first order. 
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three of their points of intersection coincide. In this case one of 
the points L, M, must coincide with T’, the line LM must pass 
through the origin, and we must have the condition 
KA’ - AH’ =0. 

This is called a contact of the second order. Curves which have a 
contact higher than the first order are said to oscwate, and it ap- 
pears that conics which osculate, in general, meet each other in 
one other point. 

The contact of two conics will be the closest possible when 
they have jour consecutive pointsin common. In this case the 
line LM must coincide with the tangent at T(y=0), and we 
must have the two conditions 

HA’ - AEH’=0, BA’ - AB'=0. 
This is called a contact of the third order ; and since two conic 
sections cannot have more than four points common, it is the 
highest order of contact which two different conics can have. 

Hence, if the equation of one curve be 

2? + Bay + Cy? + Ey = 0, 
that of the other will be 
2+ Bey + Cy? + Hy = 0. 


245. Hence an infinity of conic sections can be drawn having 
a contact of the third order with a given conic at a given point, 
and any one condition will enable us to determine the touching 
conic. ‘Thus, for example, the parabola having a contact of the 
third order with the conic 

2 + Bay + Cy? + Hy = 0 
vA a? + Bay + = + Ky=0. 

We cannot describe a circle to have a contact of the third or- 
der with a given conic, because éwo conditions must be fulfilled in 
order that this equation should represent a circle; or, in other 
words, we cannot describe a circle through four consecutive points 
on a conic, since three points are sufficient to determine a circle. 
We can, however, easily find the equation of the circle passing 
through three consecutive points on the curve. This circle is 
called the osculating circle, or the circle of curvature. 


El ——— ee a 
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The equation of the conic being 
Aw? + Bry + Cy? + Hy = 0, 
that of any circle touching it is (Art. 82, IV.) 
Aw? + Ay? - 2Ary = 0, 
and the condition that the circle should osculate is (Art. 244) 
; 1) 
EK = 2Az, Ae oar 
The quantity 7 is called the radius of curvature of the conic at 
the point T. 


246, To find an expression for the radius of curvature at any 
point of an ellipse. 

It is plain, from the last Article, that this would be done if we 
could transform the equation to the tangent and normal at the 


point. 
The equation referred to a diameter through the point and its 
E soaoulh : . 
conjugate (5 + = 1}, when transferred to the given point, 
becomes Bek GPs Angee 


a 6 @ 
The axes are now a tangent and diameter through the point, but 
if, allowing the axis of y to remain unaltered, we make the nor- 
mal the axis of 2, we must substitute (Art. 13) 
x x 
—— for #, and y - ——, for 
aimee. I~ 4 y 


n@ an @ 


where @ is the angle which the diameter makes with the tangent. 


The new co-efficient of x will, therefore, be ena and of y? 
: 1 b 
will be —; hence the radius of curvature will be ———.. Now 
62 a sin @ 


a sin @ is the perpendicular from the centre on the tangent, there- 
: Kp, 
fore the radius of curvature = a 


Hence, also (Art. 170), 4 b3 


247. This value enables us to construct simply for the radius 
of curvature at any point. We proved (Art. 182) that the length 


\ * 
_ 
Fe 
a 
waa d 
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/ 


of the normal = = and that cosy = A (fb being the angle between 


the focal radius and the normal); hence : 
ee 
cos” fp 

If, therefore, we erect a perpendicular to P 


the normal at the point where it meets the 

axis, and again at the point Q, where this 

perpendicular meets the focal radius, draw 

CQ perpendicular to it, then C will be the centre of curvature, 
and CP the radius of curvature. 

Another useful construction is founded on the principle that 
if a cirele intersect a conic, tts chords of intersection will make equal 
angles with the axis. For, the rectangles under the segments of 
the chords are equal (Hue. III. 35), and therefore, the parallel 
diameters of the conic are equal (Art. 147), and, therefore, make 
equal angles with the axis (Art. 156). 

Now in the case of the circle of curvature, the tangent at T’ 
(see figure, p. 205) is one chord of intersection, and the line TL 
the other; we have, therefore, only to draw TL, making the 
same angle with the axis as the tangent, and we have the point 
L; then the circle described through the points T, L, and touch- 
ing the conic at T, is the circle of curvature. 

This construction shows that the osculating circle at either 
vertex has a contact of the third degree. 


248. The radius of curvature of the parabola is found by the 
same method. 
The equation, referred to any diameter and tangent (7? = p’2), 
is transferred to the tangent and normal by the same substitution 
.as in Art. 246, and we find : 

} 


‘ 


be hi 
2sin@’ 
or since (Arts 214, ee 
N N 
Ne E sind, eee aca 
The construction, vem used in the last Article, applies also to 
the case of the parabola. 
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Ex. 1. Jn all the conic sections the radius of curvature ts equal to 
the cube of the normal divided by the square of the semi-parameter. 

Ex. 2. Express the radius of curvature of an ellipse in terms of 
the gees which the normal makes with the axis. 

Ex. 3. Find the lengths of the chords of the circle of curvature 
which pass through the centre or the focus of a central conic section. 

aes 2b? 

They will be found = —-, and —. 

Ex. 4. The focal chord of curvature oe any conic is equal to a 
focal chord of the conic drawn parallel to the tangent at the point. 

Ex. 5. In the parabola the focal chord of curvature is equal to 
the parameter of the diameter passing through the point. 


OHA EE ROXIE: 
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249. Ir S=0 and S’=0 be the equations of two conic sec- 
tions, then (page 48) S-—£S’=0 (where & is any constant) is the 
equation of another conic passing through the real or imaginary 
points of intersection of S and 8S... These points are in number 
four, for we proved (Art. 18) that we obtain an equation of the 
mn‘* degree to determine the co-ordinates of the points of inter- 
section of two curves of the m and n™ degrees; but since an 
equation of the mn‘ degree has always mn roots, real or imagi- 
nary, we infer (as in Art. 73) that a curve of the m" degree will 
always intersect a curve of the n‘* degree in mn points,* and in 
the particular case where m=n = 2, that two conic sections always 
intersect each other in four points, real or imaginary. 


250. Before we proceed to the investigation of the properties 
of curves represented by the equation S —£S’=0, we wish to call 
the reader’s attention to some of the particular equations included 
under this general form. 


+ 


* It follows hence, conversely, that if we could tell the number of veal and imaginary 
points in which any right line is cut by a given curve, we should know the degree of the 
curve. We shall apply this principle, in Part III., to the investigation of loci. 


25 
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I. If the equation S’ be resolvable into two factors, and re- 

present the two right lines a= 0, 6 =0, our equation will take 
the form S - kaB = 0. 
This equation, which must evidently be satisfied by the co-ordi- 
nates of the points where either a or (3 meets 5, is, therefore, the 
equation of a conic having the lines a and [3 for its chords of inter- 
section with S. If either a or (3 do not meet S in real points, it 
must still be considered as a chord of imaginary intersection, and 
will preserve many important properties in relation to the two 
curves, as we have already seen in the case of the circle (Art. 108). 
We have already met with a particular case of the equation 
S — kaf3 = 0, when the axes (c =0, y = 0) are the two chords of 
intersection (see Ex. 3, p. 200, where we proved that the equations 
of two conic sections will only differ in the co-efficient of wy, if 
their chords of intersection be the axes of co-ordinates). 

If. Ifthe lines a, (3 coin- 
cide, thatis, if S’ be a perfect 


square, the equation becomes (\ 


The points P, p; Q, g, coin- Q 4 nd 
cide, and the equation represents a conic having double contact with 
S, and whose chord of contact is a. 

If, however, the line a be a tangent to 8, the two points P and 
Q will also coincide, and the conics, having four consecutive points 
in common, will have with each other a contact of the third degree 
(see Art. 244, where this was proved, in the particular case where 
a is the axis of x, for we there showed that the equations of two 
such conics will only differ in the co-efficient of y?). 

III. The forms just given receive important modifications, if 
either of the lines which they contain be altogether at an infinite 
distance. We proved (Art. 64) that when a line is removed to 
an infinite distance, its equation is reduced to the constant term. 
Hence, if the line (3 be altogether at an infinite distance, the 
equation S — kaf3 becomes 
| S — ka’ = 0 
(where 3’ is a constant which, although we might combine with 
k into a single constant, yet we prefer writing in such a form as 
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will make the analogy with I. more apparent). This is, there- 
fore, the equation of a conic intersecting S in the two points where 
a meets it, and also in the two real, imaginary, or coincident 
points, in which a line at infinity ((3’) meets the curve. 

Tt is evident that the curves S and S - ka/3’ must have the 
quadratic terms in their equations the same, since ha/3’ cannot 
contain the terms w?, wy, or y?; hence these equations represent 
conics similar and similarly placed (Art. 239). We learn, there- 
fore, that two conics, similar and similarly placed, can only cut each 
other in two finite points, and that this is because they also cut each 
other in two real, coincident, or imaginary points at infinity. 


251. It may be satisfactory to the learner to see the last result 
confirmed by geometrical considerations. 

First. If the curves be hyperbola. The asymptotes of similar 
hyperbole are parallel (Art. 240), that 


is, they intersect each other at infinity ; 


Y 


but each asymptote intersects its own 
curve at infinity; hence we infer that 
similar and similarly placed hyperbole 
intersect each other in the two points at 
infinity, where each is intersected by its 
own asymptotes (see the figure, where 
the two hyperbole evidently tend to intersect at the two points 
at infinity, where OX meets ov, and OY meets oy). 

Secondly. If the curves be ellipses. Ellipses only differ from 
hyperbole in having imaginary instead of real asymptotes. The 
directions of the points at infinity on either of two similar ellipses 
are determined from the same equation (Aw? + Bey + Cy? = 0) 
(Arts. 127 and 239). Now, although the roots of this equation 
are in both cases imaginary, yet they are in both cases the same 
imaginary roots; we infer, therefore, that two similar ellipses pass 
through the same two imaginary points at infinity. 

Thirdly. If the curves be parabola. The equation which 
determines the direction of the point at infinity on a parabola is 
a perfect square (Art. 129); the two points at infinity, therefore, 
coincide; and from our definition of a tangent (Art. 83) we learn, 
that every parabola has one tangent altogether at an infimite distance, 
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an important theorem, of which we shall make frequent use here- 
after, and which we shall otherwise arrive at (Art. 255, LX.) 
The direction of the point at infinity is the same as that of the 
diameters of the parabola (Art. 136), and is, therefore, the same 
for two similarly placed parabole (Art. 241). Hence, two simi- 
larly placed parabole intersect in two coincident points at infinity, 
or, in other words, they touch each other at infinity. 


252. IV. We return to examine the form assumed by the 
equation S — fa? = 0, when the line a is at an infinite distance. 
[t then becomes ee ee) 


(where / and a are both constant, which, as in Art. 250, we write 
separately for the sake of analogy). ‘This equation, therefore, 
being a particular case of IT., represents two conics having double 
contact with each other, both points of contact being on the line 
a’, that is to say, at an infinite distance. IfS be a parabola, 
then, by the last Article, the line (a’) at infinity touches it, and, 
therefore, the curve S — ka? will have with it a contact of the 
third order at infinity. 

Now, if the equation of two conics only differ in the constant 
terms, since the co-ordinates of the centre (Art. 134) do not con- 
tain F’, they must have the same centre; and since the first three 
terms are the same, they must be similar (Art. 239): hence the 
equation (S — ka? = 0) represents a conic similar and concentric 
with S. We learn, therefore, that stmilar and concentric conics 
may be considered as touching each other in two points at an infinite 
distance. ‘This is otherwise evident if the curves be hyperbola, 
for, as we proved before, they pass through the same points at in- 
finity, and, since they have the same asymptotes, they have also 
the same tangents at those points. In like manner, similar and 
concentric ellipses pass through the same imaginary points at in- 
finity ; and since they have the same imaginary asymptotes, they 
have the same imaginary tangents at those points. 

If the curve S be a parabola, then S — ka? will be an equal 


parabola, having its axis parallel to that of 8, for evidently the 
ha? 
equation y? = p (« ~ =) represents a parabola equal to y? = px 


and similarly placed; and if the origin be transferred to any other 
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point, the equations will still continue to differ only in the constant 
term. We learn, therefore, that two similarly placed and equal 
parabole may be considered as having with each other a contact of the 
third order at an infinitely distant point. 


253. Since all circles are similar curves, it follows, as a par- 
ticular case of the last Articles, that all circles pass through the 
same two imaginary points at infinity, and that concentric circles 
touch each other in two imaginary points at infinity. ‘Thus we see 
the reason why two circles cannot cut each other in more than 
two finite points, and why two concentric circles do not meet in 
any finite point, although two curves of the second degree in 
general intersect in four points. We shall also show that the 
theorems established (p. 106, &c.), concerning circles which pass 
through the same two points, are only particular cases of more 
general theorems concerning conic sections which pass through 
the same four points. 


254. V. If both S and S’ break up into factors, the equation 
will then be of the form 
ay — £36 = 0. 
This is the equation of a conic circumscribing the quadrilateral 
(ayo), for it is evidently satisfied by any of the four suppositions 


(ia=0, 6=0), (G=0, y=0), (y=90, d=0), C=0; a=0). 


VI. If any of these four lines be at an infinite distance, the 
equation will take the form 


ay — kBs' = 0; 


a, y, will then be two lines which meet the curve at infinity, and 
(3 will be the line joining the finite points where a, y, meet the 
curve. Thus, for example, in the equation 


Ax? + Bay + Cy? + De + Ey + F=0, 


if we denote by a, y, the two lines signified by Az? + Bay + Cy? = 0, 
the equation will be in the form we are now considering. We 
see, therefore, that a, y, will meet the curve at infinity, and that 
Dw + Ey + F = 0 is the line joining the finite points where they 
meet the curve. 
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255. VII. If S break up into factors while 8S’ is a perfect 
square, the equation will be of the form 
ay — kp? = 0. 
This represents a conic to which a and y are tangents, while (3 
ts the chord joining their points of contact. For we saw that a 
meets the curve (ay — 430) in the two points (af3), (ad); now 
let (3 and 6 coincide, and a meets the curve in two coincident 
points at (af3); that is to say, ais a tangent, and (a{3) its point 
of contact. In like manner, y is a tangent, and ((3y) its point of 


contact. 
VIII. If the line B be at an infinite distance, the equation 
becomes ay — kB? =0; 


a, y, are therefore tangents, whose point of contact is infinitely 
distant, that is to say, they are asymptotes to the curve. We met 
with a particular case of this (Art. 161) in the equation 
Tapa up 

where we proved that the lines x = 0, y = 0, were asymptotes to 
the curve. 

IX. If either of the lines a, y, be at an infinite distance, the 
equation becomes ay’ — kp? = 0; 


then, since the highest terms form the perfect square 3?, the curve 
will be a parabola; the curve will have one tangent y’ at an infi- 
nite distance; a will be another tangent, and (3 will be the line 
joining the points of contact of these tangents. Now, since it 
passes through the point of contact of the tangent at infinity, it 
must be a diameter of the curve (Art. 136); 6 is, therefore, the 
diameter drawn through the point of contact of the tangent a. 
We had a particular example of this in the equation 


Yee 
The line p at infinity is one tangent, the line w another, and the 
line y is a diameter through the point of contact of «. 
More generally, 
(az + by)? + De + Hy + F=0, 
is the equation of a parabola to which Dx + Ey + F is a tangent, 
and ax + by the diameter through the point of contact. 
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X. We may notice here one or two forms which are easily re- 
ducible to the form ay = kB”. For example, 


«2 ~ pafh + 9? = hy’ 
may be put into the form 


(a — p83) (a — wp) = hy" 
(u and yw’ being the roots of a quadratic). Therefore, a — uf3 and 
a—p are tangents at the extremities of the chord y, and since 
these tangents evidently pass through the point (a3), this point 
is the pole of the line y, with regard to the conic. If the roots p 
and yx be imaginary, (a{3) is still the pole of y, but it lies inside 
the conic, and the tangents through it are imaginary. 
XI. Again, the equation 
Pa? + m3? = ny’, 

ts that of a conic such that any of the lines a, (3, y, ts the polar of 
the point of intersection of the other two, for the equation may be 
written in any of the forms 


(ny — la) (ny + la) = mp’, 

(ny, — mB) (my + mp) = Fa’, 

a —-mBV -1) (la+mBy —1) = ny’; 
therefore, tangents at the extremities of 9 pass through (ay); at 
the extremities of a pass through (By); while the tangents at the 
imaginary points where y meets the conic pass through (a/3). 
We had a particular case of this form in the equation 

pee 


= 1, 


the lines af3 being here the axes, and the line y at infinity, whence 
it may be seen, that the point (zy) is the polar of the line at in- 
finity, and that the pole of each axis is a point at infinity on the 
other. 


256. XII. If both S and S’ be perfect squares, the equation 
is of the form a? — hy? = 0, 


and represents the two right linesaty¥4=0. These lines will 
evidently be imaginary if & be negative, and parallel if y be at an 
infinite distance. 

XIII. In s>12" al, if we wished to find the condition that the 
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equation S—S’=0 should represent two right lines, we may 
write the equation at full length, 
(A - kA’) 2? + (B - kB) ay + (C - kC) y? + (D - kD’) & 

+ (EK - kE’‘)y+ F -4E = 0, 
and then applying the condition in Art. 150, we shall obtain a 
cubic to determine &. ‘This is otherwise evident, since through 
the four points of intersection of S and S' three distinct pairs of 
right lines can be drawn, viz. (see figure, p. 210) the three pairs 
of lines Pp, Qq; PQ, pq; Pa, pQ. 


257. To find the condition that two conies should touch, whose 
equations are given. 

We have only to arrange the equation just found in powers of 
k, and to form the condition that this cubic should have two equal 
roots, and we shall have an equation which must be satisfied when 
the two conics touch. For if the points P, p coincide, the last 
two pairs of lines become identical, and consequently the cubic 
which determines £ must in this case have two equal roots. Now 
the condition that the cubic 
? Lk + Mk? + Nk+ P=0 
should have two equal roots is readily found to be 

(MN — 9LP)? = 4(M? — 3LN) (N? - 8MP). 

Substituting for L, M, N, P, their values in terms of the co- 
efficients of the given equations, it will be seen that the required 
condition is of the sixth degree in terms of the coefficients of each 
equation. 

It follows hence that the problem “ to describe a conic through 
four given points to touch a given conic,” admits in general of 
six solutions. 


258. Having now enumerated the principal forms of equations 
which we shall have occasion to use, we proceed to give some 
theorems immediately suggested by the geometrical interpretation 
of these equations. 

If S=0 be the equation to a circle, then (Art. 93) S is the 
square of the tangent from any point xy to the circle: hence, by 
Art. 31, S — kaf3 = 0 (the equation of a conic whose chords of 
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intersection with the circle are a and (3) expresses that the locus 
of a point, such that the square of the tangent from it to a fixed cir- 
cle is in a constant ratio to the product of its distances from two fixed 
lines, is a conic passing through the four points in which the fined 
lines intersect the circle. 

This theorem is equally true whatever be the magnitude of 
the circle, and whether the right lines meet the circle in real or 
imaginary points; thus, for example, if the circle be infinitely 
small, the locus of a point, the square of whose distance from a fixed 
point is in a constant ratio to the product of its distances from two 
fixed lines, is a conic section ; and the fixed lines may be consi- 
dered as chords of imaginary intersection of the conic with an 
infinitely small circle whose centre is the fixed point. 


259. Similar inferences can be drawn from the equation 
S - ka? = 0, where S is a circle. We learn that the locus of a 
point, such that the tangent from it to a fixed circle is in a constant 
ratio to its distance from a fixed line, is a conic touching the circle at 
the two points where the fixed line meets it; or, conversely, that ofa 
circle have double contact with a conic, the tangent drawn to the cir- 
cle from any point on the conic is in a constant ratio to the perpen- 
dicular from the point on the chord of contact. 

In the particular case where the circle is infinitely small, we 
obtain the fundamental property of the focus and directrix, and 
we infer that the focus of any conic may be considered as an inji- 
nitely small circle, touching the conic in two imaginary points situated 
on the directrix. 


260. In general, if in the equation of any conic the co-ordinates 
of any point be substituted, the result will be proportional to the rect- 
angle under the segments of a chord drawn through the point parallel 
to a gwen line.* 

For (Art. 146) this rectangle 

r 
~ A cos?@ + Beos@ sin0 + Csin? 9’ 
where, by Art. 126, F’is the result of substituting in the equation 
the co-ordinates of the point; if, therefore, the angle @ be con- 


* This is equally true for curves of any degree. 


2k 
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stant, this rectangle will be proportional to F’.. Hence we may 
extend the last proved theorems to the case where S is any conic; 
for example: ‘“ If two conics have double contact, the square of 
the perpendicular from any point of one upon the chord of con- 
tact, 1s in a constant ratio to the rectangle under the segments of 
that perpendicular made by the other;” or, in general, ‘if a line 
parallel to a given one meet two conics in the points P, Q. p, q, 
and we take on it a point O, such that the rectangle OP.OQ may 
be to Op. Og in a constant ratio, the locus of O is a conic through 
the points of intersection of the given conics.” 


261. The equation (V.) ay = £36, similarly interpreted, leads 
to the important theorem: The product of the perpendiculars let 
fall from any point of a conic on two opposite sides of an inscribed 
quadrilateral is in a constant ratio to the product of the perpendicu- 
lars let fall on the other two sides. 

From this property we at once infer, that the anharmonic ratio 
of a pencil, whose sides pass through four fixed points of a conic, and 
whose vertex is any variable point of it, is constant. 

For the perpendicular 


_OA.OB.sinAOB _ OC.OD..sinCOD 
2 Jc vv cA Ba aisem ws lalonis HA te CD gaan 


Now if we substitute these values 
in the equation ay = kd, the con- ._/ 
tinued product OA.OB.OC.OD /— 
will appear on both sides of the 
equation, and may therefore be 
suppressed, and there will remain 
sinAOB.sinCOD _ lh AB.CD. 
sinBOC .sinAOD ~ * BC.AD’ 
but the right hand member of this equation is constant, while 
the left hand member is the anharmonic ratio of the pencil 
OA, OB, OC, OD. 
The consequences of this theorem are so numerous and impor- 
tant, that we shall devote a section of the next chapter to develope 
them more fully. 


262. The equation (VIL.) ay — 43? = 0, similarly interpreted, 
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proves that the product of the perpendiculars from any point of a 
conic upon two fixed tangents is in a constant ratio to the square of 
the perpendicular on the chord of contact. 

From the equation (VI.) ay — £80’ = 0 we learn that “the 
product of the perpendiculars from any point of a hyperbola, on 
two fixed parallels to the asymptotes, is proportional to the per- 
pendicular on the line joining the points where they meet the 
curve.” 

And from the equation (VIII.) ay = k3?, that the product of 
the perpendiculars from any point of the curve on the asymptotes ts 
constant. 


263. If two conics have each double contact with a third, their 
chords of contact with the third conic, and a pair of their chords of 
intersection with each other, will all pass through the same point, and 
will form an harmonic pencil. 

Let the equation of the third conic be S = 0, and those of the 
other two conics, 

S- L?=0, S - M?=0. 
(The reader will perceive the reason why we use the Roman let- 
ters, on comparing this form with that given in Art. 250, IL, and 
on referring to Art. 50). 

Now, on subtracting these equations, we find for the equation 

of the chords of intersection, 

L? — M?=0. 
The chords of intersection, therefore (L - M=0, L+M =0), 
pass through the intersection of the chords of contact (L and M), 
and form an harmonic pencil with them (Art. 54). 

It is important that the student should acquire the habit of 
taking notice of the number of particular theorems often included 
under one general enunciation; thus, for example, the present 
theorem holds good, and is proved, in like manner, if the conic § 
reduce to two right lines; hence, the chords of contact of two conics 
with their common tangents pass through the intersection of their 
common chords. 

Again, if S be any conic, while S — L? and S — M? both reduce 
to pairs of right lines, these right lines will then form a circum- 
scribing quadrilateral, and the chords of intersection (L? — M?) 
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will be the diagonals of that quadrilateral, while the chords of 
contact (L and M) obviously are the diagonals of the inscribed 
quadrilateral formed by joining the points of contact. Hence, 
the diagonals of any inscribed, and of the corresponding circum- 
scribed quadrilateral, pass through the same point, and form an 
harmonic pencil. 

The theorem of this Article may also be stated thus: /fa 
conic section pass through two given points, and have double contact 
with a given conic, the chord of contact passes through a fixed point. 
For, suppose any conic (S — L? = 0) through the two given points 
to be fixed, then the intersection of its chord of contact (LL) with 
the line joing the given points, determines a point through 
which, by the present Article, any other chord of contact must 
pass. 

In hike manner: Given two tangents and two points on a conic 
section, the chord of contact will pass through a fixed point on the line 
joing the two given points. 


264. If three conics have each double contact with a fourth, their 
sta chords of intersection will pass three by three through the same 
points, thus forming the sides and diagonals of a quadrilateral. 

Let the conics be 


S - L?=0, S — M? =0, S- N?=0. 
By the last Article the chords will be 

L-M=0, M-N=0, N-—L= 0; 

L+M=0Q, M+N=0Q, N-L=0; 

L+M=0, M-N=0, N+L=0 

L-M=9QO, M +N =0, N+L=0. 


As in the last Article, we might deduce hence many particu- 


? 


lar theorems, by supposing one or more of the conics to break up 
into right lines. 

Thus, for example, if both S and S$ — L? break up into right 
lines (which will happen when L denotes a right line passing 
through the intersection of the two right lines denoted by S (see 
Art. 130)), S represents two common tangents to S — M?, § — N2, 
while S — L? represents any two right lines passing through the 
intersection of those common tangents. Hence, if through the in- 
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tersection of the common tangents of two conics we draw any pair of 
right lines, the chords of each conie joining the extremities of those 
lines will meet on one of the common chords of the conics. ‘This is 
the extension of Art. 117. Or, again, tangents at the extremities of 
either of these right lines will meet on one of the common chords. 

Again, if S - L?, S— M?*, S-—Ny?, all break up into pairs of 
right lines, they will form a hexagon circumscribing S, the chords 
of intersection will be diagonals of that hexagon, and the propo- 
sition of this Article becomes Brianchon’s theorem: “ The three 
opposite diagonals of every hexagon circumscribing a conic intersect 
in a point.” 

By the opposite diagonals we mean (if the sides of the hexa- 
gon be numbered 1, 2, 3, 4, 5,6) the lines joining (1, 2) to (4, 5), 
(2, 3) to (5, 6), and (3, 4) to (6, 1); and by changing the order 
in which we take the sides, we may consider the same lines as 
forming a number (sixty) of different hexagons, for each of which 
the present theorem is true. 

By supposing two sides of the hexagon to be indefinitely near, 
we obtain from this theorem a very simple construction,—“ Given 
five tangents, to find the point of contact of any of them,’—since 
any tangent is intersected by a consecutive tangent at its point of 
contact (Art. 130). 


265. If three conte sections have one chord common to all, their 
three other common chords will pass through the same point. 

Let the equation of one be S = 0, and of the common chord 
L =0, then the equations of the other two are of the form 


S-LM=0, S-LN=0, 
which must have, for their intersection with each other, 
L(M - N)=0; 
but M - N is a line passing through the point (MN). 

According to the remark in Art. 253, this is only an extension 
of the theorem (Art. 110), that the radical axes of three circles 
meet ina point. For three circles have one chord (the line at 
infinity) common to all, and the radical axes are their other com- 
mon chords. 

The first theorem of the last Article may be considered as a 
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still further extension of the same theorem, and three conics 
which have each double contact with a fourth may be considered 
as having four radical centres, through each of which pass three 
of their common chords. 

The theorem of this Article may, as in Art. 110, be otherwise 
enunciated: (Given four points on a conte section, its chord of inter- 
section with a fixed conic passing through two of these points will pass 
through a fixed point. 

A number of particular inferences may also be drawn from 
the theorem of the present Article, by sup- 
posing one or more of the conics to break up " 
into two right lines. Thus, for example, if @~7/ 

: : ee EA 
one of the conics break up into the pair of S 
lines OA, OB, we obtain the theorem: A 
“ If through one of the points of intersection 
of two conics we draw any line meeting the conics in the points 
P, p, and through any other point of intersection B a line meet- 
ing the conics in the points Q, g, then the lines PQ, pq, will meet 
on CD, the other chord of intersection.” Next let the points A, B, 
coincide, then the two conics will touch at A, and we learn that 
‘af two right lines, drawn through the point of contact of two 
conics, meet the curves in points P, p, Q, g, then the chords PQ, pq, 
will meet on the chord of intersection of the conics.” 

This is a particular case of a theorem given in the last Article, 
since one intersection of common tangents to two conics which 
touch, reduces to the point of contact (Art. 119). 

This theorem is equally true, if the conics have contact with 


each other of the second or third order (see Art. 244, where we 
showed that the common chord passes through the point of con- 
tact in the first case, and coincides with the tangent in the 
second). 


266. The equation of a conic circumscribing a given quadri- 
lateral, ay = kd, 
enables us to write down the equation of a conic passing through 
five points. 

For, being given the co-ordinates of four of them, we can, by 
Ait. 33, form the equations a, [3, y, 6, and then, if we substitute 
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in this equation the co-ordinates of the fifth point, we obtain 


where a3’y'6 are the results of this substitution in aBy6. 


b= 3p 

This equation also furnishes us with a proof of “ Pascal’s 
theorem,” that the three intersections of the opposite sides of any 
hexagon inscribed in a conic section are in one right line. 

Let the vertices be abcde/, and let ab denote the equation of 
the line joining the points a, 0, then since the conic circumscribes 
the quadrilateral abed, its equation must be capable of being put 
into the form ab.cd — bc.ad = 0. 


But since it also circumscribes the quadrilateral defa, the same 
equation must be capable of being expressed in the form 
de. fa —ef.ad =0. 

From the identity of these expressions we have 

ab .cd — de.fa = (be — ef) ad. 
Hence we learn that the left hand side of this equation (which 
from its form represents a figure circumscribing the quadrilateral 
formed by the lines ab, ed, de, af) is resolvable into two factors, 
which must therefore represent the diagonals of that quadrilateral. 
But ad is evidently the diagonal which joins the vertices a and d, 
therefore bc-ef must be the other, and must join the points 
(ab, cd), (de, af); and since from its form it denotes a line through 
the point (be, ef) it follows that these three points are in one right 
line. ; 

We shall in the next chapter give another demonstration of 
this important theorem, which, as we shall prove in the next 
Part, may also be derived as a simple consequence of a general 
property of lines of the third degree. 

By supposing two vertices of the hexagon to be indefinitely 
near, we may, “ given five points on a conic, draw a tangent at 
any of these points.” 


267. We may, as in the case of Brianchon’s theorem, obtain a 
number of different theorems concerning the same six points, ac- 
cording to the different orders in which we take them. Thus 
since the conic circumscribes the quadrilateral dcef, its equation 
can be expressed in the form 


be.of — be.of = 0. 
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Now, from identifying this with the first form given in the last 
Article, we have 

ab .cd — be. cf = (ad - ef) be; 
whence, as before, we learn that the three points (ad, cf), (ed, be), 
(ad, ef) lie in one right line, viz., ad - ef = 0. 

In like manner, from identifying the second and third forms 
of the equation of the conic, we learn that the three points 
(de, cf), (fa, be), (ad, bc) lie in one right line, viz., bc - ad = 0. 
But the three right lines 

be-ef =0, ef-ad=0, ad-be=0, 
meet in a point (Art.51). Hence we have Steiner's theorem, 
that “ the three Pascal’s lines meet in a point which are obtained 
by taking the vertices in the orders respectively, abedef, adcfeb, 
afcbed.” For some further developments on this subject we refer 
the reader to the note at the end of Chapter XIV. 


TRILINEAR CO-ORDINATES. 


268. The few examples we have given are sufficient to con- 
vince the learner of the necessity of attending to the interpretation 
of the equations used in analytic geometry, and of the importance 
of taking notice of the theorems often spontaneously presented to 
us by the form of our equations. The beginner may, however, 
find it difficult to apply these methods, when the object is not to 
find what theorems can be deduced from a given equation, but to 
discover what equations will demonstrate a given theorem. We 
proceed, therefore, to show that in this latter case these methods 
will furnish solutions, although not so rapid as in the former 
case, yet more concise than those obtained by ordinary analytic 
geometry. 

We proved (Art. 62) that, being given the equations of three 
lines (a, (3, y), there is no line whose equation may not be put into 
the form Aa + Bp - Cy = 0, 

(A, B, and C, being constants). 

We can show, in like manner, that there is no conic section 

whose equation may not be written in the form 


Aa? + BaB + CB? + Day + EBy + Fy? = 0, 


ee oe ee A! OL eo ee 
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for this equation is of the second degree, and since it contains the 

same number of independent constants (five) as the equation 
Ax* + Bay + Cy? + De + Ey +F =0, 

it is equally capable of representing any particular conic. 

In like manner, we can show that there is no curve of any 
degree whose equation may not be expressed as a homogeneous 
function of the quantities a, B, y: 

For it can be readily proved that the number of terms in 
the complete equation of the n order, between two variables, 

(n +1) (n + 2) 
(- mond? 
in the homogeneous equation of the nt*. order between three 
variables. 

The methods used (Arts. 59, 102, &c.) may be considered, at 
pleasure, either as abbreviated forms of equations expressed in 
Cartesian (or # and y) co-ordinates, or else as an independent 
system of trilinear co-ordinates, in which the position of any point 
is expressed by its distances from three fixed right lines, a, 3, y. 
The advantage of trilinear co-ordinates is, that whereas, in Car- 
tesian co-ordinates, the utmost simplification we can introduce is 
by choosing two of the most remarkable lines in the ficure for 
our axes of co-ordinates, we can, in trilinear co-ordinates, obtain 
still more simple expressions, by choosing three of the most re- 
markable lines for the lines of reference, a, B,y. We shall show 
hereafter that this advantage is perfectly analogous to that gained 
by the use of the method of projections, and that, except in particu- 
lar cases, both methods prove too feeble when applied to curves 
of high dimensions, whose equations remain too complicated even 
after this simplification. 


(Art. 78)), is the same as the number of terms 


269. Before applying this method to examples, we wish to 
show that Cartesian co-ordinates are only a particular case of tri- 
linear. There appears, at first sight, to be an essential difference 
between them, since trilinear equations are always homogeneous, 
while we are accustomed to speak of Cartesian equations as con- 
taining an absolute term, terms of the first degree, terms of the 
second degree, &c. A little reflection, however, will show that 
this difference is only apparent, and that Cartesian equations must 

2G 
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be equally homogencous in reality, though not in form. The 
equation «= 3, for example, must mean that the line # is equal 
to three feet or three inches, or, in short, to three times some h- 
near unit; the equation zy=9 must mean that the rectangle xy 
is equal to nine square feet or square inches, or to the square of 
some linear unit; and, similarly, in the equation 

Az? + Bey + Cy? + De + Ey + F=0, 
if the co-efficients A, B, C, be numbers, the co-efficients D and E 
must be multiples of some linear unit, and the co-efficient F a 
multiple of the square of that unit. If we wish to have our equa- 
tion homogeneous in form as well as in reality, we may denote our 
linear unit by 4, and write the equation in the form 


Ax? + Bay + Cy? + Dak + Eyk + Fi? = 0. (1) 
Now, if we compare this equation with the equation 
Aa? + BaB + C6? + Day + EBy + Fy? = 0; (2) 


and remember (Art. 64) that when a line is altogether at an infi- 
nite distance its equation takes the form k= 0, we learn that 
equations in Cartesian co-ordinates are only the particular form as- 
sumed by trilinear equations when two of the lines of reference are 
what are called the co-ordinate axes, while the third is at an infinite 
distance. 

270. We shall find it of the greatest advantage to keep con- 
stantly in view the analogy which subsists between these two 
forms of equations. If, for instance, we make y=0 in equation 
(2), the result Aa? + Baf3 + C8? is plainly the equation of the 
lines joining the point (a{3) to the points where y cuts the curve. 
So, in like manner, if we make & = 0 in equation (1), the result 
(Aa? + Bry + Cy? =0) must be the equation of the line joining 
the origin (wy) to the points where the line at infinity (4) cuts the 
curve (Art. 127). 

In like manner, the equation of any curve may be written 


Un + Unk + Ungk® + Unk? +, &e. 
(where we use the abbreviations wp, Un, &c. to denote terms of © 
the n™, n — 1%, &., degrees). 
Now, if we seek the points where the line at infinity meets 
the curve, we have only to make k=0, and we obtain the equa- 
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tion wu, =0; hence we infer that the directions of the points at in- 
finity on any curve are found by putting the highest terms of the 
equation = 0. me 

Again, we saw (Art. 129), that, ifin the equation of the second 
degree A = 0, the axis of w will meet the curve in one infinitely 
distant point. The same thing appears, by making y=0 in the 
equation, which will then reduce to 

Dak + Fk = 0. 

Now this is not to be considered as a simple equation, but as 
the product of the two equations k=0 and De+Fk=0. The 
axis, therefore, meets the curve, not only in the finite point where 
it meet the line (Dx + F), but also in the point at infinity where 
it meets the line f, 

In like manner, if both A and D=0, the points where the 
axis meets the curve are given by the equation FA’? =0; hence, 
the axis meets the curve in two coincident points at infinity, and 
is, therefore, an asymptote. | 

This is the most simple explanation of the difficulty noticed in 
Art. 127, The same explanation may be given in other cases in 
which an equation appears to lose dimensions. 


271. We shall commence our examples of the use of trilinear 
co-ordinates with the equation of a conic section, referred to two 
tangents and their chord of contact, 

LM = R? 
(Arts. 50 and 255), and shall first show how the equation of any 
line connected with the conic can be expressed in terms of 
| kefeA I h 

We can express the position of any point on the curve by a 

single variable (Art. 175); for if 

l= Bt 
be the equation of the line joining any point on the curve to 
(LR), then, substituting in the equation of the curve, we get 


M = wR and p2L = M 
for the equations of the lines joining this point to (MR) and 


(LM): any two of these three equations, therefore, will determine 
a point on the curve. We shall call this point the point pu. 
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We can form, by Art. 68, the equation of the line joining two 
points on the curve pu and ,’, and we get 


pels (utp) R+M=0, 
an equation evidently satisfied by either of the suppositions 
(uL =R, pR=M), or (wL=R, pR=M). 
If « and yw’ coincide, we find the equation of the tangent, viz., 
pel — 2uR+M=0. 


Hence, conversely, if the equation ofa right line (u2L-2uR+M=0) 
contain an indeterminate quantity pu in the second degree, the right 
line will always touch a conic seetion (LM = R?) (Art. 69). 


272. Given four points of a conic, the anharmonic ratio of the 
pencil joining them to any fifth point is constant. 

Let the points be (LR), (MR), yw’, ’, then the four lines join- 
ing them to any fifth point pu, are 


ATER CO: Mic arte: 
w (ul —-R)+(M-pR)=0, pw’ (ul - R)+(M- pR) =0, 


and their anharmonic ratio is (Art. 54) = neh: and is, therefore, 


independent of the position of the point p. 

We shall in future, for brevity, use the expression, “ the an- 
harmonic ratio of four points of a conic,” when we mean the anhar- 
monic ratio of a pencil joining those points to any fifth point on 
the curve. We can express the anharmonic ratio of the four 
points pw’, uw”, w”, uw’; for since LR is a point on the conic, it is that 
of the lines joining those points to the point LR, whose equations 
are 


LAR 10, jigc'LitsPreeiOyy ue ee GAO ages eee ay 


and the anharmonic ratio is (Art. 55) 


(4 =e) Ae te pe) 
(wu — w") (uh ")’ 
a form easily remembered from its analogy to the anharmonic ra- 
tio of four points in a right line. 
Four fixed tangents cut any fifth in points whose anharmonic 
ratio is constant. 
Let the fixed tangents be those at the points uy mu’, w”, ws 


? 


’ 
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and the variable tangent that at the point u, then the anharmonic 
ratio in question is the same as that of the pencil joining the four 
points of intersection to the point LM. Now if we eliminate R 
from the equations of any two tangents, 

p?L — 2uR+ M=0, 

pw?L—-2WR+M=0, 
we obtain pul -M=0, 
the equation of the line joining LM to the intersection of these 
two tangents. The anharmonic ratio in question is therefore that 
of the four lines, 

uyeL-M=0, p’L-M=0, po"L-M=0, w”L-M=90, 

which by Art. 55 is 
) (ul — a) (w= 1") 
(a a") (W — B”) 
a result independent of ». Hence too we see that the anharmonic 
ratio of four tangents is the same as that of their points of 
contact. 


? 


273. Since the equation of the line joining any point to (LM) 
is u?L — M, we see that the two points + w and — p lie on a right 
line passing through LM. 

The expression given in the last Article for the anharmonic 
ratio of four points on a conic, pw’, uw’, uw’, pw’, remains unchanged, 
if we alter the sign of each of these quantities; hence we derive 
arr important theorem, that ¢f we draw four lines through any point 
LM, the anharmonic ratio of four of the points (u', w’, uw", mw”) where 
these lines meet the conic, is equal to the anharmonic ratio of the 
other four points (— w,—p’,—p’, — jm") where these lines meet the 
conte. 

The equation in this form enables us easily to investigate pro- 
perties of two conic sections relating to the point of intersection 
of their common tangents. For, let L and M be common tan- 
gents to two conics, and their equations will be 


LM — Rh? =0, LM - R? =0, 
A point of one conic is said to correspond to a point of the 


other if the line joining them passes through (UM) the intersec- 
tion of common tangents. This will be the case if they have the 
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same p, since the equation n?L —M =0 does not involve R or BR’. 
Points are said to correspond inversely if they have the same 
with opposite signs. ‘The chord joining any two points of one 
conic is said to correspond to the chord joining the corresponding 
points of the other. 

Corresponding lines must meet on one or other of the common 
chords of the curves (Art. 264). 

The chords of intersection of LM — R? and LM - R? are 

R? — R? = 0, 
but pul —-(ut+p)R+M=0, 
wu L ~ (u 8 pw) R'+ M =0, 

evidently intersect on the common chord R- RR. If the lines 
correspond inversely, they meet on the common chord R+ R, 
as will be seen by changing the signs of uw and w' in the latter 
equation. 

The anharmonic ratio of four points of one conic is equal to the 
anharmonic ratio of the four corresponding points of the other. 

This useful theorem follows immediately from the expression 
for the anharmonic ratio of four points given in the last Article, 
and from the fact that corresponding points have the same um. 


274. To find the equation of the polar of any point. 
Let the co-ordinates of the point substituted in the equation 
of either tangent through it give the result 


pel nn 2uR’ ts M’ = 0. 


Now, at the point of contact, u? = and yu = = (Art. 271). 


Therefore, the co-ordinates of the point of contact satisfy the 
equation ML’ - 2RR’ + ML = 0, 
which is, therefore, that of the polar required. 
We may sometimes express a point by the equations 
aL — R= 0, bR-M=0; 
in this case, by exactly the same method, the equation of the po- 
lar is found to be ab. — 2aR. + M = 0. 


275. It is evident that if we were given any relation between 
the p’s of two points, we could find the envelope of the chord 


METHODS OF ABRIDGED NOTATION. ae 


joining them, or the locus of the intersection of their tangents. 
One or two simple cases of this are worth mentioning. For ex- 
ample, if we were given the product of two u's, wp’ = a, then 
(Art. 272) the intersection of their tangents will lie on the right 
line al.— M =0; and by substituting a for py’ in the equation of 
the chord joining the points, we see that this chord must pass 
through the fixed point (aL + M, R). 


In general the chord joining two points, 
mel —(ut+ pw) R+M=9, 
will pass through a fixed point (Art. 71) if 
aup — b(u+ pm) +e=0, 
where a, 4, ¢, are any constants; that is, if 


bu — ce 


/ 


| 


au — b 
If the ratio of two p’s be given, pw’ = ku, the equation of the 
chord becomes 
kwL-(1+k)pR+M=0; 
the chord must, therefore (Art. 271), always touch the conic 
AkLM = (1+ k)? R?. 


This property may be expressed in a more symmetrical form, 
as follows: ‘“‘ The chord joining the joints wtang, pcoot¢, will 


2 
always touch the conic LM = ao at the point uw on that co- 


n?2 
nic.” It can be proved, in like pata ti that “the locus of the 
intersection of tangents at the points u tan ¢ and pcot®, will be 
the conic LM = R?sin?2¢.” 

Since the expression for the anharmonic ratio of four points 
on a conic (Art. 272) remains unaltered, if we multiply each pu 
either by tan ¢ or by cot ¢, we obtain an important theorem: ‘“ If 
two conics have double contact, the anharmonic ratio of four of the 
points in which any four tangents to the one meet the other, is the 
same as that of the other four points in which the four tangents meet 
the curve, and also the same as that of the four points of contact.”* 


* This extension of the theorem in page 229 was communicated tome by Mr. Town- 
send, who had obtained it geometrically. 
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Or, again: “If from four points of one of the conics pairs of 
tangents be drawn to the other, the anharmonic ratio of one set 
of points of contact is equal to the anharmonic ratio of the other 
set.” 

If, in the expression for the anharmonic ratio of four points 
oe “ (a, 6, c, d, being con- 
stants), the anharmonic ratio will remain unaltered. It will be 
found that this is the most general substitution we can make for 
jy, Which will leave the anharmonic ratio unchanged. The chord 


(Art. 272), we substitute for each p, 


ee +6 
joining ba will envelope a conic having double contact 
Ul 


with the given one. For its equation is 
u(at bu) L —- {(at+ du) + (e+ du)} R+ (e+ du) M =0, 
or (OL - dR) p? + (aL - OR - cR+ dM) w+ cM - aR, 


a line always touching a conic whose equation can be written in 
the form 
4 (be — ad) (LM —- R*) + {aL + (6 - ce) R- dM}? = 0, 

and which, therefore, has double contact with the given conic. 
We may see, from the beginning of this Article, that the touched 
conic will reduce to a point if b=-e. 

Hence, ‘Given three pairs of points on a conic, A, B, C; 
A’, B, C’; the envelope of a fourth line DD’, such that the an- 
harmonic ratio of ABCD is equal to that of A‘'B'C'D, will be a 


conic having double contact with the given one.” 


276. From the preceding Articles we are enabled to apply 
trilinear co-ordinates to the investigation of any question relating 
to the position of lines (Art. 1). We suppress some formule re- 
lating to the magnitude of lines and angles, as, where these are 
concerned, it is in general more advantageous to use ordinary 
rectangular co-ordinates. In the following examples we have 
designedly selected questions which seemed least readily to admit 
of the application of algebraic methods. 

Ex. 1. A triangle is circumscribed to a given conic ; two of its 
vertices move on fixed right lines: to find the locus of the third. 

Let us take for lines of reference the two tangents through the 
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intersection of the fixed lines, and their chord of contact. Let 
the equations of the fixed lines be 
aL - M = 0, bL-M=0, 
while that of the conic is 
LM — R?, = 0. 

Now we proved (Art. 275) that two tangents which meet on 
al. —- M must have the product of their y’s = a; hence, if one side 
of the triangle touch at the point m, the others will touch at the 


Re eben dither equntioneewill Be 
ee 
2 
Li 2 Riu My=0; 
le ye 


2 
iy - 9° R+M=0. 
ul rc 
u can easily be eliminated from the last two equations, and the 
locus of the vertex is found to be 


Aab 
Tes TERE 


the equation of a conic having double contact with the given one 


along the line R. 

Ex. 2. To find the envelope of the base of a triangle, inscribed in 
a conic, and whose two sides pass through fixed points. 

Take the line joining the fixed points for R, let the equation 
of the conic be LM = R’, and those of the lines joining the fixed 
points to LM be 

aL +M = 0, 6L+M=0. 
Now it was proved (Art. 275) that the extremities of any chord 


passing through (aL + M, R), must have the product of their p’s =a. 


Hence, if the vertex be ju, the base angles must be “ and Zi 
I be 


and the equation of the base must be 
abL — (a + 6) pR + w?M = 0. 
The base must, therefore (Art. 271), always touch the conic 


maa Oriya 
eal Aab Se 
a conic having, double contact with the given one along the line 
joining the given points. 


24H 
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Ex. 3. To inscribe in a conic section a triangle whose sides pass 
through three given points. 

Two of the points being assumed, as in the last example, we 
saw that the equation of the base must be 


abL — (a+ 6) uR+ p?M = 0. 
Now if this line pass through the point cL -R=0, dR- M=0, 
we must have ab ~ (a + b) ue + peed = 0, 


an equation sufficient to determine p. 
Now at the point » we have nL=R, p?L = M; hence the co- 
ordinates of this point must satisfy the equation | 


abL — (a+ 6) cR + cdM = 0. 


The question, therefore, admits of two solutions, for either of the 
points in which this line meets the curve may be taken for the 
vertex of the required triangle. 

The solution here given, although algebraically complete, has 
the disadvantage of not pointing out how to construct geometri- 
cally the line whose equation has just been given; it will be a 
useful exercise, however, on the preceding formule, if the student 
verify by this method the following construction, which we shall 
prove otherwise in the next chapter: “ Form the triangle whose 
sides are the polars of the three given points, join each point to 
the opposite vertex of this triangle, and the line joining the points 
in which two of these lines meet the opposite sides of the polar 
triangle will be the required line.” 

The three given points are 


(aL +M,R), (2L+M,R), (cL-R, dR- M), 
and the three polars, 
aL—-M, 6L-—M, cdL—-2cR+M; 

the three joining lines are 

b(a+ cd) L-—- 2e(a + b) R+ (a + cd) M = 0, 

a(b + cd) L - 2c(a+ b)R+ (6+ cd)M =0, 

cdL —- M = 0. 

Now, the line whose equation we want to construct passes through 


the intersection of the first of these lines with bL — M, and of the 
second with aL — M. 
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Hix. 4. Mac Laurin’s method of generating conic sections. 
The three sides of a triangle pass through three fixed points, and two 
vertices move on fixed lines, the third vertex will describe a conic 
section. 

Let the triangle formed by the given points be L, M, N. 

Let the given lines be 


L+aM +06N =0, (1) 
L+aM+0N=0. (2) 

Let the base of the triangle be 
L = pM. (3) 


Substituting this value of L in (1) we find, for the equation of the 
line joining (1, 3) to (M, N), 
(ut+ta)M+bN=0. 

In like manner, the line joining (2, 3) to (L, N) is 

(ut+ta)L+pl'N = 0. 
Eliminating pw from the last two equations, the equation of the 
locus is aLM = (aM + dN) (L + ON). 
The locus is, therefore, a conic passing through the points 
(L, N), (M,N), (L, 1), (M, 2). 

Ex. 5. The base of a triangle touches a given conic, its extre- 
mities move on two fixed tangents to the conic, and the other two sides 
of the triangle pass through fixed points: find the locus of the vertex. 

Let the fixed tangents be L, M, and the equation of the conic 
1 of beh RES 

Let the fixed points be (aL - R, BR- M), (aL —-R, 0R-M). 
Then the equation of the line joining (u2L - 2uR + M, L) to the 
first point is a(2u - 6) L - 26R+M =0. 

In like manner, the other side of the triangle is 
pab'L — 2ad'R + (2a - p) M = 0. 
Eliminating p, the locus of the vertex is found to be 
4a (aL - R) (OR- M) =(a¢'L- M) (adL - M), 
the equation of a conic through the two given points. 

Kix. 6. If in the last example the extremities of the base he on 
any conic having double contact with the given conic, and passing 
through the given points, to find the locus of the vertex. 
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Let the conics be 


2 
LM - R?=0, LM- Z 


ane OA 
then, ifany line touch the latter at the point mu, it will, by Art. 275, 
meet the former in the points w tan @ and cot ¢, and if the fixed 
points are yw’, p’, the equations of the sides are 

uu tangL - (uv + wtang)R+M =0, 

pu cotpL — (u"+ wootp) R + M. 


Eliminating p, the locus is found to be 


(M — wR) (lL - BR) = tan? 6 (M — p’R) G/L - R). 


FOCAL PROPERTIES. 


277. The equation L? + M?-R?=0 (p. 215) is one of great 
importance, and, as well as the equation LM = R?, admits of our 
expressing the position of any point on the curve by a single in- 
determinate. We may suppose 


| L = Roos 4, M = Ksin 9g; 
then, as in Art. 178, the chord joining any two points is 
Leos $(¢+¢) + Msin$(¢+¢) = Reos$(¢- 9), 
and the tangent at any point is 
Leos¢ + Msing = R. 


The most important application of this equation is in obtaining 
the properties of the foci. For if e=0, y=0, be any lines at 
right angles to each other through a focus, and y = 0 the equation 
of the directrix, the equation of the curve is 

a2 + 2 = ey, 
a particular form of the equation we are examining. 

The form of the equation shows (Art. 255, XI.) that the focus 
(ay) is the pole of the directrix y, and that the polar of any point 
on the directrix is perpendicular to the line joining it to the focus, 
for y, the polar of (xy), is perpendicular to w, but « may be any 
line drawn through the focus. 

The form of the equation shows that the two imaginary lines 
represented by the equation (a? + y?=0) are tangents drawn 
through the focus. Now, since these lines are the same whatever 
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y be, it appears that all conics which have the same focus have two 
wmaginary common tangents passing through this focus. All conics, 
therefore, which have both foci common, have four imaginary 
common tangents, and may be considered as conics inscribed in 
the same quadrilateral. The imaginary tangents through the 
focus (a? + y? = 0) are the same as the lines drawn to the two 
imaginary points at infinity on any circle (see Art. 253). Hence 
we obtain the following general conception of foci, which we shall 
find useful afterwards: “ Through each of the two imaginary 
points at infinity on any circle draw two tangents to the conic; 
these tangents will form a quadrilateral, two of whose vertices 
will be real and the foci of the curve, the other two may be con- 
sidered as imaginary foci of the curve.” 


278. The tangents through (y, 2) to the curve are evidently 
éy+x and ey—w. If, therefore, the curve be a parabola, e=1; 
and the tangents are the internal and external bisectors of the 
angle (yx). Hence, “ tangents to a parabola from any point on 
the directrix are at right angles to each other.” 

In general, since 2 = ey cos ¢, y = ey sin ¢, we have 


2 = tang ; 


or @ expresses the angle which any radius vector makes with w. 
Hence we can find the envelope of a chord which subtends a 
constant angle at the focus, for the chord 
wcosk(p + p') + ysing(p + ¢) = ey cos3(o — #), 
if p—q be constant, must, by the present section, always touch 
12 + yf = ey? cos? ($ 9’) 


a conic having the same focus and directrix as the given one. 


279. The line joining the focus to the intersection of two tan- 
gents is found by subtracting 


LCOS p + ysin gd — ey = 0, 

2cos% + ysing — ey = 0, 
to be xsing(~+¢) — ycoss(p+ o) =9, 
the equation of a line making an angle $(@ + ¢’) with the axis of 
«, and therefore bisecting the angle between the focal radiz. 
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The line joining to the focus the point where the chord of con- 
tact meets the directrix is 


xcos$(p+¢)+ysing(¢+¢) =), 
a line evidently at right angles to the last. 


To find the locus of the intersection of tangents at points which 
subtend a given angle at the focus. 

The elimination is precisely the same as in Ex. 4, p. 91, and 
the locus will be found to be a conic having the same focus and 


directrix as the given one, and eccentricity = ——— nk tee 
cosh(p—#) 

If the curve be a parabola, the angle between the tangents is 
in this case given. For the tangent (# cos ¢ + y sing — y) bisects 
the angle between wcosp+ysing and y. The angle between the 
tangents is, therefore, half the angle between 2 cos + ysin @ and 
xcosp +ysing, or =3(~-—). Hence, the angle between two 
tangents to a parabola is half the angle which the points of contact 
subtend at the focus ; and again, the locus of the intersection of tan- 
gents to a parabola, which contain a given angle, is a hyperbola with 
the same focus and directrix, and whose eccentricity is the secant of 
the given angle, or whose asymptotes contain double the given 


angle (Art. 161). 
ENVELOPES. 
280. We have seen that the line represented by the equation 
wL — 2uR+M=0, 
always touches the curve LM = h?. 


We wish the reader to take notice that this will be the case 
whether L, M, BR represent right lines or not. For the equation 


ul - (w+ py R+M=0 
must be satisfied for any points which satisfy the equations 
(uL -R=0, h~R-M=0), (wWL-R=0, pR-M=0), 


and is therefore the equation of a curve passing through the points 
in which pL — R and wL-R meet LM —- R%. Now let w=, 
and we see that w?L — 2uk+ M touches LM — KR? in the points 
where wl — R meets it. 
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Similar remarks apply to the equation 
Leos¢ + Msing = R, 
which indeed may be reduced to the preceding form by assuming 
tan 3 =m, as we have then 
1-,? 2 
COs d = ar sing = ae 

and substituting these values, and clearing of fractions, we have 
an equation in which yp only enters in the second degree. 

If, therefore, we are required to find the curve always touched 
by a variable line, we have only to form its equation so as to con- 
tain only a single indeterminate, and, if this indeterminate be only 
_tn the second degree, the envelope can be found as above. We can 
in like manner find the envelope ofa line whose equation contains 
two indeterminates, provided these be connected by some given 
relation, for we have only to eliminate one of the indeterminates 
by the help of the given relation. 

Ex. 1. To find the envelope of a line such that the product of the 
perpendiculars on it from two fixed points may be constant, 

Take for axes the line joining the fixed points and a perpen- 
dicular through its middle point, so that the co-ordinates of the 
fixed points may be y=0, «=+c; then if the variable line be 
y — mz +n = 0, we have by the conditions of the question 


(n + me) (n — mc) = 6?(1 + m?), 


or n? = 6? + b?m? + cm, 
but n? = y? — 2may + mx, 
therefore m? (x? — 6? — 6?) — 2may + y? —- 0? = 0; 


and the envelope is 
ay? = (a2 — b? — 2) (y? — B®), 


22 yp 
or PY 5 
Le ood 


BoA OS 
Ex. 2. Through a fixed point O any line OP ts drawn to meet 
a fixed line ; to find the envelope of PQ drawn so as to make the 
angle OPQ constant. 
Let OP make the angle @ with the perpendicular on the fixed 
line, and its length is psec @; but the perpendicular from O on 
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PQ makes a fixed angle 8 with OP, therefore its length is 
= psec@ cos/3; and since this perpendicular makes an angle 
= + 3 with the perpendicular on the fixed line, if we assume 
the latter for the axis of x, the equation of PQ is 


x cos (0 + B) + ysin(@ + 3) = psec 8 cos fs, 
or «cos(26 + 3) + ysin(20+ B) = 2p cos B — x cos - ysinf, 
an equation of the form 
Leos¢ + Msing = R, % 
whose envelope, therefore, is 
“+4? = («cos + ysinB — 2p cos 3), 


the equation of a parabola having the point O for its focus. 


t 


Ex. 38. To find the envelope of the line a + = = 1, where the in- 
seed 


determinates are connected by the relation w+ p= C. 
We may substitute for uw’, C-j, and clear of fractions; the 
envelope is thus found to be 


A? + B? + C? —- 2AB —- 2AC - 2BC = 0, 
an equation to which the following form will be found to be 
equivalent, Chih ecco Bien OUEO: 
Thus, for example, Given vertical angle and sum of sides of a tri- 


angle, to find the envelope of base. 
The equation of the base is 


Barve 
Ps ae iL. 
where a+b =c. 
The envelope is, therefore, 
a + y? — 2ey — 2cxH - Ay + c? = O, 
a parabola touching the sides & and y. 
In ike manner, Given in position two conjugate diameters of an 


ellipse, and the sum of their squares, to find its envelope. 
If in the equation 


——— 


Revi seg 
a? 6e 
we have a? + b? = ¢?, the envelope is . 


Ltyte=O0. 
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The ellipse, therefore, must always touch four fixed right 
lines. 
Ex. 4. Again,* given the two equations 


“/ 


Ming 4s 3 Oy 


Bo 
vV (ua) + ¥ (ub) + o¥ (u’e) = 0, 
ju 


if we eliminate yw’, the equation in + will be only of the second 


order, and the envelope will be found to be 
Aa + Bb + Ce = 0.7 


Thus, for example, in the equation ofa conic circumscribing 
a triangle , 
anes AL 


a beBenveg 


(Art. 102), if the constants be connected by the relation 
Vv (ua) + ¥ (wb) + V (we) = 9, 
the conic will touch the right line 
ada + b3 ey 0. 
Or, again, in the equation of a conic inscribed in a triangle, 


Vv (ua) + ¥ (up) + Vv (n'y) = 0 
(Art. 105), if the constants be connected by the relation 


/ “ 


Yl TM ge HEA 9 
Ronee Ci 


the conic will touch the right line 
Aa ae BB + Cy = (), 


281. These principles enable us to write the equation of a 
conic having double contact with two given conics, S and 8. Let 


* This example, and its applications, are taken from Mr. Hearn’s Researches on Conic 
Sections. 
+ In general, given the two equations . 
(uAy™ + (W BY" + (w'Oy" = 0, 
(ua)” + (wb)” + (uie)n = 0, 
it can be proved that the envelope is 


min min mn 


@ \m-n 8 Nin € \m-n 9 
A B C 
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E and F be their chords of intersection, so that S — S’= EF, then 
_ the equation of any conic touching the two will be 
p? He? = 2u(S “3 9) + F2=0. 
For, if we seek the envelope of this conic, we find 
H?F?-(S+8')?=0, or 485'=0; 
hence this conic touches both the given ones. 

Since yw is of the second degree, we see that through any 
point can be drawn two conics, each of which will have double 
contact with the given ones; and it can be proved that one of 
the chords of intersection of these conics is the line joining the 
given point to (EF), and the other the fourth harmonic to this 
line, E and F. 

The equation of a conic inscribed in a quadrilateral is a par- 
ticular case of the foregoing, and is 

pu? = 2u (AC + BD) + fF? = 0, 
where ABCD are the sides, EF the diagonals, and AC- BD = EF. 


282. The equation of a conic having double contact with two 

circles can be expressed in a simpler form, viz., 
pw? — 2u(C + C) + (C.- C2 = 0. 

The chords of contact of the conic with the circles are found 
to be C-C+py=0, andC-C-,»=0, 
which are, therefore, parallel to each other, and equidistant from 
the radical axis of the circles. This equation may also be written 
in the form fC+ VOC= Vu. 
Hence, the locus of a point, the sum or difference of whose tangents 
to two given circles is constant, is a conic having double contact with 
the two circles. If we suppose both circles infinitely small, we ob- 
tain the fundamental property of the foci of the conic. 


GENERAL EQUATION OF THE SECOND DEGREE. 


283. We have already seen that the general trilinear equation 
of the second degree is 
Aa® + BaB + C3? + Day + EBy + Fy? = 0. 
We may reduce the number of expressed constants by including 
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three of them implicitly in the equations of the lines of reference, 
and writing aVA=L, BYC=M, yvVFEN,. 
and the equation of the conic may be written in the form 


L? + M? + N? + 2nLM + 27MN + 2mNL = 0. 
This equation is evidently equivalent to the equation 
(L +2M + mN)? + (1 —n?) M? + (1 — mm?) N? + 2(2- mn) MN; 


but the last three terms are the equation of two right lines drawn 
through (MN); hence (Art. 255, X.) L+nM + mN is the chord 
of contact of two tangents drawn through (MN), that is to say, 
the polar of the point (MN). 

In like manner, the polar of NL is 


M+/N+nL =0, 


and the polar of LM is 
N+(MnL=0O. 


It can hence readily be inferred that the three points in which any 
triangle meets the sides of its polar triangle are in one right line, 


Toa vitagt aie 
Again, the lines joining the vertices of any triangle to the correspond- 
ang vertices of the polar triangle will meet in a point (see page 96). 
Yor these lines can easily be proved to be 

(¢ —mn)L - (m- nl) M = 0, 

(m— nl) M - (n —lm) N =0, 

(n-lm)N -(2 -mn) L=0. 


Want of space compels us to omit some examples of questions 
solved by means of the general trilinear equation. This equation 
is, in general, less convenient than the form (LM = R?), because 
we get a quadratic to determine the points of intersection with the 
curve of any line through (LM). The student may examine by 
this method (Ex. 3, p. 2384), and he will find that the solution, 
although more troublesome to obtain than the solution there given, 
yet leads more easily to the geometrical construction. 


284. The form of the equation of the tangents through (LM) 
leads to an important property of the sides of a circumscribing 
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hexagon, and affords a useful test for determining whether six 
lines touch a conic. 
The tangents are 
(1 — m?) L? + 2(m - dm) LM + (1 - 2) M? = 0, 
(1 — n?) M? + 2(2- mn) MN + (1 - m?)N?= 0, 
(1-2) N? +2(m-lm) NL + (1 - nn?) L? =0. 
Now, if the roots of the first equation be L = nM, L=pM, we 


have ivrdy od? 
Ole leant 
Y ie ; 1-7? 
The corresponding quantities for the other equations are iar 


1 — m? 


and ;— 


and these three multiplied together are=1. Now, 


recollecting the meaning of yw (Art. 53) we learn, that if A, B, C, 
D, E, F, be the vertices of a circumscribing hexagon, 

sin KAB.sin FAB.sin FBC .sin DBC. sin DCA .sin ECA _ 
sin KAC.sin FAC. sin FBA. sin DBA. sin DCB.sin ECB ~ 


Hence, also, if the equations of three pairs of lines can be put into 
the form L? + M? - 2n’LM = 0, 

M? + N? - 2/MN =0, 

N? + L? —- 2mNL= 0, 
they will touch the same conic section, for the equations last given 
can be reduced to this form by writing / (1 - /)L for L, &c. 


1; 


285. We saw that the polar of any point (By), with regard 
to the conic, S = 0, or a? + 2a(mp + ny) + B? + y? + 2/By =, 1s 
a+ m+ ny = 0. 
Now, this is the jivst derived equation of S =0, considered as a 
function of a. We shall anticipate the notation of the calculus, 


and denote this derived equation by = 
La 


In like manner, the polar of (ay), with regard to S, is the 


first derived equation of S, considered as a function of f, = ay 1 
arn tie dp 

and the polar of af 1s ; 
a 


Hence, ¢f the equation of a conic be 
expressed in terms of the equations of three right lines, the equation 
of the polar of the intersection of any two of them is the first derived 
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of the equation of the conic, considered as a function of the third line. 
The equations of polars given already are particular cases of this. 
For example, the polar of the origin (ay), with regard to 


Aw? + Bay + Cy? + Dak + Kyk + FR = 0, 
is Da + Ky + 2Fk = 0, 
that is, its first derived equation with regard to hk. 


Again, the equation of the diameter which bisects chords pa- 
rallel to the axis of & is 


ds 
‘E =0, or 2Ax+ By+ Dk =0, 


and we shall show hereafter that this diameter may be considered 
as the polar of the point (y/) at infinity on the axis of #. 


286. Ex.1. Given four points on a conic, the polar of any other 
given point will pass through a fixed point. 

The equation of the conic must be of the form S — £8’ = 0, 
where S and S’ are any two conics through the four points: now 
d(S —kS’) 


the polar of any point By with regard to this is 7 
a 


= (), 
which, it will be seen, is equivalent to 


as as =() ;* 


da da 


and since this equation only involves &/ in the first degree, it will 
pass through a fixed point. 

Ex. 2. To jind the locus of the pole of a given line (y), with re- 
gard to a conic of which four points are given. 

We have to eliminate / from the equations 


ds ds’ 
da — k ih = 0, 
ds f ds 


* We may mention here, that if the axes of S be parallel to the axes of S’, so will the 
axes of S — #8’; for if we take the axes of S for axes of co-ordinates, neither S nor S 
will contain the term zy. IfS' be a circle, the axes of S — #S’ must be always parallel 
to the axesofS. IfS—AS reduce to a pair of right lines, its axes will become the inter- 
“nal and external bisectors of the angles between these right lines: thus we obtain the 
theorem of p. 208. 
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and we find dSdS dS dS’ 
da dp dp da 
the equation of a conic section. 

If we suppose the given line at an infinite distance, we obtain 
the locus of the centres (Art. 152). 

Ex. 3. Given two points and two tangents to a conic, the polar of 
a fixed point touches a conte section. 

Let LM be the two tangents, R the line joining the given 
points, and LM — N? one conic touching the two lines, and pass- 
ing through the given points; then the equation of any other 
must be of the form 


LM - (N+ &R)? = 0; 
the polar is therefore 


* dR d(NR) | d(N? - LM) 
Ee da athe Boe aa 


which must always touch a conic section, since & enters in the 
second degree. In the same manner it may be proved that the 
locus of the pole of a given line is a conic section. 

In general, if the equation of a conic section involve an inde- 


= 0, 


terminate in the second degree, the polar of any fixed point will 
touch a conic section. Thus, for example, the locus of centres of 
conic sections which have double contact with two given conics 
(Art. 281) is a conic section. 


287. To jind the equation of the polar of any point (a'[3'y'), with 
regard to a conte section. 

This may be done by a method similar to that used Art. 145. 
For la” + ma’, [3" + m3’, ly" + ny’, are the trilinear co-ordinates of 
a point somewhere on the line joining a’3’y’, a’3’y" (see note, p.57), 
since these values will satisfy any equation Aa+ BB+ Cy = 0, 
which is satisfied for both these points. If then we substitute 
these values in the general equation S = 0, we have, to determine 
the points where this conic is met by the line joining a‘f'y’, a’B’y’, 
the quadratic 

??(Aa? + Bap" + CB + Da’y’ + EB’y’ + Fy’?) 
+ lm{(2Aa‘ + BB" + Dy’) a+ (Ba’ + 2CB" + Ey’) B’ 
+ (Da’ + EG" + 2Fy’) y} 
+m? (Aa? + Bap’ + CB? + Da'y' + Ef'y' + Fy?) = 0 
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Now, as in Art. 145, when apy’) is on the polar of a’3’y’, the co- 
eflicient of /m must vanish, since we know that the line joining 
the points must in this case be cut harmonically; the equation of 
the polar of a’P’y’ is, therefore, 


(2Aa+ BB+ Dy) a’+(Bat+ 2CB + Ey) B'+ (Da+ EB +2Fy)y'=0, 
which we may write for shortness 


is isu ds 


+ B ip ++ a Ab} 
Hence if the three lines —- ae = 5 = meet in a point, the polar of 


any other point will pass ene ine same point. This will be 
the case when the conic resolves itself into two right lines, for 
then the polar of any point is a fourth harmonic through the in- 
tersection of the two lines to the line joining this intersection to 
the given point. 

If the conic be 

L2 + M? + N? —- 27MN - 2mNL - 2nLM = 0, 
the condition that 
L-nM-mN, M-/N-nL, N-mL-J/M, 


should meet in a point, is proved by eliminating to be 


1-2 —- m? - n? —- 2lmn = 0. 
If 7, m, n are less than 1, we may put /=cos6, m=cos6’, n=cos0’, 
and the condition takes the simple form, 


0+ 60+ & = 180°. 


M L 
SN’ N’ 


INSCRIBED AND CIRCUMSCRIBED TRIANGLES, 


288. We gave (p. 102) the equation of a conic circumscribed 


about a triangle,” fon gee 

—-+— die 24 

aay Day 
‘we may prove, precisely as at p. 104, that the tangents at the three 
vertices are , 


I38+ma=0, my+nB=0, nat ly =0; 


* This equation was, I believe, first discussed by M. Bobillier (Annales de Mathé- 
matiques, vol. xviii. p. 320). 
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that the three points in which each tangent meets the opposite 
side are in one right line, 


a 
~+—++=0; 
ies eee 


and that the lines joining each vertex to the opposite vertex of 


the circumscribed triangle are 


a_ B 0 Set ey x 
1” om ne Tn n 
which evidently meet in a point. 

To find the equation of a conie circumscribing ay, and having 
its centre at a given point (a'3'y’). 

The polar of any point is (Art. 287) 

a (my + nf3) cy ['(na r ly) at y (lp a2 ma) =i), 
Now it is required to determine /mn, so that this equation should 
represent a line at an infinite distance (Art. 152). 
Comparing this equation, therefore, with the equation of a 
line at infinity (Art. 64), 
ada + 63+ cy =), 
where abe are the lengths of the sides of the triangle ay, it will be 
found that we may take 
l=a(b[3' + cy'—aa’); m= (aa + cy’ — 63); n = y'(aa' + OB! — ey’).* 

In like manner we could determine J, m, n, so that the polar 
of (a’B’y’) should be any right line, Aa+ BB+ Cy, by writing 
A, B, C, for a, 0, «. 

If we were given three points on a conic and any fourth con- 
dition, this fourth condition will give a relation between J, m, n; 
then by writing in this relation the values of /, m, n, just found, 
we can find the locus of centres of the conic, or the locus of the 
poles ofa given line.t Thus, for example, if we are given a fourth 
point on the conic, we must have 


* aa+bB—cy is the line joining the middle points of aB. I do not perceive, how- 
ever, that these values admit of any simple geometrical interpretation. 

+ The method given in this and the following Article, of finding the locus of the centre 
of a conic section described under certain conditions, is taken from Mr. Hearn’s Researches 


on Conic Sections. 


f 
. 
- 
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and therefore the locus of the centre of the conic circumscribing a 
quadrilateral is 


a(bf3 + cy — aa) ‘i 2 (aa + cy — 6B) A 7 (aa + bB - cy) _0 
a” p" Y : 


a conic through the middle points of the given quadrilateral. 
If we are given a tangent to the conic we must have 

v (IA) + ¥ (mB) + ¥ (nC) = 0, 
in order that the conic should touch 

Aa + BB + Cy = 0 (Art. 280), 
therefore the locus of centre, three points and a tangent being 
given, is 
V7 {Aa(OB + cy - aa)} + nen + cy — bB)} 

+ / {Cy (0B + aa - ey)} = 


a curve in general of the fourth degree. 


289. The equation of the conic section inscribed in a triangle — 
may be written in either of the forms (Art. 105) pend Oe 
V (fa) + (mB) + ¥ (my) = 0 
Pa? + m?(3? + ny? — 2mnPBy = 2nlya = 2lmaf3 =a (): 

It was proved (Art. 106) 
that AD, BE, CF meet 
in a point, their equations 
being 
m3—-ny=0, ny-la=0; 

la — m3 = 0; 
that LP, MQ, NR have 
for their equations respec- 
tively, Q 
2m + 2ny — la = 0, 2ny + 2la — m3 = 0, 2la + 2m - ny = 0, 
and that PQR is a right line whose equation is 


la + m3 + ny = 0. 
It is evident likewise that CA, CF, CB, CR form a harmonic 
pencil, their equations being 
B=0, la-m3=0, a=0, la+mB =9. 
2k 
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Lo find the equation of a conic inscribed in ay, and having its 
centre at a given point (a'3‘y’). 

The polar of any point with regard to this conic is (Art. 287) 
al(m[3' + ny’ — la’) + Bm(la' + ny’ — m3’) + yn(la' + mf’ — ny’) = 0. 
Now if it were required to determine /, m, n, so that this polar 
should coincide with 

La + MB + Ny = 0, 
we should find 
l= L(Mp'+ Ny - La); m= M (La + Ny - MP); 
n = N (La’ + MP’- Ny). 


Hence the locus of the centres of a conic touching three lines, 


Mf 4 


and passing through a given point a’3"y", 1 
V {aa (63 + cy - aa)} + ¥ {bB"(aa + cy — bB)} 

+ ¥ {cy’ (aa + 6B - ey)} = 9, 
the equation of a conic touching the lines joining the middle 
points of the sides of the triangle formed by the given tangents. 


If the conic touch a fourth given line, Aa + BG + Cy = 0, we 
must (Art. 280) have the relation 


l Veta) oe 
AaB Os 
the locus of the centre is, therefore, 


a (6B + ey — aa) | 6 (aa t+ ey - 08) | e(aat OB — ey) _ 4 
A ‘i eC Ci ean ik 


0; 


the equation of a right line.* 


Thus too we may easily form the equation of a conic touching 
five given right lines, viz., a, 3, y, Aa+ BB+ Cy, Aa+ BB+ Cy; 


for we have the two equations 


* The condition that a conic circumscribed about the triangle (aBy), 

l a m s rus 

ie aie eel 
should touch another inscribed in it, 

V(La) + V(MB) + V(Ny) = 0, 

is (note, p. 241) (IL)? + (mM)? + (nN} = 0s 
hence we can find the locus of the centre of the conic inscribed in a given triangle, and 
touching another circumscribed to the same triangle, or vice versd (Hearn, p. 50). 
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from which we can determine /:m and /:n. 


0, 


CHAPTER XIV. 


GEOMETRICAL METHODS. 


290. In treating of curves of higher dimensions, we feel it ne- 
cessary to adopt a method different from that which we have used 
in the case of the right line and circle. In the first part of this 
work we supposed the reader already acquainted with the proper- 
ties of the figures there treated of, and our object was to teach, 
not the properties themselves, but the analytic method of inves- 
tigating them. In our future chapters, on the contrary, we may 
suppose the reader, although unacquainted with the properties of 
the higher curves, yet to be tolerably familiar with the practice 
of the method of co-ordinates; we shall, therefore, make the theory 
of curves our primary object; and, without confining ourselves to 
the exclusive use of algebraic methods, shall employ, in each par- 
ticular case, whatever mode of investigation appears best suited 
to the nature of the subject we are considering. We purpose to 
occupy the present chapter with some important geometrical me- 
thods, an account of which must form an essential part of any 
work devoted to the theory of curves. 
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291. Being given a fixed conic section (3) and any curve (8), 
we can generate another curve (s) as follows: draw any tangent 
to S, and take its pole with regard to &, the locus of this pole will 
be a curve s, which is called the polar curve of S with regard to &. 
The conic &, with regard to which the pole is taken, is called the 
auxiliary conic. 


* This beautiful method was introduced by M. Poncelet, whose account of it will be 
found at the commencement of the fourth volume of Crelle’s Journal. 


- 
oi? 


Wessacas” 
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We have already met with a particular example of polar 
curves (Art. 235), where we proved that the polar curve of a 
conic section, a 9? 

Tite ees 
de A bs 


I, (S), 


with regard to another conic section, 
Ax? + Bey + Cy? + De+Ey+F=0, (3), 
is always a curve of the second degree. 

We shall for brevity say that a point corresponds to a line 
when we mean that the point is the pole of that line with regard 
to &; thus, since it appears from our definition that every point 
of s is the pole with regard to & of some tangent to S, we shall 
briefly express this relation by saying that every point of s eorres- 
ponds to some tangent of S. 


292. The point of intersection of two tangents to § will corres~ 
pond to the line joining the corresponding points of s. 

This follows from the property of the conic 3, that the point 
of intersection of any two lines is the pole of the line joining the 
poles of these two lines (Art. 141). 

Let us suppose that in this theorem the two tangents to S are 
indefinitely near, then the two corresponding points of s will also 
be indefinitely near, and the line joining them will be a tangent 
to s (Art. 83); it also easily follows, from our definition of a tan- 
gent, that any tangent to a curve intersects the consecutive tangent 
at its point of contact (see Art. 130); hence for this case the last 
theorem becomes: [f any tangent to S correspond to a point on s; 
the point of contact of that tangent to 8 will correspond to the tangent 
through the point on s. 

Hence we see that the relation between the curves is recipro- 
cal, that is to say, that the curve S might be generated from s in 
precisely the same manner that s was generated from §; hence 
the name “ reciprocal polars.” 


293. We are now able, being given any theorem of position 
(Art. 1) concerning any curve S, to deduce another concerning 
the curve s. Thus, for example, if we know that a number of 
points connected with the figure § lie on one right line, we learn 
that the corresponding lines connected with the figure s meet in 


Fe Le eR De tee A me OE Tee ee 


‘, ae dedi s wiaai 
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a point (Art. 141), and vice versd ; if a number of points connected 
with the figure S lie on a conic section, the corresponding lines 
connected with s will touch the polar of that conic with regard to 
>, or, in general, if the locus of any point connected with S be any 
curve S,, the envelope of the corresponding line connected with s 
is s‘, the reciprocal polar of 8’. 

The degree of the polar reciprocal of any curve ts equal to the 
number of tangents which can be drawn from any point to that 
curve. 

For the degree of s is the same as the number of points in 
which any line cuts s, and to a number of points on s, lying on a 
right line, correspond the same number of tangents to S passing 
through the point corresponding to that line. Thus, for exam- 
ple, if S be a conic section, two, and only two, tangents, real or 
imaginary, can be drawn to it from any point (Art. 130); there- 
fore, any line meets s in two, and only two points, real or imagi- 
nary; we may thus infer (see note, p. 209), independently of 
Art. 235, that the reciprocal of any conic section is a curve of the 
second degree. 


294. We shall exemplify, in the case where S and s are conic 
sections, the mode of obtaining one theorem from another by this 
method. 

We know (Art. 266) that ‘if a hexagon be inscribed in §, 
whose sides are A, B, C, D, E, F, then the poznés of intersection, 
AD, BE, CF, are in one right line.” Hence we infer, that “ ifa 
hexagon be cirewmscribed about s, whose vertices are a, 0, ¢, d, e, f, 
then the lines ad, be, cf, will meet in a point” (Art. 264). Thus 
we see that Pascal’s theorem and Brianchon’s are reciprocal to each 
other, and it was thus, in fact, that the latter was first obtained. 

In order to give the student an opportunity of rendering him- 
self expert in the application of this method, we shall write in 
parallel columns some theorems, together with their reciprocals. 
The beginner ought carefully to examine the force of the argu- 
ment by which the one is inferred from the other, and he ought 
to attempt to form for himself the reciprocal of each theorem be- 
fore looking at the reciprocal we have given. He will soon find 
that the operation of forming the reciprocal theorem will reduce 
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itself to a mere mechanical process of interchanging the words 
“point” and “line,” ‘ inscribed” and “ circumscribed,” “ locus” 


and “ envelope,” &c. 


If two vertices of a triangle move 
along fixed right lines, while the sides 
pass each through a fixed point, the 
locus of the third vertex is a conic sec- 
(Art. 276, Ex. 4.) 

If, however, the points through 
which the sides passliein one right line, 
the locus will bea right line. (p. 42.) 


tion. 


In what other case will the locus 
be aright line? (p. 44.) 


If two sides of a triangle pass 
through fixed points, while the ver- 
tices move on fixed right lines, the 
envelope of the third side is a conic 
section, 

If the lines on which the vertices 
move meet in a point, the third side 
will pass through a fixed point. 
(p. 61.) 

In what other case will the third 
side pass through a fixed point? 


(p. 62.) 


If two conics touch, their reciprocals will also touch; for the 
first pair have a point common, and also the tangent at that point 
common, therefore the second pair will have a tangent common 


and its point of contact also common. 


So likewise if two conics 


have double contact their reciprocals will have double contact. 


If a triangle be circumscribed to 
a conic section, two of whose vertices 
move on fixed lines, the locus of the 
third vertex is a conic section, having 
double contact with the given one. 
(2A 4652276, x. s1.) 


If a triangle be inscribed in a conic 
section, two of whose. sides pass 
through fixed points, the envelope of 
the third side is a conic section, hav- 
ing double contact with the given 
one. (Art. 276, Ex, 2.) 


295. We proved (Art. 292, see figure, p. 257) if to two points 


P, P’, on 8, correspond the tangents pét, p?¢, on s, that the tangents 
at P and P’ will correspond to the points of contact p, p’, and 
therefore Q, the intersection of these tangents, will correspond to 
the chord of contact pp’. Hence we learn that to any point Q, 
and its polar PP’, with respect to 8, correspond a line pp’ and tts 
pole gq with respect to s. 


Given two points on a conic, and 
two of its tangents, the line joining 
the points of contact of those tangents 
(Art. 


Given two tangents and two points 
on a conic, the point of intersection 
of the tangents at thuse points will 
passes through a fixed point. move along a fixed right line. 
263.) 


Given four points on a conic, the Given four tangents to a conic, 
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polar of a fixed point passes through 
a fixed point. (Art. 236, Ex. 4.) 

Given four points on a conic, the 
locus of the pole of a fixed right line 
is a conic section. (Art. 286.) 

The lines joining the vertices of 
a triangle to the opposite vertices of 
its polar triangle with regard to a 
conic, meetin a point. (Art. 283.) 

Inscribe in a conic a triangle whose 
sides pass through three given points. 
(p- 234.) 
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the locus of the pole of a fixed right 
line is aright line. 

Given four tangents to a conic, 
the envelope of the polar of a fixed 
point is a conic section. 

The points of intersection of each 
side of any triangle, with the opposite 
side of the polar triangle, lie in one 
right line. 

Circumscribe about a conic a trian- 
gle whose vertices rest on three given 
lines. 


296. Given two conics, S and S, and their two reciprocals, s 
and s’; to any point common to S and S’ will correspond a tangent 
common to s and s’, and to any chord of intersection of S and 9’ 
will correspond an intersection of common tangents to s and s.. 


If three conics have two points 
common, and, therefore, one com- 
mon chord, their other three common 
chords will meetin a point.( Art. 265.) 

If three conics have two common 
tangents, or if they have each double 
contact with a fourth, their six chords 
of intersection will pass three by three 
through the same points (Art. 264.) 

Or, in other words, three conics, 
having each double contact with a 
fourth, may be considered as having 
four radical centres. (p. 108.) 


If through the point of contact of 
two conics which touch, any chord be 
drawn, tangents at its extremities 
will meet on the common chord of the 
two conics. 


If, through the intersection of com- 
mon tangents of two conics any two 
chords be drawn, lines joining their 
extremities will intersect on one or 


If three conics have two tangents 
common, the points of intersection of 
the other three pairs of common tan- 
gents lie on one right line. 

If three conics have two points 
common, or if they have each double 
contact with a fourth, the six points 
of intersection of common tangents lie 
three by three on the same right lines, 

Or, in other words, three conics, 
having each double contact with a 
fourth, may be considered as having 
four axes of similitude. (See Art. 
118, of which this theorem is an ex- 
tension. ) 

If from any point on the tangent 
at the point of contact of two conics 
which touch, a tangent be drawn to 
each, the line joining their points of 
contact will pass through the inter- 
section of common tangents to the 
conics. 

If, on a common chord of two co- 
nics, any two points be taken, and 
from these tangents be drawn to the 
conics, the diagonals of the quadrila- 
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other of the common chords of the 
two conics. (p. 221.) 


If A and B be two conics having 
each double contact with S, the 
chords of contact of A and B with S, 
and their chords of intersection with 
each other, meet in a point and form 
a harmonic pencil. (p. 219.) 


If A, B, C, be three conics, having 
each double contact with S, and if A 
and B both touch C, the tangents at 
the points of contact willintersect on 
a common chord of A and B. 
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teral so formed will pass through one 
or other of the intersections of com- 
mon tangents to the conics. 

If A and B be two conics having 
each double contact with S, the inter- 
sections of the tangents at their 
points of contact with S, and the in- 
tersections of tangents common to A 
and B, lie in one right line, which 
they divide harmonically. 

If A, B, C, be three conics, having 
each double contact with S, and if A 
and B both touch C, the line joining 
the points of contact will passthrough 
an intersection of common tangents 
of A and B.* 


297. We have hitherto supposed the auxiliary conic & to be 


any conic whatever. 


It is most common, however, to suppose 


this conic a circle; and hereafter, when we speak of polar curves, 
we intend the reader to understand polars with regard to a circle, 
unless we expressly state otherwise. 

We know (Art. 89) that the polar of any point with regard to 
a circle is perpendicular to the line joining this point to the 


* The reader will take notice that we have now proved that every theorem used in 


Art. 123 in the theory of three circles has a theorem corresponding in the theory of three 
conics which are each inscribed in the same given conic; and hence that, given three such 
conics, we can find a fourth inscribed in the same conic, and such as to touch the three 
given conics. The learner will do well to refer to Art. 123, and to examine for himself 
how the demonstration there given is to be extended to the case of three conics inscribed 
in a given conic. The chief difference occurs in (5) of that Article, for the line a’b" is 
now constructed by joining the pole of SS'S’ to any one of the four radical centres of the 
three conics. The problem therefore admits of thirty-two solutions instead of eight, as in 
the case of the three circles. The theorems which answer to (6) of the same Article are 
the following : 


The chord of contact of the required co- 
nic with S passes through the intersection 
of one of the axes of similitude of the three 


The pole of this chord, with regard to S, 
lies on the line joining one of their radical 
centres with the pole, with regard to §, of 


given conics with the polar of one of their _ one of their axes of similitude. 


radical centres with regard to S. 
The reader will find a very able investigation of this whole problem in a memoir pub- 
lished by Mr. Cayley in vol. 39 of Crelle’s Journal. 
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centre, and that the distances of the point and its polar are, when 
multiplied together, equal to the square of the radius; hence the 
relation between polar curves with regard to a circle is often 
stated as follows: Being given 
any point O, of from it we let fall 
a perpendicular OT on any tan- 
gent to a curve 8, and produce 
wz until the rectangle OT.Op is 
equal to a constant k*, then the 
locus of the point p ws a curve s, 
which is called the polar reciprocal 


of S. For this 1s evidently equi- 
valent to saying that p is the pole of PT, with regard to a circle 
whose centre is O and radius &. We see, therefore (Art. 292), 
that the tangent pt will correspond to the point of contact P, that 
is to say, that OP will be perpendicular to pt, and that OP.Ot=A?. 

It is easy to show that a change in the magnitude of & will 
affect only the size and not the shape of s, which is all that in 
most cases concern us. In this manner of considering polars all 
mention of the circle may be suppressed, and s may be called the 
reciprocal of S with regard to the point O. We shall call this point 
the origin. 

The advantage of using the circle for our auxiliary conic 
chiefly arises from the two following theorems, which are at once 
deduced from what has been said, and which enable us to trans- 
form, by this method, not only theorems of position, but also 
theorems involving the magnitude of lines and angles: 

The distance of any point P from the origin ts the reciprocal of 
the distance of the corresponding line pt. 

The angle TQT” between any two lines TQ, T’Q, is equal to the 
angle pOp’ subtended at the origin by the corresponding points p, p’, 
for Op is perpendicular to TQ, and Op’ to TQ. 

We shall give some examples of the application of these prin- 
ciples when we have first investigated the following problem: 


298. To find the polar reciprocal of one circle with regard to 
another. That is to say, to find the locus of the pole p with re- 
21 
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gard to the circle (O) of any tangent PT to the circle (C). Let 
MN be the polar of the point C 
with regard to O, then having 
the points C, p, and their polars 
MN, PT, we have by Ex.3, p.95, 
the ratio os = mt but the first 
ratio is constaygt, since both OC M mS 

and CP are constant; hence the : 

distance of p from O is to its distance from MN in the constant 


its locus is therefore a conic, of which O is a focus, MN 


OC 


: OC = 
the corresponding directrix, and —— the eccentricity. Hence the 


CP 


eccentricity is greater, less than, or = 1, according as O is without, 


ratio 


within, or on the circle C. 

Hence the polar reciprocal of a circle is a conte section, of 
which the origin ts the focus, the line corresponding to the centre is the 
directrix, and which ws an ellipse, hyperbola, or parabola, according 
as the origin ts within, without, or on the circle. 


299. We shall now deduce some properties concerning angles, 
by the help of the theorem given in Art. 297. 


Any two tangents to a circle make The line drawn from the focus to 
equal angles with their chord of con- _ the intersection of two tangents bisects 
tact. the angle subtended at the focus by 


their chord of contact. 


For the angle between one tangent PQ (see fig. p. 257) and 
the chord of contact PP’ is equal to the angle subtended at the 
focus by the corresponding points p, q; and similarly, the angle 
QP’P is equal to the angle subtended by p’, g; therefore, since 
OPP SORP, pOg = 7 Og. 


Any tangent to a circle is perpen- Any point on a conic, and the 
dicular to the line joining its point of point where its tangent meets the 
contact to the centre. directrix, subtend a right angle at 


the focus. 


This follows as before, recollecting that the directrix of the 
conic answers to the centre of the circle. 
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Any line is perpendicular to the 
line joining its pole to the centre of 
the circle. 

The line joining any point to the 
centre of a circle, makes equal angles 
with the tangents through that point. 


The locus of the intersection of 
tangents to a circle, which cut at a 
given angle, is a concentric circle. 


The envelope of the chord of con- 
tact of tangents which cut at a given 
angle is a concentric circle. 


If from a fixed point tangents be 
drawn toa series of concentric circles, 
the locus of the points of contact will 
be a circle passing through the fixed 
point, and through the common cen- 
tre. 
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Any point and the intersection of 
its polar with the directrix subtend a 
right angle at the focus. 

If the point where any line meets 
the directrix be joined to the focus, 
the joining line will bisect the angle 
between the focal radii to the point 
where the given line meets the curve. 

The envelope of a chord of a 
conic, which subtends a given angle 
at the focus, is a conic having the 
same focus and the same directrix. 

The locus of the intersection of tan- 
gents, whose chord subtends a given 
angle at the focus, is a conic having 
the same focus and directrix. 

If a fixed line intersect a series of 
conics having the same focus and 
same directrix, the envelope of the 
tangents to the conics, at the point 
where this line meets them, will be a 
conic having the same focus, and 
touching both the fixed line and the 
common directrix. 


In the latter theorem, if the fixed line be at infinity, we find 
the envelope of the asymptotes ofa series of hyperbole having 
the same focus and same directrix, to be a parabola having the. 
same focus and touching the common directrix. 


If two chords at right angles to 
each other be drawn through any 
point on acircle, the line joining their 
extremities passes through the centre 
of the circle. 


The locus of the intersection of 
tangents to a parabola which cut at 
right angles is the directrix. . 


We say a parabola, for, the point through which the chords of 
the circle are drawn being taken for origin, the polar of the circle 


is a parabola (Art. 298). 


The envelope of a chord of a cir- 
cle which subtends a given angle ata 
given point on the curve is a concen- 
tric circle. 

Given base and vertical angle of a 
triangle, the locus of vertex is a circle 


The locus of the intersection of tan- 
gents to a parabola which cut at a 
given angle, is a conic having the same 
focus and the same directrix. 

Given in position two sides of a tri- 
angle, and the angle subtended by the 
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passing through the extremities of the base at a given point, the envelope of 
base. the base is a conic, of which that 
point is a focus, and to which the two 
given sides will be tangents. 

The envelope of any chord of a 
conic which subtends a right angle 
at any fixed point is a conic, of which 
that point is a focus. 


The locus of the intersection of 
tangents to an ellipse or hyperbola 
which cut at right angles is a circle. 


“If from any point on the circumference of a circle perpen- 
diculars be let fall on the sides of any inscribed triangle, their 
three feet will lie in one right line” (Art. 103). 

If we take the fixed point for origin, to the triangle inscribed 
in a circle will correspond a triangle circumscribed about a para- 
bola; again, to the foot of the perpendicular on any line corres- 
ponds a line through the corresponding point perpendicular to 
the radius vector from the origin. Hence, “ If we join the focus 
to each vertex of a triangle circumscribed about a parabola, and 
erect perpendiculars at the vertices to the joining lines, those per- 
pendiculars will pass through the same point.” If, therefore, a 
circle be described, having for diameter the radius vector from the 
focus to this point, it will pass through the vertices of the cir- 
cumscribed triangle. Hence, given a triangle circumscribing a 
parabola, the locus of the focus is the circumscribing circle (Art. 224, 
Cor. 4). 

The locus of the foot of the per- 
pendicular (or of a line making a 


If from any fixed point a radius 
vector be drawn to a circle, and a 


constant angle with the tangent) from 
the focus of an ellipse or hyperbola 
on the tangent is a circle. 


perpendicular to it at its extremity 
(or a line making a constant angle 
with it), the envelope of this line is 


a conic having the fixed point for its 
focus. 

300. Having sufficiently exemplified in the last Article the 
method of transforming theorems involving angles, we proceed to 
show that theorems involving the magnitude of lines passing 
through the origin are easily transformed by the help of the first 
theorem in Art. 297. For example, the sum* of the perpendicu- 
lars let fall from the origin on any pair of parallel tangents to a 
circle is constant, and equal to the diameter of the circle. 


* Or the difference, if the origin be without the circle. 
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‘*¢ Now, to two parallel lines correspond two points on a line 
passing through the origin.” Hence, ‘ the sum of the reciprocals 
of the segments of any focal chord of an ellipse is constant.” 

We know (Art. 194) that this sum is the reciprocal of the 
semiparameter of the ellipse, and since we learn from the present 
example that it only depends on the diameter, and not on the po- 
sition of the reciprocal circle, we infer that the reciprocals of equal 


circles, with regard to any origin, have the same parameter. 
* 


The rectangle under the segments The rectangle under theperpen- 
of any chord of a circle through the  diculars let fall from the focus on 
origin is constant. two parallel tangents is constant. 


Hence, given the tangent from the origin to a circle, we are 
given the conjugate axis of the reciprocal hyperbola. 

Again, the well-known theorem, that the sum of the focal 
distances of any point on an ellipse is constant, may be expressed 
thus : 


The sum of the distances from the The sum of the reciprocals of per- 
focus of the points of contact of paral- _ pendiculars let fall from any point on 
lel tangents is constant. two tangents to a circle, whose chord 


of contact passes through the point, 
is constant. 


301. Many relations involving the magnitude of lines not 
passing through the origin may be transformed by the help of 
the theorem (p. 95) used in Art. 298. Thus we know, that if 
PA, PB, PC,,PD, be the perpendiculars let fall from any 
point of a conic on the sides of an inscribed quadrilateral, 
PA.PC=kPB.PD (Art. 261); now we may write this relation, 
Ame eh, VG PD 


OP OP ~~’ OP’ OP’ 
ing to the lines A, B, C, D, and ap the perpendicular let full from 


a on the line corresponding to P we have (p. 95) ae . Si- 
milarly for the other sides; and Oa, Ob, Oc, Od, being constant, 
we infer that ifa fiwed quadrilateral be circumscribed to a conic, 
the product of the perpendiculars let fall from two opposite vertices 
on any variable tangent ts in a constant ratio to the product of the 
perpendiculars let fall from the other two vertices. 


but if a, }, ¢, d, be the points correspond- 
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The product of the perpendiculars 
from any point of a conic on two 
fixed tangents, is in a constant ratio 
to the square of the perpendicular on 
their chord ofcontact. (Art. 262.) 


The product of the perpendiculars 
from two fixed points of a conic on 
any tangent, is in a constant ratio to 
the square of the perpendicular on it, 
from the intersection of tangents at 


those points. 


If, however, the origin be taken on the chord of contact, the 
reciprocal theorem will be, ‘‘ the rectangle under the intercepts, 
made by any variable tangent on two parallel tangents is con- 
stant.” . 


The product of the perpendiculars The square of the radius vector 
from any fixed point to any point on 
a conic, is in a constant ratio to the 
product of the perpendiculars let 
fall from that point of the conic on 


two fixed right lines. 


on any tangent of a conic from two 
fixed points (the foci) is constant. 


302. Very many theorems concerning magnitude may be re- 
duced to theorems concerning lines cut harmonically or anhar- 
monically, and are transformed by the following principle: To 
any four points on a right line correspond four lines passing through 
a point, and the anharmonic ratio of this pencil is the same as that of 
the four points. 

This is evident, since each leg of the pencil drawn from the 
origin to the given points is perpendicular to one of the corres- 
ponding lines. We may thus derive the anharmonic properties 
of the conics in general from that of the circle. 

The anharmonic ratio of the 
points in which four fixed tangents 
to a conic cut any variable fifth is 
constant. 


The anharmonic ratio of the pencil 
joining four points on a conic toa 
variable fifth is constant. 


The first of these theorems is true for the circle, since all the 
angles of the pencil are constant, therefore its reciprocal, the se- 
cond, must be true for all the conics. The second theorem is true 
for the circle, since the angles which the four points subtend at 
the centre are constant, therefore the first theorem is true for all 
the conics. By observing the angles which correspond in the re- 
ciprocal figure to the angles which are constant in the case of the 
circle, the student will perceive that the angles which the four 


points of the variable tangent subtend at either focus are constant, 
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and that the angles are constant which are subtended at the 
focus by the four points in which any inscribed pencil meets the 
directrix. 

In like manner, the theorem of Art. 144 is the reciprocal of 
that in Art. 142, and both, being true for the circle, must be true 
for all the conics. 


303. The anharmonic ratio of a*line is not the only relation 
concerning the magnitude of lines which can be expressed in 
terms of the angles subtended by the lines ata fixed point. In the 


a 
case of anharmonic ratio 


AD.BC 
AB, oe aah aes where OP is the perpendicular on AB 


we substitute for each line 


from the point O (note, p. 52); we find that the ratio reduces to 
a relation between the sines of angles subtended at O; and we in- 
fer that the ratio is the same for any four points which subtend 
the same angle at O. Now, if any other relation be such that it 
can be reduced by a similar substitution to.a relation between the 
sines of angles subtended at a given point, this relation will be 
equally true for any transversal cutting the lines joining the given 
point to the extremities of the lines, and by taking the given 
point for origin a reciprocal theorem can be easily obtained. For 
example, the following theorem, due to Carnot, is an immediate 
consequence of Art. 145: “If any conic meet the side AB of any 
triangle in the points ¢, ¢; BC in a, a; AC in 4, U’; then the 

ratio Ac. Ac. Ba.Ba’.Cd.Cb’ 


Ab.Ab.Be.Be.Ca.Ca’ 2 


Now, it will be seen that this ratio is such that we may sub- 
stitute for each line Ac the angle AOc, which it subtends at any 
fixed point; and if we take the reciprocal of this theorem, we ob- 
tain the theorem given already at p. 244. 


304, Having shown how to form the reciprocals of particular 
theorems, we shall add some generat considerations respecting 
reciprocal conics. 

We proved (Art. 298) that the reciprocal of a circle is an 
ellipse, hyperbola, or parabola, according as the origin 1s within, 
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without, or on the curve; we shall now extend this conclusion to 
all the conic sections. It is evident that, the nearer any line or 
point is to the origin, the farther the corresponding point or line 
will be; that if any line passes through the origin the corres- 
ponding point must be at an infinite distance; and that the line 
corresponding to the origin itself must be altogether at an infinite 
distance. To two tangents, therefore, through the origin on one 
figure, will correspond two points at an infinite distance on the 
other; hence, if two veal tangents can be drawn from the origin, 
the reciprocal curve will have two rea/ points at infinity, that is, 
it will be a hyperbola; if the tangents drawn from the origin be 
imaginary, the reciprocal curve will be an ellipse; if the dtigin 
be on the curve, the tangents from it coincide (Art. 130), there- 
fore the points at infinity on the reciprocal curve coincide, that is, 
the reciprocal curve will be a parabola. Since the line at infinity 
corresponds to the origin, we see that, if the origin be a point on 
one curve, the line at infinity will be a tangent to the reciprocal 
curve; and we are again led to the theorem (Art. 251) that every 
parabola has one tangent situated at an infinite distance. 

Hence the theorem, Art. 234, is the reciprocal of the theorem, 
Art. 222. 


305. To the points of contact of two tangents through the 
origin must correspond the tangents at the two points at infinity 
on the reciprocal curve, that is to say, the asymptotes of the 
reciprocal curve. ‘The eccentricity of the reciprocal hyperbola 
depending solely on the angle between its asymptotes, depends, 
therefore, on the angle between the tangents drawn from the ori- 
gin to the original curve. 

Again, the intersection of the asymptotes of the reciprocal 
curve (?. e. its centre) corresponds to the chord of contact of tan- 


gents from the origin to the original curve; or we might have 


otherwise inferred, by Art. 295, that to the origin and its polar, 
with regard to one curve, must correspond the line at infinity and 
its pole with regard to the other. We met with a particular case 
of this theorem when we proved that to the centre ofa circle cor- 
responds the directrix of the reciprocal conic, for the directrix is 
the polar of the origin which 1s the focus of that conic. 


j 
: 
: 
‘ 
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We can thus, likewise, find the aves of the reciprocal curve, 
for they must be lines drawn through its centre parallel to the 
internal and external bisectors of the angle between the tangents 
drawn from the origin. This may otherwise be expressed (by the 
help of the theorem, p. 166), that if through the origin we draw 
a conic confocal to the given one, the axes of the reciprocal conic 
will be parallel to the tangent and normal at the origin to the 
confocal conic. This latter statement is preferable, because it 
holds when the origin is within the curve. 


306. Hence, given two circles, we can find a point such that 
the reciprocals of both shall be confocal conics. For, since the 
reciprocals of all circles must have one focus (the origin) con 
mon, in order that the other focus should be common, it is only 
necessary that the two reciprocal curves should have the same 
centre, that 1s, that the polar of the origin with regard to both 
circles should be the same, or that the origin should be one of the 
two points determined in Art.113. Hence, given a system of 
circles, as in Art. 111, their reciprocals with regard to one of these 
limiting points will be a system of confocal conics. Theorems, 
therefore, concerning confocal conics, are at once transformed into 
theorems relating to the system of circles, e. g., the theorem of 
Art. 187 corresponds to “ the common tangent to two circles sub- 
tends a right angle at either of the limiting points.” The theo- 
rem of Art. 189 corresponds to “if any line intersect two circles, 
its two intercepts between the circles subtend equal angles at 
either limiting point.” Or, again, by Art. 237, any fixed point, 
and the fixed point through which (Art. 112) its polar must pass, 
subtend a right angle at the limiting points. 

We may mention here that the method of reciprocal polars 
affords a simple solution of the problem, “ to describe a circle 
touching three given circles.” ‘The locus of the centre of a circle 
touching two of the given circles (1), (2), is evidently a hyper- 
bola, of which the centres of the given circles are the foci, since 
the problem is at once reduced to “ Given base and difference of 
sides of a triangle.” Hence (Art. 298) the polar of the centre 
with regard to either of the given circles (1) will always touch a 
circle which can be easily constructed. In like manner, the polar 

2™M 
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of the centre of any circle touching (1) and (3) must also touch 
a given circle. Therefore, if we draw a common tangent to the 
two circles thus determined, and take the pole of this line with 
respect to (1), we have the centre of the circle touching the three 
given circles.* 


307. Given any two conics, there are three points such that 
their reciprocals with regard to any of them will be concentric 
curves. For there are three points whose polars with regard to the 
two conics are the same, namely, if we form the common inscribed 
quadrilateral by joining the four points in which the curves inter- 
sect, the three points EH, F', O (see Art. 236). These three points 


may be real, even when the conics cut in imaginary points. 


308. Zo find the equation of the reciprocal of a conic with re- 
gard to tts centre. é 

We found, in Art. 173, that the perpendicular on the tangent 
could be expressed in terms of the angles it makes with the axes 


p? = a cos?O + b? sin’. 
Hence the polar equation of the reciprocal curve is 


kA wad a 
==@ cos?@ + b?sin?6, 
p 


or Ce eno 


a concentric conic, whose axes are the reciprocals of the given 
one. 


309. To find the equation of the reciprocal of a conic with regard 
to any point (a7). 
The length of the perpendicular from any point is (Art. 173) 


2 
ie ae a cos @ + y'sin @ — +/ (a? cos?@ + 2? sin? 6); 
therefore, the equation of the reciprocal curve is 
(wa + yy — Wh’)? = aPa? + b?y?. 


If it were required to find the reciprocal of a conic given by its 


* This solution is taken from Gergonne’s Annales. 
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most general equation, this is only to find the envelope of the 
right line wa’ + yy’ — k®, xv’ and y’ being connected by the relation 


Aw? + Ba'y’ + Cy? + Da’ + Ey’ + F = 0. 


Multiplying the first three terms of this last equation by /', the 
next two by k?(we' + yy’), and the last by (wa’ + yy’)?, we find 


(AM + Dk?a + Fa?) a? + (Bhi + Dik?y + Eh?x + 2B vy) xy 
+ (Cht + Ek?y + Fy?)y? = 0. 
The required envelope is, therefore (Art. 280), 
(Bit+ Dk?y+ Ek?x +2 ey)? =4(Ak+ Dik? a+ Fx?) (Cht+ Hk?y+ Fy?) ; 
or, arranging the terms, 
(E? - 4CF) 2? - 2(DE - 2BF )ay + (D? - 4AF)7’? 
+ 2(BE - 2CD) sx + 2(BD - 2AE) ky + (B? - 4AC) #4 = 0. 
It is easy to deduce from this equation the properties which 
we have already obtained geometrically, such as, that if the 
curve be a parabola, the origin will be a point on the reciprocal 
curve, &c. 


310. Given the reciprocal of a curve with regard to the origin 
of co-ordinates, to find the equation of its reciprocal with regard 
to any point (27). 

If the perpendicular from the origin on the tangent be P, the 
perpendicular from any other point is (Art. 31) 

# cos8+y'sin 8 - P, 
and, therefore, the polar equation of the locus is 
ke ke 


—=2 cos) +ysn0- =; 
p 


R 


we must, therefore, substitute, in the equation of the curve for w, 
hte ho 
—_—___——,, and for y, sige 
ve + yy —-h * ga + yy —k 
The effect of this substitution may be very simply written as 
follows: Let the equation of the reciprocal with regard to the 


origin be Un + Un. + Une, &e. (see Art. 270), 
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then the reciprocal with regard to any point is 


af ey £7 ; fay 1 


a curve of the same degree as the given reciprocal. 


311. Before quitting the subject of reciprocal polars we wish 
to mention a class of theorems, for the transformation of which 
M. Chasles has proposed to take as the auxiliary conic a parabola 
instead of a circle. We proved (Art. 213) that the intercept made 
on the axis of the parabola between any two lines is equal to the 
intercept between perpendiculars let fall on the axis from the poles 
of these lines. This principle, then, enables us readily to trans- 
form theorems which relate to the magnitude of lines measured 


parallel to a fixed line. We shall give one or two specimens of | 


the use of this method, premising that to two tangents parallel to 
the axis of the auxiliary parabola correspond the two points at in- 
finity on the reciprocal curve, and that, consequently, the curve 
will be a hyperbola or ellipse, according as these tangents are real 
or imaginary. The reciprocal will be a parabola if the axis pass 
through a point at infinity on the original curve. 

‘¢ Any variable tangent to a conic intercepts portions on two 
parallel tangents whose rectangle is constant.” 

To the two points of contact of parallel tangents answer the 
asymptotes of the reciprocal hyperbola, and to the intersection of 
those parallel tangents with any other tangent answer parallels to 
the asymptotes through any point; and we obtain, in the first in- 
stance, that the asymptotes and parallels to them through any point 
on the curve intercept portions on any fixed line whose rectangle 
is constant. But this is plainly equivalent to the theorem: ‘‘ The 
rectangle under parallels drawn to the asymptotes from any point 
on the curve is constant.” 

Chords drawn from two fixed If any tangent to a parabola meet 
points of a hyperbola to a variable two fixed tangents, perpendiculars 
third point, intercept a constant from its extremities on the tangent 
length on the asymptote. at the vertex will intercept a constant 

length on that line. 

This method of parabolic polars is plainly much more limited 
in its application than the method of circular polars, whose re- 
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sources in transforming theorems of magnitude M. Chasles has 
possibly underrated.* 


HARMONIC AND ANHARMONIC PROPERTIES OF CONICS. f 


312. The harmonic and anharmonic properties of conic sec- 
tions admit of so many applications in the theory of these curves, 
that we think it not unprofitable to spend a little time in pointing 
out to the student the number of particular theorems either di- 
rectly included in the general enunciations of these properties, or 
which may be inferred from them without much difficulty. 

The cases which we shall most frequently consider are, when 
one of the four points of the right line, whose anharmonic ratio 
we are examining, is at an infinite distance. The anharmonic 


: ; ok AB.CD . 
ratio of four points, A, B, C, D, being in general = AD BC? if 
D be at an infinite distance, the ratio rae is ultimately = 1, and 


AD 
; ‘ AB 
the anharmonic ratio becomes simply BC" If the line be cut har- 


monically, its anharmonic ratio =1, and if D be at an infinite 
distance AC is bisected. The reader is supposed to be acquainted 
with the geometric investigation of these and the other funda- 
mental theorems connected with anharmonic section. 


313. We shall commence with the simple theorem: ‘ If any 
line drawn through a point O meet a conic in the points R, R’, 
and the polar of O in R, the line OR RR" is cut harmonically” 
(Art. 142). 

First. Let R” be at an infinite distance; then the line OR 
must be bisected at R’; that is, af through a fixed point a line be 


* We shall in the next part return to consider the principle of duality involved in the 
theory of reciprocal polars, from a purely analytical point of view; and shall show that 
instead of, as in this method, deriving one of two reciprocal theorems from the other, both 
may be regarded as equally entitled to be considered the geometrical interpretation of the 
same equation. 

+ The discovery of the anharmonic properties of conics is due to M. Chasles, from the 
notes to whose History of Geometry the following pages have been developed. We con- 
cur in M. Chasles’s opinion, that these properties form the centre whence the whole theory 
of conic sections can most naturally be deduced. i 
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drawn parallel to an asymptote of an hyperbola, or to a diameter of 
a parabola, the portion of this line between the fixed point and its 
polar will be bisected by the curve (Art. 213). 

Secondly. Let R be at an infinite distance, and R’R’ must be 
bisected at O; that is, if through any point a chord be drawn 
parallel to the polar of that point, it will be bisected at the point 
(Art. 133). 

If the polar of the point be at an infinite distance, every chord 
through the point meets the polar at an infinite distance, and 
therefore every chord is bisected. Hence this point is the centre, 
or the centre may be considered as a point whose polar is at an inji- 
nite distance (Art. 152). 

Thirdly. Let the fixed point itself be at an infinite distance, 
then all the lines through it will be parallel, and will be bisected 
on the polar of the fixed point. Hence every diameter of a conic 
may be considered as the polar of the point at infinity in which its 
ordinates are supposed to intersect (Art. 285). 

This also follows from the equation of the polar of a point 
(Art. 139), 


(2QAz + By + D) + (2Cy + Ba + Eye, 


y ee ae are aii 
z 


Now, if 2y' be a point at infinity on the line my = nz, we must 
pore ne : : 
make “ ri, and #’ infinite, and the equation of the polar becomes 


m(2Axe + By + D) + n(2Cy + Ba + E) = 0, 
a diameter conjugate to my = nx (Art. 135). 


314. We may, in like manner, make particular deductions 
from the theorem (Art. 144), that the two tangents through any 
point, any other line through the point, and the line to the pole 
of this last line, form an harmonic pencil. } 

Thus, if one of the lines through the point be a diameter, the 
other will be parallel to its conjugate, and since the polar of any 
point on a diameter is also parallel to its conjugate, we learn that 
the portion between the tangents of any line drawn parallel to 
the polar of the point is bisected by the diameter through the 
point. 

Again, let the point be the centre, the two tangents will be 
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the asymptotes. Hence the asymptotes, together with any pair of 
conjugate diameters, form an harmonic pencil, and the portion of 
any tangent intercepted between the asymptotes 1s bisected by 
the curve (Art. 199). 


315. The anharmonic property of the points of a conic (Art. 
261) gives rise to a much greater variety of particular theorems. 
For, the four points on the curve may be any whatever, and either 
one or two of them may be at an infinite distance; the fifth point 
O, to which the pencil is drawn, may be also either at an infinite 
distance, or may coincide with one of the four points, in which 
latter case one of the legs of the pencil will be the tangent at that 
point; then, again, we may measure the anharmonic ratio of the 
pencil by the segments on any line drawn across it, which we 
may, if we please, draw parallel to one of the legs of the pencil, so 
as to reduce the anharmonic ratio to a simple ratio. 

The following examples being intended as a practical exercise 
to the student in developing the consequences of this theorem, we 
shall, in most cases, merely state the points whence the pencil is 
drawn, the line on which the ratio is measured, and the resulting 
theorem, recommending to the reader a closer examination of the 
manner in which each particular theorem is inferred from the 
general principle. 

We use the abbreviation {O.ABCD} to denote the anhar- 
monic ratio of the pencil OA, OB, OC, OD. 

Ex.1. {A.ABCD} = {B.ABCD}. 

Let these ratios be estimated by the seg- 
ments on the line CD; let the tangents at 
A, B, meet CD in the points T, T’, and let 
the chord AB meet CD in K, then the ratios 
are Lie Cpe ECD 

TDEKCe KDC: 
that is, if any chord CD meet two tangents 
in T, T’, and their chord of contact in K, 
WO te ote a eb) be OL: 


(The reader must be careful, in this and the following exam- 
ples, to take the points of the pencil in the same order on both 
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sides of the equation. ‘Thus, on the left-hand side of this equa- 
tion we took K second, because it answers to the leg OB of the 
pencil; on the right-hand we take K first, because 1 it answers to + 
the leg OA). 

Ex. 2. Let T and T’ coincide, then 

KOsDT = Kh De Cr. 

or, any chord through the intersection of two tangents is cut harmoni- 
cally by the chord of contact (Art. 142). 

Ex. 3. Let T’ be at an infinite distance, or the secant CD 
drawn parallel to PT’, and it will be found that the ratio will re- 


duce to TK2= TC. TD, 


Ex. 4. Let one of the points be at an infinite distance, then 
{O.ABCo } is constant. Let this ratio be estimated on the line 
Co. Let the lines AO, BO, cut Co in a,b; then the ratio of 


the pencil will reduce to ; and we learn, that if two fixed points, 


Ca 

Cb ; 

A, B, on a hyperbola or parabola, be joined to any variable point O, 

and the joining line meet a fixed parallel to an asymptote (if the curve 

be a hyperbola), or to a diameter (if the curve be a parabola), ina, b, 
Ca 

then the ratio — will be constant. 


Cb 
Ex. 5. If the same ratio be estimated on any other parallel 
line, lines inflected from any three fixed points to a variable point 


ab . 
cut a fixed parallel to an asymptote or diameter, so that aS 
C 


constant. 
Ex. 6. It follows from Ex. 4, that if the lines joining AB to 
any fourth point O' meet Coo in ad’, we must have 
cadge Te) 
ab aC 
Now let us suppose the point C to be also at an infinite distance, 


: 1, ab 
the line Coo becomes an asymptote, the ratio—, becomes one of 


ab 
equality, and lines joining two fixed points to any variable point 
on the hyperbola intercept on either asymptote a constant portion 
(Art. 232). 
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Ex. 7. {A .ABCo } = {B.ABCo }. 


Let these ratios be estimated on 
Co ; then if the tangents at A, B, cut 
Coo in a, 6, and the chord of contact 
AB in K, we have 

Ca CK 
Cha GF 


(observing the caution in Ex. 1). Or, ¢f any parallel to an asymp- 
tote of an hyperbola, or diameter of a parabola, cut two tangents and 
their chord of contact, the intercept from the curve to the chord is a 
geometric mean between the intercepts from the curve to the tangents. 
Or, conversely, if a line ad, parallel to a given one, meet the sides 
of a triangle in the points a) K, and there be taken on it a point 
C such that CK? = Ca.Cd, the locus of C will be a parabola, if 
Cé be parallel to the bisector of the base of the triangle (Art. 
213), but otherwise an hyperbola, to an asymptote of which ad is 
parallel. 

Ex. 8. Let two of the fixed points be at 
infinity, 

{o.AB ow’! = { ow. ABow’; 


the lines «a, o’a’, are the two asymp- 


totes, while o o’ is altogether at infinity. 
Let these ratios be estimated on the diameter 
OA; let this line meet the parallels to the 
asymptotes Bo, Bo’, ina anda’; then the 
ratios become = = se Or, parallels to the asymptotes through 
any point on a hyperbola cut any semidiameter, so that i is a mean 
proportional between the segments on tt from the centre. 

Hence, conversely, if through a fixed point O a line be drawn 
cutting two fixed lines, Ba, Ba’, and a point A taken on it so 
that OA is a mean between Oa, Oa’, the locus of A is a hyper- 
bola, of which O is the centre, and Ba, Ba’, parallel to the 


asymptotes. 
HX. g. {a.ABoa om} = { w. ABoow’}. 


Let the segments be measured on the asymptotes, and we have 
2N 
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Oa O80’ : 

Gir Da. (O being the centre), or the rectangle under parallels to 
the asymptotes through any point on the curve is constant (we invert 
the second ratio for the reason given in Ex. 1). 


316, We next proceed to examine some particular cases of 
the anharmonic property of the tangents to a conic section (Art. 
272). 

Ex. 1. This pro- 
perty assumes a very 
simple form, if the 
curve be a parabola, 
for one tangent to a 
parabola is always at 
an infinite distance 
(Art. 251). Hence 
three fixed tangents to a parabola cut any fourth in the points 


T /\F 


A, B, C, so that a is always constant. If the variable tangents 


coincide in turn with each of the given tangents, we obtain the 


theorem, pQ_RP_ Qr 
QR Pq, 7P 
Ex. 2. Let two of the four tangents 
to an ellipse or hyperbola be parallel to 
each other, and let the variable tangent 
coincide alternately with each of the 
parallel tangents. In the first case the 


ratio is 


Ab : 
x? and in the second Di’ 


Hence the rectangle Ad. D0’ is constant. 

It may be deduced from the anharmonic property of the points 
of a conic, that if the lines joining any point on the curve O to 
A, D, meet the tangents in the points 0, 0’, then the rectangle - 
Ab.Dv' will be constant. 


INVOLUTION. 


317. If there be three pairs of points on a right line, AA, 
BB, CC’ (of which A is said to be conjugate to A’, &c.), and if 
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the anharmonic ratio of any four of them is equal to that of their 
four conjugates, 

{ABCA’} = {ABCA}, 
then the anharmonic ratio of any other four will be equal to that 
of their four conjugates, and the six points are said to be a invo- 
lution. 

M. Chasles has proved this theorem algebraically, but the 
following geometrical demonstration, communicated to me by 
Mr. Townsend, is much more simple, and appears to me to give 
a much clearer idea of the relation between points in involution. 

It is, in general,* pos- 
sible to find some point P 
at which AB and A’B will 
subtend equal angles, since Sigh : 
it is only necessary to de- F’ o ABC F CG BU A 
scribe on AB, A’B’ segments of circles intersecting each other 
which contain the same angle. Now since we are given 


{(P ABCA} = {PLA BCA}, 
and since two angles of these pencils are equal, 
(ARB =A PB. BEAT BEA) 

the remaining angle will be equal (APC = A’PC); for we have 

sin APB.sinOPA’ _ sinA’PB’sinO’PA 

sin APC.sin BPA’ sinA’PC’sinB/PA 
But since APB = A’PB’ and BPA’=B/PA, we infer from this 
equation that PC and PC’ divide the angle APA’ into parts 
whose sines are in the same ratio, therefore APC = A’PC’, and 


therefore the angle any two points subtend at P is equal to that 
subtended by their two conjugates. 


We recommend the reader to make a table of the different 
relations of magnitude between the six points inferred from this 
identity of anharmonic ratios; for instance, from 


(ABCA) = {ABCA} 


* The locus of such points P is in general a circle. This locus, however, may become 
imaginary, as, for instance, if the points A’ B’ lie between A,and B. The reader who has 
caught the force of the reasoning in Art. 243, will perceive that even in this case the 
theorem in the text does not cease to be true. 
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we have AB.CA’ >. A'B.CA 
AA BG VAALBG 
or ABCA BC'] AB’ CA BC 


We think it unnecessary to enlarge on the development of 
these relations, as it can present no difficulty to the reader. 


318. This method of considering points in involution shows 
at once that their number is not limited to six, for if we take any 
other point D on the line, and draw a line so that A’PD’= APD, 
we obtain another pair of points which with any two of the three 
original pairs will form six points in involution; and in like man- 
ner we can form a whole system of points in involution, any three 
pairs of which have the relation described above. 

We see also that two pairs of points determine the system; 
that if, for example, CC’, DD’, EE’ be each in involution with 
AA’, BB’, they will be in involution with each other; and that, 
given the points AA’, BB’, we can find the point conjugate to any 
other (C). For the equation just written gives the ratio BO’: CA 
in terms of known quantities, and therefore enables us to find C.. 
The following geometrical construction for the same purpose is 
only another expression of a theorem which we shall just prove, 
(Art. 820): “Assume any point at random d; join dO, dD’, dB; 
construct any triangle whose vertices rest on these three lines, and 
two of whose sides pass through B, D, then the remaining side 
will pass through C’,, the point conjugate to C. The point d 
might have been taken at infinity, and the three lines dC, dD’, dB’ 
would then be parallel. 

One remarkable case deserves examination: it is when one of 
the points has its conjugate at an infinite distance. This will 
happen if we draw, PO’ parallel to AA’, and take a point O such 
that A‘YPO = APO’. The point O will then have its conjugate 
point at infinity. O 1s called the centre of the system of points in 
involution. 

Now the relation between the points takes in this case a very 
simple form, for we have 

{ABOO} = {A’‘BO'O}, 
or AO.BO’ AO’. BO. 
AO’.BO ~ AO.BO”’ 
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let O’ be at an infinite distance, and this equation becomes 
UA Os =O. Ub. 


Or, the product of the distances from the centre of any two conjugate 
points is constant. 

“ Given two pairs of points of the system, to find the centre,” is 
only a particular case of the theorem just given, and the following 
is the form which the construction just given will in this case 
assume: ‘¢ Through A, B draw any pair of parallels LA, MB; 
through A’, B’, a different pair of parallels, MA’, LB’; then LM 
will pass through the centre of the system.” 


819. Another important particular case is when a point coin- 
cides with its conjugate. We shall term such a point a focus* of 
the system of points in involution, Every system of points in in- 
volution has evidently ¢wo foct, namely, the points FE’, where the 
external and internal bisectors of the angle APA’ meet the line 
AA’. Hence evidently the line FAFA’ is cut harmonically; or 
any point, its conjugate, together with the two foci, form four points 
of a line cut harmonically. 

Given two pairs of points of the system, we can find the foci, 
either by the construction Art. 317, or as follows: Since F is con- 
jugate to itself we have 


(AFBA’) = (A’FB’A}, 


or AF.BA’ AF.BA 
Aa Ase Adan BAAS 
Hence AF? : A‘F?::AB. AB’: AB. AB 


or F is the point where the line AA’ is cut, either internally or 
externally, in a certain given ratio. It is easy to see that this ratio 
(and therefore the foci) will be imaginary at the same time that 
the locus of P is imaginary in the geometrical construction of 
Art. 317. 

This may be otherwise solved by first finding the centre by 
the last Article; then if any two conjugate points AA’ be on the 
same side of the centre, we get the foci by taking OA .OA’= OF”, 


* I borrow this name from a paper published by Mr. Davies in The Mathematician 
(vol. i. pp. 169, 243), which contains the most complete account of anharmonic section 
and involution which I have met with in English, 
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but if they be on opposite sides of the centre the foci are imagi- 
nary, for no point then can coincide with its conjugate ; and the 
conjugate of the point F such that OA.OA’= OF” will not be 
itself, but the point EF’ equidistant from the centre. 

It is important to observe that the relation between six points 
in involution is of the class noticed in Art. 303, and is such that 
the same relations will subsist between the sines of the angles sub- 
tended by them at any point as subsist between the segments of 
the lines themselves. Consequently, if a pencil be drawn from 
any point to six points in involution, any transversal cuts this pencil 
in six points in involution. Again, the reciprocal of siz points in 
involution is a pencil in involution.* 


320. We proceed to mention the most important application 
of these principles to the theory of conic sections. 

If a quadrilateral abcd 
be inscribed in a conic sec- 
tion, and any transversal 
cut the conic in A, A’, the 
sides ab, cd, in B, B, and 
the sides ad, be in ©, O, 
then the points AA’BB'CC’ 


are in involution, for by the anharmonic property of conic sections, 


{a. AdbA’} = {c. AdbA’} ; 


* Involution is itself a particular case of the following :—Ilfwe have a system of 
points on a right line, ABCDE, &c., and another system, A'BC'D'E, &c., either on 
the same or on a different right line, the systems are said to be similar, if the anharmo- 
nic ratio of any four points whatever of the first system be equal to that of the four corres- 
ponding points of the second system. Thus if we draw a pencil from any point O, 
to the points of the first system, and cut it by any transversal, we shall have a similar 
system. We can construct a system similar to a given one, and such that three arbi- 
trary points A’B'C’ shall correspond to three given points ABC of the first system. For, 
draw through A any line making an angle with AB, on it take Ab = A'B, Ac=A‘C, 
and the intersection of bB, cC, determines the point O, and, therefore, the entire of the 
second system. 

When the two systems form part of the same right line, it will not generally happen 
that a given point will have the same conjugate when it is considered as belonging to the 
first and as belonging to the second system. If, however, two similar systems form part 
of the same right line, and if every point have the same conjugate, to whichever system it 
be considered to belong, the entire series forms a system in involution. 
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but if we observe the points in which these pencils cut AA’, we get 
{ACBA’} = {ABCA} = {A’CB/A}. 

If any other conics through the points aded meet the transversal 
in points DD’, EE’, &., since each pair of points is in involution 
with BB’, CC’, these points form a system in involution. Hence 
a system of conics circumscribing the same quadrilateral meet any 
transversal in a system of points in involution. 

Reciprocally, af a system of conies be inscribed in the same qua- 
drilateral, the pairs of tangents drawn to them from any point will 
form a system in involution. 


321. The following particular inferences are drawn from this 
property by the help of Art. 319: 

Tf three conics cireumscribe the same quadrilateral, the common 
tangent to any two will be cut harmonically by the third. For the 
points of contact of these tangents will be the foci of the system in 
involution. 

Again, if one of the conics break up into two right lines, we 
learn that, if through the intersection of the common chords of two 
conics we draw a tangent to one of them, this line will be cut har- 
monically by the other. 

Or again, if we suppose the two common chords to coincide, 
we learn that if two conics have double contact with each other, or if 
they have a contact of the third order, any tangent to the one ts cut 
harmonically at the points where it meets the other, and where tt meets 
the chord of contact. 

Thus likewise we can describe a conic through four points 
abcd to touch a given right line; for the point of contact must be 
one of the foci of the system BB’CC’, &c., and these points can be 
determined by Art. 319. This problem, therefore, admits of two 
solutions. 


322. We now proceed to give some examples of problems 
easily solved by the help of the anharmonic properties of conic 
sections. 

Ex. 1. To prove Mac Laurin’s method of generating conic 
sections (p. 235), viz., To find the locus of the vertex V of a triangle 


% 
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whose sides pass through the points A, B, C, and whose base angles 
move on the fixed lines Oa, Ob. 

Let us suppose four such tri- V! vy” 
angles drawn, then since the pen- 
ceil {C.aa‘a‘a”} is the same pencil 
as {C.50'6"6"}, we have 

aaa’a”} = {bb6"b"}, 
and, therefore, 

{A.aa‘a’a”} = {B.60°6°6"} ; 
or, from the nature of the ques- 
tion, {[A.VNV VV) = {Bev VY “hs 
and therefore A, B, V, V’, V’, V” lie on the same conic section. 
Now if the first three triangles be fixed, it is evident that the locus 
of V” is the conic section passing through ABVV’V’. 

Ex. 2. M. Chasles has showed that the same demonstration 
will hold if the side ad, instead of passing through the fixed point 
C, touch any conic which touches Oa, Od, for then any four po- 
sitions of the base cut Oa, O82, so that 

{ada’a"} = {bb°b"6"} (Art. 272), 
and the rest of the proof proceeds the same as before. 

Ex. 3. Newton’s method of generating conic sections. Two 
angles of constant magnitude move 
about fixed points P, Q, the inter- — 
section of two of their sides traverses 
the right line AA’; then the locus 
of V, the intersection of their other 
two sides, will be a conie passing 
through P, Q. 

For, as before, take four posi- 
tions of the angles, then 

{P.AA‘A‘A”) = (Q.AA‘A‘A”} ; 
but {PAA ACA WV NAV AV 
since the angles of the pencils are the same; and 

{Q.AA‘A‘’A”} = {Q.VVV’'V"}, 
therefore {P.VV'V’V"} = {Q.VVV'V") ; 


AA A’ A” 
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and, therefore, as before, the locus of V” is a conic through 
Tepe; Vy) Vi. 

Ex. 4. M. Chasles has extended this method of generating 
conic sections, by supposing the point A, instead of moving on a 
right line, to move on any conic passing through the points PQ, 
for we shall still have 

(SPUAA ACAD Pa QUA AACA 

Ex. 5. The demonstration would be the same if, in place of 
the angles APV, AQV being constant, APV and AQV cut off 
constant intercepts each on one of two fixed lines, for we should 
then prove the pencil 

(Di AACA ASV ot| PaVeVi Ve Val, 
because both pencils cut off intercepts of the same length on a 
fixed line. 

Thus, also, given base of a triangle and the intercept made by 
the sides on any fixed line, we can prove that the locus of vertex 
is a conic section. 

Tix. 6. We may also extend Ex. 1, by supposing the extre-- 
mities of the line ab to move on any conic section passing through 


* In consequence of some doubts expressed by Mr. Davies in his Paper, quoted p. 277, 
as to the validity of this demonstration, I subjoin the following proof by the method of co- 
ordinates. Let the middle point of the line PQ be taken for origin, and PQ for axis of z, 
let A be 2’y’, V, xy, then we have 


he aang Pee 
‘ c— c— 
e+2z alti ad mani Meant x x = tan B, 
re oe. Ly oN OD Vb 
(¢+2) (c+2’) (c—x) (e—2’) 


which are equivalent to equations of the form 
Az’ + By + Ac=0, A'zx' + By’ — A’c = 0, 

where A, B, A’, B, are linear functions of x and y ; hence we have 

_BA'+ AB 2AA’ 


, , 


Cc, 


ST BAGEAB be ful ABO Be! 
Now, if x’y' be restricted to move on a conic section, substituting these values for 2’, y’, 
we find an equation of the fourth degree; but if this conic pass through the points PQ, 
since, when we make y’ = 0, the equation of the conic must become 2’? — c?=0, the equa- 
tion of the generated curve will become divisible by AA’, and is only of the second degree. 
The student will not find it difficult to explain why A, A’, enter as factors into the equa- 
tion of the locus, if he examine the geometric signification of those quantities. 


20 
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the points AB, for, taking four positions of the triangle, we have, 
by Art. 272, {aaa’a”’\ = {b0'b°b"} ; 

therefore, {A .aa‘a’a”} = {B. b'b"b"}, 

and the rest of the proof proceeds as before. 

Ex. 7. The base of a triangle passes through C, the intersec- 
tion of common tangents to two conic sections; the extremities of 
the base ab lie one on each of the conic sections, while the sides 
pass through fixed points AB, one on each of the conics: the locus 
of the vertex is a conic through A, B. 

The proof proceeds exactly as before, depending now on the 
last theorem proved Art. 273. 

We may mention that the theorem of Art. 273 admits of a 
simple geometrical proof. Let the pencil {0.ABCD} be drawn 
from points corresponding to {o0.abcd}. Now, the lines OA, oa, 
intersect at 7 on one of the common chords of the conics; in like 
manner, BO, do, intersect in » on the same chord, &c.; hence 
{rr'7"’r”} measures the anharmonic ratio of both these pencils. 

Ex. 8. In Ex. 6 the base, instead of passing through a fixed 
point C, may be supposed to touch a conic having double contact 
with the given conic (see Art. 275). 

Ex. 9. If a polygon be inscribed in a conic, all whose sides 
but one pass through fixed points, the envelope of that side will 
be a conic having double contact with the given one. 

For, take any four positions of the polygon, then, if a, b,c, &e., 
be the vertices of the polygon, we have 

{aaa'a }= {606 6") = {cece ee}, ke. 
The problem is, therefore, reduced to that of Art. 275, ‘Given 
three pairs of points, awa", ddd’, to find the envelope of ad”, such 
that {aaa’a”"} = {dd'd’d"\.” 

Ex. 10. To inscribe a polygon in a conic section, all whose 
sides pass through fixed points. 

If we assume any point (a) at random on the conic for the 
vertex of the polygon, and form a polygon whose sides pass 
through the given points, the point z, where the last side meets 
the conic, will not, in general, coincide with a. If we make four 
such attempts to inscribe the polygon, we must have, as in the 


] a, st exam ple, ad‘a'a” | a oe'e"2" : 
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Now, if the last attempt were successftl, the point a” would coin- 
cide with 2”, and the problem is reduced to, “Given three pairs 
of points, aaa’, zzz”, to find a point K such that 
Pid ne aah 
Now, if we make az‘a'za’z’ the vertices of an inscribed hexagon 
(in the order here given, taking an a and z alternately, and so that 
az, az, az’, may be opposite vertices), then either of the points 
in which the line joining the intersec- 
tions of opposite sides meets the conic 
may be taken for the point K. For, in 
the figure, the points ACE are aaa’, 
DIB are zz’2”, and if we take the sides KI. 
in the order ABCDEF, L, M,N, are the 
intersections of opposite sides. Now, 
since { KPNL} measures both {D.K ACE} 
and {A.K DIB}, we have 
{KACE} = {KDFB} QE. D.* 

It is easy to see, from the last example, that K is a point of 

contact of a conic having double contact with the given conic, to 


which az, az’, a’z” are tangents, and that we have therefore just 
given the solution of the question, “ to describe a conic touching 


three given lines, and having double contact with a given conic.” 
Ex. 11. The anharmonic property affords also a simple proof 
of Pascal’s theorem, alluded to in the last example. 
We have {E.CDFB} = {A.CDFB}. Now, if we examine 


the segments made by the first pencil on BC, and by the second 
on DC, we have (CRMB} = {CDNS)}. 
Now, if we draw a pencil from the point L to each of these 


points, both pencils will have the three legs, CL, DE, AB, com- 


mon, therefore the fourth legs, NL, LM, must form one right line 
(Art. 317). 


* This construction for inscribing a polygon in a conic is due to M. Poncelet ( TZ’raité 
des Propriétés Projectives, p. 351). The demonstration here used, which was commu- 
nicated to me by Mr. Townsend, seems to me more simple than that employed by M. 
Poncelet. The proof here used shows that Poncelet’s construction will equally solve the 
problem, ‘‘'To inscribe a polygon ina conic, each of whose sides shall touch a conic hay- 
ing double contact with the given conic.”’ The conics touched by the sides may be all 
different. 


ve 
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Ex. 12. Pascal’s theorem leads at once to Mac Laurin’s me- 
thod of generating conic sections, for if we suppose the five points 
ABCDE given, and F variable, then F will be the vertex of a 
triangle FMN, whose sides pass through the fixed points L, A, E, 
and whose base angles move on the fixed lines CD, CB. Wesee, 
therefore, that, given jive points on a conic, we can determine as 
many other points on the conic as we please. By the same construc- 
tion, given five points on a conic, ABCDE, we can determine the 
point where any line AN through one of them meets the conic again. 
So also, given five points on a conic we can find its centre. For we 
may draw parallels through A to BC, BD, and determine the 
points where they meet the conic again, and then find the centre 
by note, p. 130. 

Ex. 13. Given four points on a conic, ADFB, and two fixed 
lines through any one of them, DC, DE, to find the envelope of the 
line CK joining the points where those fixed lines again meet the 
curve. 

The vertices of the triangle CEM move on the fixed lines 
DC, DE, NL, and two of its sides pass through the fixed points, 
B, F, therefore, the third side envelopes a conic section touching 
DC, DE (by the reciprocal of Mac Laurin’s mode of generation). 

Hx. 14. Given four points on a conic ABDE, and two fixed 
lines, AF, CD, passing each through a different one of the fixed 
points, the line CF joining the points where the fixed lines again meet 
the curve will pass through a fixed point. 

For the triangle CFM has two sides passing through the fixed 
points B, E, and the vertices move on the fixed lines AF, CD, NL, 
which fixed lines meet in a point, therefore (p. 254) CF passes 
through a fixed point. 

The reader will find, in the section on Projections, how the 
last two theorems are suggested by other well-known theorems. 

Ex. 15. To in- 
scribe a triangle in 
a conic whose three 
sides pass through 
three given points. 

This is of course 
a particular case of 
Ex.10, butour pre- #— 
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sent object 1s to give a geometrical proof of the construction used 
at p. 234. 

If we consider the quadrilateral of which E, L, N are vertices, 
and D, F the intersections of opposite sides; by the harmonic pro- 
perties of a quadrilateral, ML, ME, MN, MD form a harmonic 
pencil, and therefore the line B1 is cut harmonically in the points 
where it meets these four lines. But since B is the pole of MD, 
B1 is also cut harmonically in the points where it meets the conic 
and where it meets MD; hence it appears that Bl and MN must 
intersect on the conic, or that 1, 2, B lie on one right line. In 
the same manner it is proved that 13 passes through A, and 32 
through C. 


323. The anharmonic ratio of four points on a right line is the 
same as that of their polars with respect to any conic. 

For this property is true for the circle (Art. 802), and if we 
take the reciprocal of this circle with regard to any point, we see, 
by Art. 302, that the property must be true for any conic. A 
particular case of this theorem is, the anharmonic ratio of any four 
diameters is equal to that of their four conjugates. We might also 
prove this directly, from the consideration that the anharmonic 
ratio of four chords proceeding from any point of the curve is 
equal to that of the supplemental chords (Art. 174). 

A conic circumscribes a given quadrilateral, to find the locus of 
ats centre. 

Draw diameters of the conic bisecting the sides of the quadri- 
lateral, their anharmonic ratio is equal to that of their four con- 
jugates, but this last ratio is given, since the conjugates are 
parallel to the four given lines; hence the locus is a conic passing 
through the middle points of the given sides. If we take the 
cases where the conics break up into two right lines, we see that 
the intersections of the diagonals, and also those of the opposite 
sides, are points in the locus, and, therefore, that these points lie 
on aconic passing through the middle points of the sides and of 
the diagonals. When the given quadrilateral has a re-entrant 
angle it is easy to see that such a quadrilateral cannot be inscribed 
in a closed figure of the shape of the ellipse or parabola, and that 
the circumscribing conic must therefore be a hyperbola, which 
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may have some of the vertices in opposite branches. But since 
the centre of an hyperbola is never at infinity, the locus of centres 
must in this case be an ellipse. Through four points not so dis- 
posed in general two parabolz can be drawn, for (Art. 253) this 
is a particular case of the last problem of Art. 321. The locus of 
centres will in this case be a hyperbola, having for asymptotes 
lines parallel to the diameters of these two parabole. ‘The locus 
of centres will be a parabola when one of the given points is at an 
infinite distance ; that 1s, when it is required, ‘“ given three points 
and a parallel to an asymptote, to find the locus of centre.” 

It is very easy to show, by the same method, that the locus of 
the pole of any given right line is a conic section. 


324. We think it unnecessary to go through the theorems, 
which are only the polar reciprocals of those investigated in the 
last examples, but we recommend the student to form the polar 
reciprocal of each of these theorems, and then to prove it directly 
by the help of the anharmonic property of the tangents of a conic. 
A single example will suffice. 

Any transversal through a fixed point P meets two fixed lines 
OA, OB, in the points A, B, and portions of given lengths AC, BD, 
are taken on those lines: to find the envelope of CD. 

Take any four positions of the transversal, and we have 

PATA ACA | = Db. bar 
but [AA‘A*A™} = (CCC'C"), and {BB'B’B”) = {DD'D"D; 
therefore, the four lines, CD, C’D’, C’D’, C’”D”, cut the two lines 
OC, OD, so that 
(OO CIO ey las 
and, therefore, the envelope of CD is a conic touching OA, OB. 


325. Generally when the envelope of a moveable line is found 
by this method to be a conic section, it 1s useful to take notice 
whether in any particular position the moveable line can be alto- 
gether at an infinite distance, for if it can, the envelope is a para- 
bola (Art. 253). Thus, in the last example the line CD cannot 
be at an infinite distance, unless in some position AB can be at 
an infinite distance, that is, unless P is at an infinite distance. 
Hence we see that in the last example if the transversal, instead 
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of passing through a fixed point, were parallel to a given line, the 
envelope would be a parabola. In like manner, the nature of the 
locus of a moveable point is often at once perceived by observing 
particular positions of the moveable point, as we have exemplified 
in Art. 323. 


326. Given three points on a right line, a, 0, c, and three 

points on another right line, A, B, C, if we take dD so that 
{abcd} = {ABCD}, 

it is evident, from the preceding articles, that the envelope of dD 
is a conic section, and that the lines pd, PD, joining dD to two 
fixed points, will intersect on a conic passing through these points.* 
Let us examine the most general relation between d and D that 
this should be the case. If we denote the distances of abcd from 
any fixed point o on the same line by 7, 7",7", 7”, and the distances 
of ABCD from a fixed point O on the other right line by 
R, R’, R’, R”, we have 


(=r) @%= 9") (R-R) (R= RY), 
(Por) —r) (R-R) (R-R’)’ 


and if we suppose 7 and R alone variable, this gives a relation of 
the form 


kRr+1R+mr+n=0 (compare Art. 275). 


This relation containing three independent constants is, there- 
fore, the most general connexion between od and OD if dD en- 
velope a conic touching od, OD. 

If &= 0, dD will envelope a parabola, since then R and 7 will 
become infinite at the same time. 

M. Chasles has given this relation in a different form. Let 


there be given two other points e and E, then if ye 


* We saw, p. 232, that it is also true, if ABCD, abcd, be points on the same conic 
section, that Dd will envelope a conic if {ABCD} = {abcd}, and the intersection of PD, 
pd, willin this case be a conic if P, p be points onthe conic. Again, any two conics will 
be cut by four tangents to any conic having double contact with both, so that {ABCD} = 
{abed} (Art. 275); but it will not be true conversely, that, if this relation holds, the 
envelope of Dd will be a conic, unless the points ABC, abe, be so taken that Aa, Bb, Ce, 
may all touch the same conic having double contact with both. 
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dD will envelope a conic; for ifits distances eo, EO, be called a, A, 
this relation may be written 
sia R-A 
5 oy + pe R = 
an equation included in the general form we have given. 


1, 
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327. In the next Part we purpose to show how the differential 
calculus enables us readily to draw tangents to curves, and to de- 
termine the magnitude of their areas and arcs. We wish first, 
however, to give the reader some idea of the manner in which 
these problems were investigated by geometers before the inven- 
tion of that method. The geometric methods are not merely in- 
teresting in a historical point of view; they afford solutions of 
some questions more concise and simple than those furnished by 
analysis, and they have even recently led to a beautiful theorem 
(Art. 337), which had not been anticipated by those who have 
applied the integral calculus to the rectification of conic sections. 

If a polygon be inscribed in any curve, it is evident that the 
more the number of the sides of the polygon is increased, the 
more nearly will the area and perimeter of the polygon approach 
to equality with the area and perimeter of the curve, and the more 
nearly will any side of the polygon approach to coincidence with 
the tangent at the point where it meets the curve. Now, if the 
sides of the polygon be multiplied ad infinitum, the polygon will 
coincide with the curve, and the tangent at any point will coincide 
with the line joining two indefinitely near points on the curve. 
In like manner, we see that the more the number of the sides of a 
circumscribing polygon is increased, the more nearly will its area 
and perimeter approach to equality with the area and perimeter 
of the curve, and the more nearly will the intersection of two of 
its adjacent sides approach to the point of contact of either. 
Hence, in investigating the area or perimeter of any curve, we 
may substitute for the curve an inscribed or circumscribing poly- 
gon of an indefinite number of sides; we may consider any tangent 
of the curve as the line joining two indefinitely near points on the 
curve, and any point on the curve as the intersection of two 
indefinitely near tangents. 
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The nature of this method will be best understood by exam- 
ples, of which we give a few, commencing with the simple case of 
the circle. 


328. Ex.1. To find the direction of the tangent at any point of 
a circle. . 
In any isosceles triangle AOB, either base anole OBA is less 
than a right angle by half the vertical angle; but as the points 
A and B approach to coincidence, the 
vertical angle may be supposed less 
than any assignable angle, therefore 
the angle OBA which the tangent 
makes with the radius, is ultimately al 
equal toa right angle. We shall fre- | 
quently have occasion to use the prin- 
ciple here proved, viz., that two inde- 


finitely near lines of equal length are 
at right angles to the line joining their extremities. 

Ex. 2. The circumferences of two circles are to each other as their 
radit. 

If polygons of the same number of sides be inscribed in the 
circles, it is evident, by similar triangles, that the bases ab, AB, 
are to each other as the radii of the circles, and, therefore, that 
the whole perimeters of the polygons are to each other in the 
same ratio; and since this will be true, no matter how the num- 
ber of sides of the polygon be increased, the circumferences are to 
each other in the same ratio. 

Ex. 3. The area of a circle ts equal to the radius multiplied by 
the semicircumference. 

For the area of any triangle OAB is equal to half its base 
multiplied by the perpendicular on it from the centre; hence the 
area of any inscribed regular polygon is equal to half the sum of 
its sides multiplied by the perpendicular on any side from the 
centre; but the more the number of sides is increased, the more 
nearly will the perimeter of the polygon approach to equality 
with that of the circle, and the more nearly will the perpendicu- 
lar on any side approach to equality with the radius, and the dif- 
ference between them can be made less than any assignable 

2P 
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quantity; hence ultimately the area of the circle is equal to the 
radius multiplied by the semicircumference. 

If we denote the circumference by 277, the area will there- 
fore = 77, 


329. Ex. 1. To determine the 
direction of the tangent at any point 
on an ellipse. 

Let P and P’ be two indefi- 
nitely near points on the curve, 
then FP + PE’ = FP’ + PF’; cr, 
taking FR = FP, FR = FP’, we 
have P’R= PR’; but in the triangles PRP’, PRP’, we have 
also the base PP’ common, and (by Ex. 1, Art. 328) the angles 
PRP’, PRP’ nght; hence the angle PPR= PPR. Now TPF 
is ultimately equal to PP’F, since their difference PFP’ may be 
supposed less than any given angle; hence TPF = P’PF,, or the 
focal radii make equal angles with the tangent. 

Ex. 2. To determine the direction of the tangent at any point on 
a hyperbola. 


We have 
FP’ - FP = FP’ - FP, 
or, as before, RO 
PR ee 
Hence the angle 
PrAve aie 


or, the tangent is the internal bisector of the angle FPF’. 


Ex. 3. To determine the direction of the tan- ., 
gent at any point of a parabola. N 
We have FP=PN, and FP’ = PN’; hence 

PR PS, or the angle NPP= HPP) The 
tangent, therefore, bisects the angle FPN. D 


330. To find the area of the parabolic sector 
FVP. 

Since PS = PR, and PN = FP, we have the 
triangle FPR half the parallelogram PSNN’. 
Now if we take a number of points PP’, &. 
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between V and P, it is evident that the closer we take them, the 
more nearly will the sum of all the paralleloorams PSNN’, &c., 
approach to equality with the area DVP, and the sum of all the 
triangles PFR, &c., to the sector VFP; hence ultimately the sec- 
tor PF'V is half the area DVPN, and therefore one-third of the 
quadrilateral DFPN. 


Ex. 2. To find the area of the segment of a parabola cut off by 
any right line. 

Draw the diameter bisecting it, then 
the parallelogram PR’ is equal to PM, 
since they are the complements of paral- 
lelograms about the diagonal; but since 
TM is bisected at V’, the parallelogram 
PN’ is half PR’; if, therefore, we take a 
number of points PP’P’, &c., it follows that 
the sum of all the parallelograms PM’ is 
double the sum of all the parallelograms 
PN’, and therefore ultimately that the space V’PM is double 
VPN; hence the area of the parabolic segment V’PM is to that 
of the parallelogram V’NPM in the ratio 2: 3. 


331. Ex. 1. The area of an ellipse is equal to the area of a cirele 
whose radius is a geometric mean between the semiaxes of the ellipse. 

For if the ellipse and the 
circle on the transverse axis be 
divided by any number of lines 
parallel to the axis minor, then 
since mb: md::mb:md::b:a, 
the quadrilateral mbb'm' is to MEAT 
mddm in the same ratio, and 
the sum of all the one set of qua- 
drilaterals, that is, the polygon 
Bd0'b"A inscribed in the ellipse 
is to the corresponding polygon 
Ddd‘d’A inscribed in the circle, in the same ratio. Now this will 
be true whatever be the number of the sides of the polygon: if 
we suppose them, therefore, increased indefinitely, we learn that 


Dp’ 
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the area of the ellipse is to the area of the circle as b to a; but the 
area of the circle being = wa?, the area of the ellipse = zab. 

Cor. It can be proved, in like manner, that if any two figures 
be such that the ordinate of one is in a constant ratio to the cor- 
responding ordinate of the other, the areas of the figures are in the 
same ratio. 


Ex. 2. Every diameter of a conic bisects the curve. 

For if we suppose a number of ordinates drawn to this diame- 
ter, since the diameter bisects them all, it also bisects the trapezium 
formed by joining the extremities of any two adjacent ordinates, 
and by supposing the number of these trapezia increased without 
limit, we see that the diameter bisects the curve. 


332. Ex. 1. The area of the sector of a hyperbola made by join- 
ing any two points of rt to the centre, is equal to the area of the seg- 
ment made by drawing parallels from them to the asymptotes. 

For since the triangle PKC = QLC (Art. 202) the area 
PQC= POKEL. 

Hix. 2. Any two segments, 
PQKL, RSMN, are equal, if 

PK: QL:: RM: SN. 


For 
Ned GD red od OO Biol Bed Cw. Vey 
but (Art. 200) VGA : 
CL=MT’, CK=NT; CK LY og VM oa Np 


we have, therefore, 

RIMES Nis VE NCL 
and therefore QR is parallel to PT. We can now easily prove 
that the sectors PCQ, RCS are equal, since the diameter bisecting 
PS, QR will bisect both the hyperbolic area PQRS, and also the 
triangles PCS, QCR. 

If we suppose the points Q, R to coincide, we see that we can 
bisect any area PKNS by drawing an ordinate QL, a geometric 
mean between the ordinates at its extremities. 

Again, if a number of ordinates be taken forming a continued 
geometric progression, the area between any two is constant. 
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333. The tangent to the interior of two similar, similarly placed, 
and concentric conics cuts off a constant area from the exterior conic. 

For we proved (p. 203) that this 
tangent is always bisected at the point 
of contact; now if we draw any two 
tangents, the angle AQA’ will be equal 
to BQB’, and the nearer we suppose 
the point Q to P, the more nearly will the sides AQ, A’Q ap- 
proach to equality with the sides BQ, BQ; if, therefore, the two 
tangents be taken indefinitely near, the triangle AQA’ will be 
equal to BQB’, and the space AVB will be equal to A’VB;; 
since, therefore, this space remains constant as we pass from any 
tangent to the consecutive tangent, it will be constant whatever 


tangent we draw. 

Cor. 1. It can be proved, in like manner, that if a tangent to 
one curve always cut off a constant area from another, it will be 
bisected at the point of contact; and, conversely, that if it be 
always bisected it cuts off a constant area. 

Hence we can draw through a given point a line to cut off 
from a given conic the minimum area. If it were required to cut 
off a given area it would be only necessary to draw a tangent 
through the point to some similar and concentric conic, and the 
greater the given area, the greater will be the distance between 
the two conics. The area will therefore evidently be least when 
this last conic passes through the given point; and since the tan- 
gent at the point must be bisected, the line through a given point 
which cuts off the minimum area is bisected at that point. 

In like manner, the chord drawn through a given point which 
cuts off the minimum or maximum area from any curve 1s bi- 
sected at that point. In like manner can be proved the following 
two theorems. I am indebted to the late Professor Mac Cullagh 
for my knowledge of all the theorems of this article, and I do not 
remember having seen them elsewhere published. 

Ex. 1. Lf a tangent AB to one curve cut off a constant are from 
another, it is divided at the point of contact, so that AP: PB inversely 
as the tangents to the outer curve at A and B. 

Ex. 2. Lf the tangent AB be of a constant length, and if the per- 
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pendicular let fall on AB from the intersection of the tangents at A 
and B meet AB in M, then AP will = MB. 


334. To find the radius of curvature at any point on an ellipse. 

The centre of the circle circumscribing any triangle is the in- 
tersection of perpendiculars erected at the middle points of the 
sides of that triangle; it follows, therefore, that the centre of the 
circle passing through three consecutive points on the curve is the 
intersection of two consecutive normals to the curve. 

Now, given any two triangles FPF’, FP’F’, and PN, PN, the 
two bisectors of their vertical angles, it 1s easily proved, by ele- 
mentary geometry, that twice the angle PNP’= PFP’+ PFP’. 
(See figure, p. 290). 

Now, since the arch of any circle is proportional to the angle 
it subtends at the centre (Kuc. VI. 33), and also to the radius 
(Art. 328), if we consider PP’ as the arch of a circle, whose centre 


/ 


is N, the angle PNP’ is measured by ty In like manner, taking 


PN 

FR = FP, PFP’ is measured by a and we have 
2A ib es PR PR 
PN FP FP’ 


but PR=P2R = PP’ sinPPF; 
therefore, denoting this angle by 0, PN by R, FP, FP, by p, p, 
we have 2 lind 

Rsin0 — p i o 


Hence it may be inferred that the focal chord of curvature is double 
the harmonic mean between the focal radit. Substituting a for 


sin 9, 2a for p+’, and 6? for pp, we obtain the known value, 


The radius of curvature of the hyperbola or parabola can be 
investigated by an exactly similar. process. In the case of the 
parabola we have p’ infinite, and the formula becomes 
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I am indebted to Mr. Townsend for the following investiga- 
tion, by a different method, of the length of the focal chord of 
curvature: 


Draw any parallel QR to the tangent 


RN 
aa 
at P, and describe a circle through PQR Vhge 
meeting the focal chord PL of the conic Q gn 
atC. Then bythe circle PS.SC = QS.SR, J 


and by the conic (Art. 194) 

PS sero oone: BosMN: 
therefore, whatever be the circle, 

SC:SL::MN:PL; 

but for the circle of curvature the points S and P coincide, there- 
fore PG} ERwin SEE: 
or the focal chord of curvature is equal to the focal chord of the conic 
drawn parallel to the tangent at the point (p. 209). 


335. The radius of curvature of a central conic may otherwise 
be found thus: 

Let Q be an indefinitely near point 
on the curve, QR a parallel to the h 

2 : OX P 

tangent, meeting the normal in 8; ~ 
now, if a circle be described passing 
through P, Q, and touching PT at P, 
since QS is a perpendicular let fall 
from Q on the diameter of this circle, 
we have PQ? = PS multiplied by the diameter; or the radius of 


2 
curvature = =e Now, since QR is always drawn parallel to the 


tangent, and since PQ must ultimately coincide with the tangent, 
we have PQ ultimately equal to QR; but, by the property of the 
ellipse (if we denote CP and its conjugate by a’, 0’), 
brome: Pie Ris(= Zack): 

, 
therefore QR? = 2b ABS 

a 

eae was 


Hence the radius of curvature = — 


ra a Now, no matter how 
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small PR, PS, are taken, we have, by similar triangles, their 
ae = _ = ie Hence radius of curvature = ke 
| te re Sot Od LA ; 

It is not difficult to prove that at the intersection of two confocal 
conics the centre of curvature of either is the pole of its own tangent 
with respect to the other. 


ratio 


336. If two tangents be drawn to an ellipse from any point of a 
confocal ellipse, the excess of the sum of these two tangents over the are 
intercepted between them is constant.* 


For, take an indefinitely near Ty 
point T’, and let fall the perpendicu- ea 
lars TR, T'S, then (Art. 328) + 


P= PRSERG ER 
(for P’R may be considered as the 
continuation of the line PP’); in hke 
manner, Q’T’ = QQ’ + QS. 

Again, since, by Art. 189, the angle TTR = TTS, we have 
TS=TR. If, therefore, in the quantity TP + TQ —- PQ we 
substitute for TP, PP’ + PR, for TQ, TS + TQ’ - QQ, for PQ, 
PP’ + PQ, we find this quantity = TP’ + TQ’ - PQ. 

Cor. The same theorem will be true of any two curves which 
possess the property that two tangents, TP, TQ, to the inner one, 
always make equal angles with the tangent TT’ to the outer. 


337. If two tangents be drawn 
to an ellipse from any point of a 
confocal hyperbola, the difference of 
the arcs PK, QK, is equal to the dif- 
ference of the tangents TP, TQ.+ 

For it appears, precisely as be- 
fore, that the excess of T’P’ - PK 
over TP —- PK =TR, and that 
the excess of I’Q’ — Q’K over 
TQ - QK is T'S, which is equal 


* This beautiful theorem was discovered by Mr. Graves. See his Translation of 
Chasles’s Memoirs on Cones and Spherical Conics, p. 77. 
+ This extension of the preceding theorem was discovered by Mr. Mac Cullagh. Dublin 
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to T’R, since (Art. 189) TT’ bisects the angle RT'S. The diffe- 
rence, therefore, between the excess of TP over PK, and that of 
TQ over QK, is constant; but in the particular case where T 
coincides with K, both these excesses, and consequently their 
difference, vanish ; in every case, therefore, TP —- PK = TQ - QK. 

Cor. 1. Fagnani’s theorem, ‘ that an elliptic quadrant can be 
so divided, that the difference of its parts may be equal to the 
difference of the semiaxes,” follows immediately from this Article, 
since we have only to draw tangents at the extremities of the 
axes, and through their intersection to draw a hyperbola confocal 
with the given ellipse. The co-ordinates of the points where it 
meets the ellipse are found to be 


Cor. 2. It may also be inferred from this Article, that if a 
quadrilateral circumscribe an ellipse, two of whose vertices rest 
on a confocal conic, each other pair of vertices must lie on a con- 
focal conic. Otherwise we should be able to find a right line 
equal in length to an elliptic arc. ‘This theorem, however, can 
easily be proved directly.* 
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338. We have already several times had occasion to point out 
to the reader the advantage gained by taking notice of the num- 
ber of particular theorems often included under one general 
enunciation, but we now propose to lay before him a short sketch 
of a method which renders us a still more important service, and 
which enables us to tell when from a particular given theorem 


Exam. Papers, 1841, p. 41; 1842, pp. 68, 83. M. Chasles afterwards independently 
noticed the same extension of Mr. Graves’s theorem. Comptes rendus, October, 1843, 
tom. xvii. p. 838. 

* The reader will find some beautiful applications of the method used in this section to 
the rectification of conic sections, in a paper by Mr. Mac Cullagh, published in vol. xvi. 
of the Transactions of the Royal Irish Academy. 

+ This method is the invention of M. Poncelet. See his Traité des Propriétés Pro- 
jectives, published in the year 1822. I shall be glad if the slight sketch here given in- 
duces any reader to study a work, from which I have perhaps derived more information 
than from any other on the theory of curves. 


2Q 
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we can safely infer the general one under which it is contained. 
The method of projections, indeed, as requiring some knowledge 
of the geometry of three dimensions, may seem scarcely admissible 
into a treatise on plane geometry; yet, as it is only in laying 
down the principles of the method that we shall have to use afew 
not very difficult theorems of solid geometry, and as the applica- 
tions of the method (the principles being once admitted) do not 
require any consideration of space of three dimensions, we feel 
that this beautiful method could not with propriety be excluded 
from the present treatise. The reader will have less difficulty in 
following the demonstrations here given, as in studying spherical 
trigonometry he has been already introduced to the consideration 
of space of three dimensions (Luby’s Trig. p. 57). 


339, If all the points of any figure be joined to any fixed 
point in space (O), the joining lines will form a cone, of which 
the point O is called the vertex, and the section of this cone, by 
any plane, will form a figure which is called the projection of the 
given figure. The plane by which the cone is cut is called the 
plane of projection. 

To any point of one figure will correspond a point in the other. 

For, ifany point A be joined to the vertex O, the point a, in 
which the joining line OA is cut by any plane, will be the pro- 
jection on that plane of the given point A. 

A right line will always be projected into a right line. 

For, if all the points of the right line be joined to the vertex, 
the joining lines will form a plane, and this plane will be inter- 
sected by any plane of projection in a right line. 


Hence, if any number of points in one figure lie in a right. 


line, the corresponding points on the projection also lie in a right 
line, and if any number of lines in one figure pass through a 
point, the corresponding lines on the projection will pass through 
a point. 


340. Any plane curve will always be projected into another curve 
of the same degree. 

For it is plain that, if the given curve be cut by any right line 
in any number of points, ABCD, &c., the projections will be cut 


eck - 
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by the projection of that right line in the same number of corres- 
ponding points, a, b, c,d, &c., but (p. 209) the degree of a curve 
is estimated geometrically by the number of points in which it 
can be cut by any right line. Ifthe line AB meet the curve in 
some real and some imaginary points, the line ad will meet the 
projection in the same number of real and the same number of 
imaginary points. 

In like manner, if any two curves intersect, their projections 
will intersect in the same number of points, and’any point com- 
mon to one pair, whether real or imaginary, must be considered as 
the projection of a corresponding real or imaginary point common 
to the other pair. 

Any tangent to one curve will be peavey) into a tangent to the 
other. 

For, any line AB on one curve must be projected into the line 
ab joining the corresponding points of the projection. Now, if 
the points A, B, coincide, the points a, }, will also coincide, and 
the line ab will be a tangent. 

More generally, if any two curves touch each other in any 
number of points, their projections will touch each other in the 
same number of points. 


341. Ifa plane through the vertex parallel to the plane of pro- 
jection meet the original plane in a line AB, then any pencil of 
lines diverging from a point on that line AB will be projected 
into a system of parallel lines on the plane of projection. For, 
since the line from the vertex to any point of AB meets the plane 
of projection at an infinite distance, the intersection of any two 
lines which meet on AB is projected to an infinite distance on the 
plane of projection. Conversely, any system of parallel lines on 
the original plane is projected into a system of lines meeting on a 
point in the line DF’, where a plane through the vertex parallel to the 
original plane is cut by the plane of projection. The method of 
projections then leads us naturally to the conclusion, that any 
system of parallel lines may be considered as passing through a 
point at an infinite distance, for their projections on any plane 
pass through a point in general at a finite distance; and again, 
that all the points at infinity on any plane may be considered as lying 
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on a right line, since we have showed, that the projection of any 
point in which parallel lines intersect must lie somewhere on the 
right line DF in the plane of projection. 


342. We see now that if any property of a given curve does 
not involve the magnitude of lines or angles, but merely relates to 
the position of lines as drawn to certain points, or touching cer- 
tain curves, or to the position of points, &c., then this property 
will be true for any curve into which the given curve can be pro- 
jected. ‘Thus, for instance, “if through any point in the plane 
of a circle a chord be drawn, the tangents at its extremities will 
meet on a fixed line.” Now since we shall presently prove that 
there is no curve of the second degree which cannot be projected 
into a circle, the method of projections shows at once that the pro- 
perties of poles and polars are true not only for the circle, but 
also for all curves of the second degree. Again, Pascal’s and 
Brianchon’s theorems are properties of the same class, which it is 
sufficient to prove in the case of the circle, in order to know that 
they are true for all conic sections. | 


343. Properties which, if true for any figure, are true for its 
projection, are called projective properties. Beside the classes of 
theorems mentioned in the last Article, there are many projective 
theorems which do involve the magnitude of lines. For instance, 
the anharmonic ratio of four points in a right line, {ABCD} being 
measured by the ratio of the pencil {O.ABCD} drawn to the 
vertex, must be the same as that of the four points {abcd}, where 
this pencil 1s cut by any transversal. Again, if there be an equa- 
tion between the mutual distances of any number of points in a 
right line, such as 


AB.CD.EF+£.AC.BE.DF+/.AD.CE.BF + &c. = 0, 
where in each term of the equation the same points are men- 
tioned, although in different orders, this property will be projec- 
tive. For (see Art. 303) if for AB we substitute 

OA.OB.sinAOB & 
= ii aie 


each term of the equation will be divisible by 
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OA.OB.OC.OD.OE.OF 

aM OPIN Pa 
and there will remain merely a relation between the sines of 
angles subtended at O. It is evident that the points ABCDEF 
need not be on the same right line; or, in other words, that the 
perpendicular OP need not be the same for all, provided the 


points be so taken that after the substitution, each term of the 
equation may be divisible by the same product Te &e. 
Thus, for example, ‘“ If lines meeting in a point drawn through 
the vertices of a triangle ABC meet the opposite sides in the 
points abe, then Ab.Be.Ca = Ac.Ba.Cd.” This is a relation of 
the class just mentioned, and which it is sufficient to prove for any 
projection of the triangle ABC. Let us suppose the point C pro- 
jected to an infinite distance, then AC, BC, Cc are parallel, and 
the relation becomes Ab. Bc = Ac. Ba, the truth of which is at once 
perceived on making the figure. 


344. It appears from what has been said, that if we wish to 
demonstrate any projective property of any figure, it is sufficient 
to demonstrate it for the simplest figure into which the given 
figure can be projected; e. g. for one in which any line of the 
given figure is at an infinite distance. 

Thus, if it were required to investigate the harmonic proper- 
ties of a complete quadrilateral ABCD, whose opposite sides in- 
tersect in KE, F, and the intersection of whose diagonals is G, we 
may join all the points of this figure to any point in space O, and 
cut the joining lines by any plane parallel to OKF, then EF is 
projected to infinity, and we have a new quadrilateral, whose 
sides ab, cd intersect at e at infinity, that is, are parallel; while 
ad, be intersect in a point f at infinity, or are also parallel. We 
thus see that any quadrilateral may be projected into a parallelo- 
gram. Now since the diagonals of a parallelogram bisect each 
other, the diagonal ac is cut harmonically in the points a, g, c, and 
the point where it meets the line at infinity ef. Hence AB is cut 
harmonically in the points A, G, C, and where it meets EF. 


Ex. 2. If two triangles ABC, A'BC, be such that the points of 
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interscction of AB, A’B’; BC, BC’; CA, CA’; lie in a right line, 
then the lines AA’, BB’, CC’ meet in a point. 

Project to infinity the line in which AB, A’B, &c., intersect ; 
then the theorem becomes: ‘‘ If two triangles abe, ab’ have the 
sides of the one respectively parallel to the sides of the other, 
then the lines aa’, 60’, cc’ meet in a point.” But the truth of this 
latter theorem is evident, since aa’, 6b’ both cut cc’ in the same 
ratio. 


345. Before giving examples of the application of the method 
of projections to curves of the second degree, we wish to examine 
more particularly than in Art. 340 the nature of the section made 
by any plane in a cone standing on a circular base. We there 
proved that the projection of a circle must be always a curve of 
the second degree, and we wish now to show that the same circle 
may be projected into any of the three species of curves of the se- 
cond degree. We commence by proving that any curve will be 
projected into a similar curve, on a plane parallel to the plane of the 
original curve. 

For take any fixed point A in the plane of one of them, and 
the corresponding point a in the plane of the other, and let radi 
vectores be drawn from them to any corresponding points B, 6; 
now from the similar triangles OAB, Oad, AB is to ad in the con- 
stant ratio OA : Oa; and since every radius vector of the one curve 
is in this constant ratio to the corresponding radius vector of the 
other, the two curves are similar (Art. 238). 

Cor. Ifa cone standing on a circular base be cut by any plane 
parallel to the base, the section will be a circle. This is evident 
as before: we may, if we please, suppose the points A, a the 
centres of the curves. 


346. The section by any plane of a cone standing on a circular 
base is a curve of the second degree. 

A cone of the second degree is said to be right if the line 
joining the vertex to the centre of the circle which is taken for 
base be perpendicular to the plane of that circle; in which case 
this line is called the awis of the cone. If this line be not per- 
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pendicular to the plane of the base, the cone is said to be oblique. 
The investigation of the sections of an oblique cone 1s exactly the 
same as that of the sections ofa right cone, but we shall treat them 
separately, because the figure in the latter case being more simple 
will be more easily understood by the learner, who may at first 
find some difficulty in the conception of figures in space. 

Let a plane (OAB) be drawn through the axis of the cone 
OC perpendicular to the plane of the section, so that both the 
section MSsN and also the base ASB 
are supposed to be perpendicular to 
the plane of the paper: the line RS, 
in which the section meets the base, 
is, therefore, also supposed perpen- 
dicular to the plane of the paper. Let 
the section cut the plane OAB in the 
line MN, which we shall first suppose 
to meet both the sides OA, OB, as in y /- 
the figure, on the same side of the / 
vertex. 

Now let a plane parallel to the base be drawn at any other 
point s of the section. Then we have (Euc. IIL. 35) the square of 
RS, the ordinate of the circle, = AR.RB, and in like manner 
rs?=ar.rb. But from a comparison of the ' 
similar triangles ARM, arM; BRN, drN, 


it can at once be proved that 


AR.RB: MR.RN::ar.7b : Mr.oN. 
Therefore 


RS? : 7s?:: MR. RN : Mv.rN. 


Hence the section MSsN is such that the 
square of any ordinate 7s is to the rectangle 
under the parts in which it cuts the line 
MN in the constant ratio RS?: MR.RN. 
Hence it can immediately be inferred (Art. 
147) that the section 1s an ellipse, of which " 
MN is the axis major, while the square of 


the axis minor is to MN? in the given ratio 


RS?: MR.RN. 
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Secondly. Let MN meet one of the sides OR produced. The 
proof proceeds exactly as before, only that now we prove the 
square of the ordinate vs in a constant ratio to the rectangle 
Mr.7N under the parts into which it cuts the line MN produced. 
The learner will have no difficulty in proving that the locus will 
in this case be a hyperbola, consisting evidently of the two oppo- 
site branches NsS, Ms’‘S’. 

Thirdly. Let the line MN be weet to 
one of the sides. In thiscase, since AR= ar, 
and RB:7b::RN:7N, we have the square 
of the ordinate rs (= ar.rb) to the abscissa 
rN in the constant ratio 


RS? (= AR. RB): RN. 


The section 1s therefore a parabola.* 


847, It is evident that the projections 
of the tangents at the points A, B of the 
circle are the tangents at the points M, N of the conic section 
(Art. 341); now in the case of the parabola the point M and the 
tangent at it go off to infinity; we are therefore again led to the 
conclusion that every parabola has one tangent altogether at an infi- 
nite distance. 


348. Let the cone now be supposed oblique. The plane of the 


* It is worth mentioning, that ifa sphere be inscribed in a right cone touching the 
plane of any section, the point of contact will be a focus of that 
section, and the corresponding directrix will be the intersection 
of the plane of the section with the plane of contact of the cone 
with the sphere. 

Let a sphere be both inscribed and exscribed between the 
cone and the plane of the section. Now, if any point P of the 
section be joined to the vertex, and the joining line meet the 
planes of contact in Dd, then we have PD= PF, since they 
are tangents to the same sphere, and, similarly, Pd = PF, there- 
fore PF + PF’ =Dd, which is constant. The point (R) where 
FF’ meets AB produced, is a point on the directrix, for by the 
property of the circle NFMR is cut harmonically, therefore, R is a point on the polar of F. 
This is only a particular case of a more general theorem. 

The reader will have no difficulty in proving that the parameter of the section MPN 
is constant, if the distance of the plane from the vertex be constant. | 
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paper is a plane drawn through the line OC, perpendicular to the 
plane of the circle AQSB. Now let the 
section meet the base in any line QS, 
draw a diameter LK bisecting QS, and 
let the section meet the plane OLK in the 
line MN, then the proof proceeds exactly 
as before; we have the square of the ordi- 
nate RS equal to the rectangle LR.RK; 
if we conceive a plane, as before, drawn 
parallel to the base (which, however, is left 
out of the figure in order to avoid render- 


ing it too complicated), we have the square 

of any other ordinate, 7s, equal to the corresponding rectangle 
lr.rk ; and we then prove by the similar triangles KRM, krM ; 
LRN, /rN, in the plane OLK, exactly as in the case of the right 
cone, that RS?:7s?, as the rectangle under the parts in which 
each ordinate divides MN, and that therefore the section is a 
conic of which MN is the diameter bisecting QS, and which is an 
ellipse when MN meets both the lines OL, OK on the same side 
of the vertex, an hyperbola when it meets them on different sides 
of the vertex, and a parabola when it is parallel to either. 

In the proof just given QS is supposed to intersect the circle 
in real points; if it did not, we have only to take, instead of the 
circle AB, any other parallel circle ab, which does meet the sec- 
tion in real points, and the proof will proceed as before. 


349. Tf a circular section be cut 
by any plane in a line RS the rect- 
angle DR.RE of the segments of the 
diameter of the circle conjugate to QS 
is to the rectangle gR.Rk under the 
segments of the diameter of the section 
conjugate to QS, as the square of the 
diameter of the section parallel to QS 
ts to the square of the conjugate dia- 
meter gk. 


This has been proved in the last Article, in the case where 
QS meets the circle in real points, since rs* = dr.7f. Now, if the 


2R 
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plane meet any other parallel plane in a line QS which does not 
meet the curve: First, we say that the diameters conjugate to QS 
with regard to the circle, and with regard to the other section, 
will meet QS in the same point R, for it is evident, by Art. 345, 
that the diameter df, bisecting chords of any circular section pa- 
rallel to gs, will be projected into a diameter bisecting the parallel 


chords of any parallel section. ‘The middle points, therefore, of 


all chords parallel to gs, must he in the plane Odf, and, conse- 
quently, the diameter conjugate to QS, in the section ggks, must 
be the line gh, in which it 1s met by the plane Odf. DF, there- 
fore, and gk, intersect in the point R, where QS meets the plane 
Odf. 

Now, since we have proved that the lines gk, df, DF’, lie in one 
plane passing through the vertex, the points D, d, are projections 
of g, that is, they lie in one right line passing through the ver- 
tex; we have, therefore, by similar triangles, as in Art. 346, 
dr.rf : DR.RE:: gr.rk:gR.Rk; and, since dr.rf:gr.rk, as the 
squares of the parallel semidiameters, DR.RF: gR.RA in the 


same ratio. 


350. Ifa plane be drawn through the vertex parallel to the 
circular base meeting the section ggks in TL, it follows, as a par- 
ticular case of the preceding, that gL.Lk: OL? in the ratio of the 
squares of the parallel diameters of the section. Hence we see 
that, given any conic section and a line, TL, in its plane, it is an 
indeterminate problem to find O the vertex of a cone such that 
the section of it, by any plane parallel to OTL, should be a circle. 
For, draw the diameter of the section conjugate to TL, then the 
distance of L from the vertex of the cone is determined by the 
present Article; also OL must he in the plane perpendicular to 
TL, since it is parallel to the diameter ofa circle perpendicular 
to TL; O may, therefore, be any point of a certain circle in a 
plane perpendicular to TL. 

Hence, given any conic section, and any line TL tn tts plane not 
cutting it, we can project it so that the conie section may become a 
circle ; and the line may be projected to infinity, for we have only 
to take any point O, such that the plane OTL may be parallel to 
the planes of circular section, and then any plane parallel to OTL 
will be a plane of projection fulfilling the required conditions. 
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301. Given any conic section and a point in rts plane, we can 
project it into a circle, of which the projection of that point is the cen- 
tre, for we have only to project it so that the projection of the 
polar of the given point may pass to infinity (Art. 152). 

Or again, Any two conic sections may be projected so as both to 
become circles, for we have only to project one of them into a circle © 
so as that any of its chords of intersection with the other shall pass 
to infinity, and then, by Art. 253, the projection of the second 
conic passing through the same points at infinity as the circle 
must be a circle also. 

Any two conics which have double contact with each other may be 
projected into concentric circles. 

For we have only to project one of them into a circle so that 
its chord of contact with the other may pass to infinity (Art. 253). 

Strictly speaking, all these projections have only been shown 
to be possible when the line projected to infinity does not meet 
the conic in real points, but this is a limitation which it is unne- 
cessary in practice to attend to. The reader is, probably, already 
convinced that the distinction between real and imaginary, how- 
ever much it affects the shape and outward appearance of curves, 
has comparatively little influence on their projective properties ; 
and that a projective proposition once proved true for any state 
of a figure may become unmeaning, but will never become false, 
when certain lines in that figure have become imaginary. Thus, 
for example, although the method of projecting into concentric 
circles only directly proves properties of conics having double 
contact, whose chord of contact is imaginary, we shall not think it 
necessary to seek for an independent proof of the same properties 
in the case where the chord of contact is real. 

352. We shall now give some examples of the method of de- 
riving properties of conics from those of the circle, or from other 
more particular properties of conics. 

Ex. 1. “A line through any point is cut harmonically by the 
curve and the polar of that point.” This property and its reci- 
procal are projective properties (Art. 343), and both being true for 
the circle are true for every conic. Hence all the properties of 
the circle depending on the theory of poles and polars, are true 
for all the conic sections. 
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Ex. 2. The anharmonic properties of the points and tangents 
of a conic are projective properties, which, when proved for the 
circle, asin Art. 302, are proved for all the conics. Hence, every 
property of the circle which results from either of its anharmonic 
properties is true also for all the conic sections. 

Ex. 3. Carnot’s theorem (Art. 303), that ifa conic meet the 
sides of a triangle, 


Ab. AJl’.Be. Be. Ca.Ca = Ac. Ac. Ba. Ba’. Cb. Cb, 


is a projective property which need only be proved in the case of 
the circle, in which case it is evidently true, since 


ROMA O = ACTAC ANC. 


The theorem is evidently true, and can be proved in like manner 
for any polygon. 

Ix. 4. From Carnot’s theorem, thus proved, could be deduced 
the properties of Art. 146, by supposing the point C at an infinite 
distance; we then have 


Ab. A’ a Ba. Ba’ 
Ac. Ac Be. Be’ 


where the line Ad is parallel to Ba. 


Ex. 5. Given two concentric cir- 
cles, any chord of one which touches 
the other is bisected at the point of 
contact. 


Given two conics having double 
contact with each other, any chord of 
one which touches the other is cut 
harmonically at the point of contact, 
and where it meets the chord of con- 
tact of the conics. (Art. 321.) 


For the line at infinity in the first case is projected into the 
chord of contact of two conics having double contact with each 


other. 


Ex. 6. Given three concentric cir- 
cles, any tangent to one is cut by the 
other two in four points whose anhar- 
monic ratio is constant. 


Ex. 4, Art. 242, is only a particular case of this theorem. 


Given three conics all touching 
each other in the same two points, 
any tangent to one is cut by the other 
two in four points whose anharmonic 
ratio is constant. 


The first theorem is obviously true, since the four lengths are 


constant. 


The second may be considered as an extension of the 
anharmonic property of the tangents of a conic. 


In like manner, 


the theorems (in Art. 275) with regard to anharmonic ratios in 
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conics having double contact are immediately proved by projecting 
the conics into concentric circles. 

Ex. 7. We mentioned already, that it was sufficient to prove 
Pascal’s theorem for the case of a circle, but by the help of Art. 
341 we may still further simplify our figure, for we may suppose 
the line joining the intersection of AB, DE, to that of BC, EF, 
to pass off to infinity; and it is only necessary to prove that, if a 
hexagon be inscribed in a circle having the side AB parallel to 
DE, and BC to EF, then CD will be parallel to AF, but the 
truth of this can be shown from clementary considerations. 

Ex. 8. A triangle is inscribed in any conic, two of whose sides 
pass through fixed points, to find the envelope of the third (p. 233). 
Let the line joining the fixed points be projected to infinity, and 
at the same time the conic into a circle, and this property becomes, 
« A triangle is inscribed in a circle, two of whose sides are parallel 
to fixed lines, to find the envelope of the third.” But this enve- 
lope is a concentric circle, since the vertical angle of the triangle 
is given; hence, in the general case, the envelope is a conic 
touching the given conic in two points on the line joining the two 
given points. 

Ex. 9. To investigate the projective properties of a quadrilateral 
inscribed in a conic. Let the conic be projected into a circle, and 
the quadrilateral into a parallelogram (Art. 344). Now the in- 
tersection of the diagonals of a parallelogram inscribed in a circle 
is the centre of the circle; hence the intersection of the diagonals 
of a quadrilateral inscribed in a conic is the pole of the line join- 
ing the intersections of the opposite sides. Again, if tangents to 
the circle be drawn at the vertices of this parallelogram, the dia- 
gonals of the quadrilateral so formed will also pass through the 
centre, bisecting the angles between the first diagonals; hence, 
‘the diagonals of the inscribed and corresponding circumscribing 
quadrilateral pass through a point, and form an harmonic pencil.” 


Ex. 10. Given four points on a co- Given four points on a conic, the 
pic, the locus of its centre is a conic locus of the pole of any fixed line is 
through the middle points of thesides a conic passing through the fourth 
of the given quadrilateral. harmonic to the point in which this 

line meets each side of the given qua- 
trilateral. 
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Ex.11. The locus of the point where 
parallel chords of a circle are cut in 
a given ratio, is an ellipse having dou- 
ble contact with the circle. (Art. 
157.) 


Ex. 12. If from the vertex of an 
ellipse any radius vector be drawn, 
and a parallel radius vector through 
the centre, the locus of the intersec- 
tion of this parallel, with a tangent 
through the variable point, is the 
tangent at the other vertex. (Art. 
229.) 
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If through a fixed point O a line be 
drawn meeting the conic in A,B, and 
on it a point P be taken, such that 
{O ABP} may be constant, the locus 
of P is a conic having double contact 
with the given conic. 

Given a fixed point P and its polar 
TT’, and let any line through P meet 
the conic ina, d, then if a line PQ be 
drawn to the point where any radius 
vector aR meets TT’, the locus of the 
intersection of PQ with the tangent 
at R will be the tangent at a. 


353. We may project several properties relating to foci by 
the help of the definition of a focus given page 237. 


Ex. 1. The locus of the centre of 
a circle touching two given circles is 
a hyperbola, having the centres of 
the given circles for foci. 


If a conic be described through 
two fixed points, and touching two 
conics which also pass through those 
points, the locus of the pole of the 
line joining those points is a conic in- 
scribed in the quadrilateral formed 
by joining the two given points to the 
poles of the same line with regard to 
the given conics. 


We give this example as worth the learner’s study, because it 


illustrates the different principles that all circles pass through two 
fixed points at infinity (Art. 253); that the centre is the pole of 
the line joining them (Art. 152) ;* that a focus is the intersection 
of tangents passing through these fixed points (Art. 277); and 
that we are safe in extending our conclusion from imaginary to 


real points (Art. 351). 


Ex. 2. Given the focus and two 
points of a conic section, the intersec- 
tion of tangents at those points will 
be on a fixed line. (Art. 233.) 


Given two tangents, and two points 
on a conic, the locus of the intersec- 
tion of tangents at those points is a 
right line. 


* We might have mentioned before, that it may be inferred that the polar of the 
centre of a conicis at an infinite distance, from the definition of the polar, page 135, and 
from the fact that tangents at the extremities of any chord passing through the centre are 
parallel. 
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Ex. 3. Given a focus and two tan- 
gents to a conic, the locus of the 
other focus is a right line. (This fol- 
lows from Art. 189.) 
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Given four tangents to a conic, 
and a fixed point on each of two of 
them, the locus of the intersection of 
tangents from these points is a right 
line. 


For, the two points at infinity on any circle lie one on each of 
the tangents from one focus, and the intersection of the other 


tangents from these two points is the other focus. 


Ex. 4. Given three tangents to a 
parabola, the lecus of the focus is the 


circumscribing circle. (Art. 224.) 


Given four tangents to a conic, and 
two fixed points on any one of them, 
the locus of the intersection of the 
other tangents from these points is 
a conic passing through these two 
points, and circumscribing the tri- 
angle formed by the other three tan- 
gents. 


For every parabola has one tangent at infinity, and the two 
points through which every circle must pass lie on this tangent. 


Ex. 5. The locus of the centre of 
a circle passing through a fixed point, 
and touching a fixed line, is a para- 
bola of which the fixed point is the 
focus. 

Ex. 6. Given four tangents to a 
conic, the locus of the centre is the 
line joining the middle points of the 
diagonals of the quadrilateral. 


Given one tangent, and three 
points on a conic, the locus to the in- 
tersection of tangents at any two of 
these points is a conic inscribed in 
the triangle formed by those points. 

Given four tangents to a conic, 
the locus of the pole of any line, is the 
line joining the fourth harmonics of 
the points where the given line meets 
the diagonals of the quadrilateral. 


It follows from our definition of a focus, that if two conics 


have the same focus, this point will be an intersection of common 
tangents to them, and will possess the properties mentioned in 
Art. 264. Also, that if two conics have the same focus and the 
same directrix they may be considered as two conics having double 
contact with each other, and may be projected into two concentric 
circles, 


354. If we are given any property relating to the magnitude 
of angles, since angles which are constant in any figure will in 
general not be constant in the projection of that figure, we pro- 
ceed to show what property ofa projected figure may be inferred 
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from the given property,* and we commence with the case of the 
right angle. 

Let the equations of two lines at right angles to each other be 
2=0, y=0, then the equation which determines the direction of 
the points at infinity on any circle is x? + y? = Q, or 


“2t+y/-1=9, x-yy¥-1=0. 


Hence (Art. 54) these four lines form,an harmonic pencil. Hence, 
given four points, ABCD, ofa line cut harmonically, where A, C 
may be real or imaginary, if these points be transferred by a real 
or imaginary projection, so that A, C may become the two imagi- 
nary points at infinity on any circle, then any lines through B, D, 
will be projected into lines at right angles to each other. Con- 
versely, any two lines at right angles to each other will be projected 
into lines which cut harmonically the line joining the two fixed points 
which are the projections of the imaginary points at infinity on a 
circle. The following examples will illustrate the use of this 

principle : 
Ex. 1. The tangent to a circle is Any chord of a conic is cut har- 
at right angles to the radius. monically by any tangent, and by the 
line joining the point of contact. of 


that tangent to the pole of the given 
chord. (Art. 142.) 


* M. Poncelet ‘has only treated of some particular cases where constant angles are 
projected into constant angles. He has thus very ingeniously connected properties relating 
to angles subtended at the foci of conics with properties of the circle. These properties, 
however, follow so naturally from the method of reciprocal polars, that Ihave not thought 
it worth while to give up the space necessary to explain M. Poncelet’s method of obtaining 
them by projection. Properties relating to angles in conics may also be reduced to proper- 
ties relating to angles in circles by the help of the following principle, due to Mr. Mulcahy, 
which the reader will find easy to prove: ‘If, through any point C of any circular section 
of an oblique cone a plane be drawn making with the line to the vertex OC the same angle 
as that made by the plane of the circular section, and passing through the line perpendi- 
cular to OC in the plane of the circular section, then any two lines passing through C in the 
one plane will be projected into lines in the other plane making the same angle with each 
other.” When C is the centre of the circular section it will be a focus of the other sec- 
tion. (Chusles’s. Apercu Historique, p. 287). Thus, for instance, from the property that 
*‘ any two conjugate diameters ofa circle are at right angles to each other,” we obtain the 
theorem, that any line through the focus is at right angles to the radius vector drawn to 
its pole; we can show that the envelope of a chord which subtends a constant angle at 
any point of a conic is another conic, &c, 
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For the chord of the conic is supposed to be the projection of 
the line at infinity on the plane of the circle; the points where 
the chord meets the conic will be the projections of the imaginary 
points at infinity on the circle; and the pole of the chord will be 
the projection of the centre of the circle. 


Ex. 2. Any right line drawn 
through the focus of a conic is at 
right angles to the line joining its 


Any right line through any point, 
the two tangents at that point, and 
the line joining the given point to 


pole to the focus. (Art. 192.) the pole of the given line, form a har- 


monic pencil. (Art. 144.) 


It is evident that the first of these properties is only a particu- 
lar case of the second, if we recollect that the tangents from the 
focus are the lines joining the focus to the two imaginary points 
in any circle (Art. 277). 

Ex. 3. Let us apply Ex. 6 of the last Article to determine the 
locus of the pole of a given line with regard to a system of con- 
focal conics. Being given the two foci we are given a quadrila- 
teral circumscribing the conic (Art. 277), one of the diagonals of 
this quadrilateral is the line joining the foci, therefore (lux. 6) 
one point on the locus is the fourth harmonic to the pomt where 
the given line cuts the distance between the foci. Again, another 
diagonal is the line at infinity, and since the extremities of this 
diagonal are the points at infinity on a circle, by the present 
Article the locus is perpendicular to the given line. ‘The locus 
is, therefore, completely determined. 

If two conics be inscribed in the 
same quadrilateral, the two tangents 
at any of their points of intersection 
cut any diagonal of the circumscrib- 
ing quadrilateral harmonically. 


Ex. 4. Two confocal conics cut 
each other at right angles. 


The last theorem is a particular case of the reciprocal of the 
first theorem in Art. 321. 


Ex.5. The locus of the intersection 
of two tangents to a central conic, 
which cut at right angles, is a circle. 


If from any two points B, D, 
which cut a given line AC harmoni- 
cally, tangents be drawn to a conic, 
the locus of their intersection O is a 
conic through the points A, C. 


The last theorem may, by Art. 144, be stated otherwise thus: 


Da 
2.8 
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‘¢'The locus of a point O, such that the line joining O to the pole. 


of AO may pass through C, is a conic through A, C;” and the 
truth of itis evident directly, by taking four positions of the line, 
when we see, by Art. 823, that the anharmonic ratio of four lines, 


AO, is equal to that of four corresponding lines, CO. 


Ex. 6. The locus of the intersec- 
tion of tangents to a parabola, which 
cut at right angles, is the directrix. 


Ex. 7. If from any point on a co- 
nic two lines at right angles to each 
other be drawn, the chord joining 
their extremities passes through a 


If in the last example the line AC 
touch the given conic, the locus of O 
will be the right line joining the 
points of contact of tangents from 
A, C. 

If a harmonic pencil be drawn 
through any point on a conic, two 
legs of which are fixed, the chord 
joining the extremities of the other 


fixed point. (Art. 234.) legs will pass through a fixed point. 


In other words, given two points, a, ¢, on a conic, and {abcd} 
an harmonic ratio, éd will pass through a fixed point, namely, the 
intersection of tangents at a,c. But the truth of this may be seen 
directly: for let the line ac meet dd in K, then since {a.abcd} is 
a harmonic pencil, the tangent at @ cuts dd in the fourth harmonic 
to K: but so likewise must the tangent at c, therefore these tan- 
gents meet dd in the same point. As a particular case of this 
theorem we have the following: ‘ Through a fixed point on a 
conic two lines are drawn, making equal angles with a fixed line 
through it, the chord joining their extremities will pass through 
a fixed point.” 


395. A system of pairs of right lines drawn through a point, 
every two of which make equal angles with a fixed line, cut the line at 
infinity in a system of points in involution, of which the two points at 
infinity on any circle form one pair of conjugate points. For (see 


figure, p. 275) they evidently cut any right line in a system of 


points in involution, and the two points at infinity just mentioned 
belong to the system, since they are cut harmonically by the 
given internal and external bisector of every pair of right lines. 
These bisectors meet any right line in the foci of the system in 
involution. 


The tangents from any point toa 
system of confocal conics make equal 


The tangents from any point to a 
system of conics inscribed in the same 


Noe 


a 

Ee 

“ 

: 

2 

“4 

7 
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quadrilateral cut any diagonal of that 
quadrilateral in a system of points in 


angles with two fixed lines, (Art. 
189.) 
involution of which the two extremi- 
ties of that diagonal are a pair of 
conjugate points. (Art. 320.) 


356. Two lines diverging from a fixed point, which contain a 
constant angle, cut the line joining the two points at infinity on a cir- 
cle, so that the anharmonic ratio of the four points is constant. 

For the equation of two lines containing an angle @ being 
x =0, y=0, the direction of the points at infinity on any circle is 
determined by the equation 

x? + y? + 2eycosO = 0, 
and, separating this equation into factors, we see, by Art. 54, that 
the anharmonic ratio of the four lines is constant if @ be constant. 

Ex. 1. “ The angle contained in the same segment of a circle 
is constant.” We see, by the present Article, that this is the form 
assumed by the anharmonic property of four points on a circle 


when two of them are at an infinite distance. 


Ex. 2. The envelope of a chord of 
a conic which subtends a constant 
angle at the focus is another conic 
having the same focus and the same 


' directrix. 


Ex. 3. The locus of the intersec- 
tion of tangents to a parabola which 
cut at a given angle is a hyperbola 
having the same focus and the same 
directrix. 

Ex. 4. If from the focus of a conic 
a line be drawn making a given angle 
with any tangent, the locus of the 
point where it meets it is a circle. 


If tangents through any point O 
meet the conic in T,'T’, and there be 
taken on the conic two points A, B, 
such that {O.ATBT"} is constant, 
the envelope of AB is a conic touch- 
ing the given conic in the points T,T’. 

Ifin Art. 354, Ex. 6, the points 
B, D be so taken that {ABCD} is 
constant, the locus of O is a conic 
touching the given conic at the points 
of contact of tangents from A, C. 

If a variable tangent to a conic 
meet two fixed tangents in T, T’, and 
a fixed line in M, and there be taken 
on it a point P, such that {PTMT} 
may be constant, the locus of P is a 
conic passing through the points 
where the fixed tangents meet the 
fixed line. 


A particular case of this theorem is: ‘* The locus of the point 
where the intercept of a variable tangent between two fixed tangents 
is cut in a given ratio, is a hyperbola whose asymptotes are parallel 
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to the fixed tangents. 
Art. 199. 


Ex. 5. If from a fixed point O, 
OP be drawn to a given circle, and 
the angle TPO be constant, the en- 
velope of TP is a conic having O for 
its focus. 


A particular case of this is: 
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This again includes, as a particular case, 


Given the anharmonic ratio of a 


pencil whose vertex moves along a 
given conic, and three of whose legs 
pass through fixed points, two of 
which are onthe given conic, the en- 
velope of the fourth leg is a conic 
touching the lines joining the fixed 
point not on the conic to the other 
two. 


‘““Iftwo fixed points A, B, on a 


conic be joined to a variable point P, and the intercept made by 
the joining chords on a fixed line be cut in a given ratio at M, 
the envelope of PM is aconic touching parallels through A and 
B to the fixed line.” 


Ex. 6. If from a fixed point O, 
OP be drawn to a given right line, 
and the angle TPO be constant, the 


Given the anharmonic ratio of a 
pencil, three of whose legs pass 
through fixed points, and whose ver- 


envelope of TP is a parabola having tex moves along a fixed line, the enve- 
lope of the fourth leg is a conic 
touching the three sides of the trian- 


gle formed by the three given points. 


O for its focus. 


357. We remarked already, that the advantage gained by the » 


method of projections is very analogous to that gained by the use 
of trilinear co-ordinates. In fact, when we show that an equation 
expressed in terms of a, (3, y, is identical in form with an equation 
expressed in terms of w, y, &, it is the same as if we say that the 
line y can be projected to infinity. When we show that the 
equation LM = R? can be treated by exactly the same methods 
as the equations wy = k? or px = y”, it 1s the same as if we say that, 
‘“‘ siven two tangents to a conic, and their chord of contact, we 
can project the conic either into a hyperbola, of which the pro- 
jections of the given tangents shall be asymptotes, or into a para- 
bola, of which the projection of one of the given tangents shall be 
a diameter.”* 


* The method of projections can equally be used in obtaining from properties of plane 
curves properties of other curves not plane, e. g. curves on the surface of a sphere. 
Mr. Mulcahy, some years ago, gave the following method of obtaining the properties 


oto 


; A 
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358. We shall conclude this chapter with a brief account of 
the method of orthogonal projection, which, before the publication 
of M. Poncelet’s treatise, was the only method of projection much 
used by geometers. If from all the points of any figure perpen- 
diculars be let fall on any plane, the feet of these perpendiculars 
will trace out a figure which is called the orthogonal projection 
of the given figure. The orthogonal projection of any figure is, 
therefore, a right section of a cylinder passing through the given 
ficure. 

All parallel lines are in a constant ratio to their orthogonal pro- 
jections on any plane. 

For (see fig. p. 4) MM’ represents the orthogonal projection 
of the line PQ, and it is evidently = PQ multiplied by the cosine 
of the angle which PQ makes with MM’. 

Ali lines parallel to the intersection of the plane of the figure 
with the plane on which tt ts projected, are equal to their orthogonal 
projections. 

For, since the intersection of the planes is itself not altered by 
projection, neither can any line parallel to it. 

The area of any figure in a given plane is in a constant ratio to 
its orthogonal projection on another given plane. 

For, if we suppose ordinates of the figure and of its projection 


of angles subtended at the focus from those of small circles on asphere. The method de- 
pends on the following principle: the locus of the vertices of all the right cones from 
which a given ellipse can be cut is a hyperbola passing through the foci of the ellipse. 
For, see note, p. 304, the difference of MO and NO is constant, being equal to the diffe- 
rence of MF’ and NF’. 

Now, let us take any property of a small circle of a sphere, e. g., if through any point 
P, on the surface of a sphere, a great circle be drawn, cutting the small circle in the points 
A, B, then tan 3AP tan 3BP is constant. Now, let us take a cone whose base is the 
small circle, and whose vertex is the centre of the sphere, and let us cut this cone by any 
plane, and we learn that “if through a point p, in the plane of any conic, a line be drawn 
cutting the conic in the points a, b, then the product of the tangents of the halves of the 
angles which ap, bp subtend at the vertex of the cone will be constant; this property will 
be true of the vertex of any right cone, out of which the section can be cut, and, there- 
fore, since the focus is a point in the locus of such vertices, it must be true that tan 4afp 
tan 46fp is constant. 

Mr. Mac Cullagh has derived this theorem, by a very elegant geometrical proof, from 
the fundamental property of the focus and directrix. The product of the tangents will 
remain fixed if p be ‘any point on a conic having same focus and directrix, 
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to be drawn perpendicular to the intersection of the planes, since 
every ordinate of the projection is to the corresponding ordinate 
of the original figure in the constant ratio of the cosine of the 
angle between the planes to unity, by Art. 331, Cor., the areas of 
the figures will be in the same ratio. 

Any ellipse can be orthogonally projected into a circle. 

For, if we take the intersection of the plane of projection with 
the plane of the given ellipse parallel to the axis minor of that 
ellipse, and if we take the cosine of the angle between the planes 


= a then every line parallel to the axis minor will be unaltered 


by projection, but every line parallel to the axis major will be 
shortened in the ratio.d: a, the projection will, therefore (Art. 157), 
be a circle, whose radius is 0. 


359. We shall apply the principles laid down in the last Ar- 
ticle to prove the following theorem: The radius of the circle 


4M 


, where 


circumscribing any triangle inscribed in an ellipse = 


b, 6", 6", are the semidiameters of the ellipse parallel to the sides of 
the triangle.* ‘The expression given already for the radius of cur- 
vature of any point on an ellipse is plainly only a particular case 
of the present theorem. 

Let the sides of the triangle be a, 8, y, and its area A, then, 


by elementary geometry, 
_ apy 
oN 4A 


Now let the ellipse be projected into a circle whose radius is 3, 
then, since this is the circle ae the projected triangle, 


we have _ a By 
wae 
But, since parallel lines are in a constant ratio to their projec- 
tions, we have a’ ta 25:8, 
Bs Bibs 
Y: yi OB; 


“I take this theorem from an Examination Paper given by Mr. Mac Cullagh in the 
year 1836; but the proof here given is due, I believe, to Mr. Graves. 
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and, since (Art. 358) A’ is to A as the area of the circle (= 7b?) 
to the area of the ellipse (= wab), we have 


Ae AS Ba: 
Hence 
apy aBy ., De Ra Ry 
HERAT G. 2: ab?: bb'b", 
and, therefore, b'b"b” 
R= : 
ab 


It can be proved, in general, that if ¢, ¢, c’, be chords drawn 
through the focus parallel to the sides of a triangle inscribed in 
any conic, and p the parameter of the conic, 

Rees 
4p 


* Dublin Examination Papers, 1836, p. 22. 


gd 
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ArT, 59, Page 53. 


Ir would have been more symmetrical to have expressed the four sides 
A=0, B=0, C=0, D=0, these four equations being necessarily con- 
nected by an identical relation, 

aA +6B+cC+dD=0, 
then aA + 6B=0, or cC + dD = 0, is the equation of the lines joining 
the points (AB), (CD); and so for the rest. 


PascaL’s THEOREM, Page 223. 


M. Steiner was the first who (in Gergonne’s Annales) directed the 
attention of geometers to the complete figure obtained by joining in 
every possible way six points on a conic. M. Steiner’s theorems were 
corrected and extended by M. Pliicker (Crelle’s Journal, vol. v. p. 274), 
and the subject has been more recently investigated by Messrs. Cayley 
and Kirkman, the latter of whom, in particular, has added several new 
theorems to those already known. We shall in this note give a slight 
sketch of the more important of these, and of the methods of obtaining 
them. The greater part are derived by joining the simplest principles 
of the theory of combinations with the following elementary theorems 
and their reciprocals: ‘* If two triangles be such that the lines joining 
corresponding vertices meet in a point (which we shall call the pole-of 
the two triangles), the intersections of corresponding sides will lie in 
one right line (which we shall call their azis).” “ If the intersections of 
opposite sides of three triangles be for each pair the same three points in 
a right line, the poles of the first and second, second and third, third 
and first, will lie in a right line.” Let the six points be a, 0, ¢, d, e, f, 
which we shall call the points P. These may be connected by /ifteen 
right lines, ab, ac, &c., which we shall call the lines C. Each of the 

2T 
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lines C (for example ab) is intersected by the fourteen others; by four 
of them in the point a, by four in the point b, and consequently by six 
in points distinct from the points P (for example the points ab, cd; &c.) 
These we shall call the points p. There are forty-five such points; for 
there are six on each of the lines C. To find then the number of 
points p, we must multiply the number of lines C by 6, and divide by 2, 
since two lines C pass through every point p. 

If we take the sides of the hexagon in the order abcdef, Pascal’s 
theorem is, that the three p points, (ab, de), (cd, fa), (be, ef), lie in one 
right line, which we may call either the Pascal abedef, or else we may 
ab.cd.ef 
de. fa .be 
as showing more readily the three points through which the Pascal 
passes. Through each point p four Pascals can be drawn. Thus 
through (ad, de) can be drawn abcdef, abfdec, abcedf, abfede. We then 
find the total number of Pascals by multiplying the number of points p 
by 4, and dividing by 3, since there are three points p on each Pascal. 
We thus obtain the number of Pascal’s lines = 60. We might have 
derived the same directly by considering the number of different ways 
of arranging the letters abcdef. 

Consider now the three triangles whose sides are 

ab, cd, ef, (1) 
de, fa, be,- (2) 
Die. de lis) 


The intersections of corresponding sides of 1 and 2 lie on the same 


denote as the Pascal 4 , a form which we sometimes prefer, 


Pascal, therefore the lines Joining corresponding vertices meet in a 
point, but these are the three Pascals, 


pu: de.cf es Sa.be > ef .be.ad 
seal ve be f? ef .be . aa} lib cciaess 


This is Steiner’s theorem (p. 224); we shall call this the g point, 


ab. de.cf | 
cd. fa .be pr: 
ef.be.ad 

The notation shows plainly that on each Pascal’s line there is only one 
ab.de.cef 
cd . fa.be 
by writing under each term the two letters not already found in that 


vertical line. Since then three Pascals intersect in every point g, the 
number of points g = 20. If we take the triangles 2, 3; and 1, 3; the 


g point; for given the Pascal { } the g point on it is found 
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lines joining corresponding vertices are the same in all cases: therefore, 
by the reciprocal of the second preliminary theorem, the three axes of 
the three triangles meet in a point. ‘This, however, is plainly only the 


(ab.cd.ef } 
g point de. fa.bc , and therefore leads us to no new theorem. 
Lof..be. ad} 
Let us now consider the triangles, 
ab cd ef (1) 


ab.ce.df cd. bf.ae ef .bd.ac (4) 

de.bf.acf’ af.ce.bdJ’ be.ae.df J’ 

ab.ce.df cd. bf .ae ef .bd.ac (5) 

cf.bd.aeS’ be.ac.dfJ’ ad.ce.bf J’ 
Now the intersections of corresponding sides of 1 and 4 are three points 
which lie on the same Pascal; therefore the lines joining corresponding 
vertices meet in a point. But these are the three Pascals, 


ab.ce.df ahi. ee 


cd.bf.ae J’ ef.ac.bd ab. df .ce 
ab.ce.df 
We may denote the point of meeting as the h point, cd.bf.ae >. 
ef.ac.bd } 


The notation differs from that of the g points in that only one of the 
vertical columns contains the six letters without omission or repetition. 
On every Pascal there are three / points, viz., there are on 


abcd.efy Wd) abcde] ad.cd.ef | 
de.af.beS’ de.af.be p> de. af .be r > de.af.be fe 
eke: cf.bd.ae)  ac.be.df} bf .ce.ad 


where the bar denotes the complete vertical column. We obtain then 
Mr. Kirkman’s extension of Steiner’s theorem :—The Pascals intersect 
three by three, not only in Steiner's twenty points g, but also in siaty other 
points h. The demonstration of Art. 267 applies alike to Mr. Kirkman’s 
and to Steiner’s theorem. 

In like manner if we consider the triangles | and 5, the lines join- 
ing corresponding vertices are the same as for 1 and 4; therefore the 
corresponding sides intersect on a right line, as they manifestly do ona 
Pascal. In the same manner the corresponding sides of 4 and 5 must 
intersect on a right line, but these intersections are the three / points, 


ab.ce.df\ ae cd. bf | ac.bd.ef ) 
de.bf.acrs bd.af.cer> df.ae.be t 
of.ae.bd}  ac.be.df} ce.bf.adJ 
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Moreover, the axis of 4 and 5 must pass through the intersection of 
ab.cd.ef 
the axes of 1, 4, and 1, 5, namely, through the g point, de.af.be p. 
cf .be.ad 
In this notation the g point is found by combining the complete 
vertical columns of the three h points. Hence we have the theorem: 
“* There are twenty lines x, each of which passes through one g and three h 
points.” The existence of these lines was observed independently by 
Mr. Cayley and myself. The proof here given is Mr. Cayley’s. 
Again, let us take three Pascals meeting in a point h. For instance, 


ab .ce.df de.bf .ac peep. 
de.bf.ac J’ of.ae.bdJ’ ab.df.ces” 


We may, by taking on each of these a point p, form a triangle whose 
vertices are (df, ac), (bf, ae), (bd, ce), and whose sides are, therefore, 


ac.bf .de bf.ce.ad bd.ac.ef 
df.ae.cbf’ ae.bd.cf J’ ce.df.abf- 


Again, we may take on each a point h, by writing under each of the 
above Pascals af. cd. be, and so form a triangle whose sides are 


ac.bf. de cf .ae.bd df .ab.ce 
be.cd.afS’ be.cd.af J’ be.cd.af S- 


But the intersections of corresponding sides of these triangles, which 
must therefore be on a right line, are the three g points, 


be.cd.af be.cd.af be.cd Jaf be .cd. af | 
ac.bf.der> cf.ae.bde> df.ab.ce p> of.ab.de °- 
df. ae.be ad.bf.ce J ac.ef.bd3  ad.ef.be J 


I have added a fourth g point, which the symmetry of the notation 
shows must lie on the same right line; these being all the g points into 
the notation of which be.cd.afcan enter. Now there can be formed, 
as may readily be seen, fifteen different products of the form be.cd.a/; 
we have then Steiner’s theorem, The g points lie four by four on fifteen 
right linesl . 

My limits do not allow me to do more than add the enunciations of 
a few more theorems (principally Mr. Kirkman’s), but the preceding 
examples are sufficient to show how they may be demonstrated, and how 
any reader who chooses to prosecute the study of the figure may find 
other theorems in great abundance: ‘‘ The twenty lines x pass four by 
four through fifteen points y.” The four lines « whose g points in the pre- 
ceding notation have a common vertical column will pass through the 
same point. ‘ There are sixty lines J, each of which passes through one 
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point p and two pointsh.” ‘* The lines J again pass three by three through 
sixty points j, three of which lie on each of the lines x.” Mr. Kirkman calls 
points m the intersections of two Pascals, corresponding to hexagons 
which have four common sides, no opposite pairs being the same for 
both; for example, abedef, abcfed; and points r, those corresponding to 
hexagons which have three common sides, two of which are contiguous; 
for example, abcdef, abcefd. . ‘ The ninety points m lie three by three on 
sixty lines M.” ‘* There are sixty lines R, each containing six points r, 
and also one of the six points P, and which pass in threes through twenty 
points q.” 


ON THE PROBLEM TO DESCRIBE A CONIC UNDER CERTAIN CONDITIONS. 


We saw (p. 120) that five conditions determine a conic; we can, 
therefore, in general describe a conic being given m points and n tan- 
gents where m+n=5. We shall not think it worth while to treat 
separately the cases where any of these are at an infinite distance, for 
which the constructions for the general case only require to be suitably 
modified. Thus to be given a parallel to an asymptote is equivalent to 
one condition, for we are then given a point of the curve, namely, the 
point at infinity on the given parallel. If, for example, we were re- 
quired to describe a conic given four points anda parallel to an asymp- 
tote, the only change to be made in the construction (p. 284) is to 
suppose the point E at infinity, and the lines DE, ME therefore drawn 
parallel to a given line. 

To be given an asymptote is equivalent to two conditions, for we are 
then given a tangent and its point of contact, namely, the point at in- 
finity on the given asymptote. ‘To be given that the curve is a parabola 
is equivalent to one condition, for we are then given a tangent, namely, 
the line at infinity. To be given that the curve is a circle is equivalent 
to two conditions, for we are then given two points of the curve at in- 
finity. To be given a focus is equivalent to two conditions, for we are 
then given two tangents to the curve (p.237), or we may see otherwise 
that the focus and any three conditions will determine the curve; for 
by taking the focus as origin, and reciprocating, the problem becomes 
to describe a circle, three conditions being given; and the solution of 
this, obtained by elementary geometry, may be again reciprocated for 
the conic. Again, to be given the pole, with regard to the conic, of any 
given right line, is equivalent to two conditions; for three more will de- 
termine the curve. For (see figure, p. 134) if we know that P is the 
polar of R’/R”, and that T is a point on the curve, T’ the fourth har- 
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monic, must also be a point on the curve: or if OT be a tangent, O'T’ 
must also be a tangent; if then, in addition to a line and its pole, we 
are given three points or tangents, we can find three more, and thus 
determine the curve. As a particular case of this, to be given the centre 
is equivalent to two conditions, for this is the pole of the line at 
infinity. . 

Given five points —We have shown (Ex. 12, p. 284) how by the 
ruler alone we may determine as many other points of the curve as we 
please. We may also find the polar of any given point with regard to 
the curve; for we can perform the construction of p. 199 by the help of 
the same Example. Hence too we can find the pole of any line, and 
therefore also the centre. 

Five tangents—We may either reciprocate the constructions of 
Ex. 12, p. 284, or reduce this question to the last by p. 221. 

Four points and a tangent.—We have already given one method of 
solving this question, p. 279. As the problem admits of two solutions, 
of course we cannot expect a construction by the ruler only. We may 
therefore apply Carnot’s theorem (Art. 303), 


Ac. Ac’. Ba'. Ba’. Cb. Cb’= Ab. Ab’. Be. Be’. Ca. Ca’. 


Let the four points a, a’, b, b’ be given, and let AB be a tangent, the 
points ¢, c’ will coincide, and the equation just given determines the 
ratio Ac’ : Be’, everything else in the equation being known. It may 
be remarked that this question may be reduced, if we please, to those 
which follow; for given four points, there are (Art. 307) three points 
whose polars are given; having also then a tangent, we can find three 
other tangents immediately, and thus have four points and four tangents. 

Four tangents and a point.—This is either reduced to the last by re- 
ciprocation, or by the method given at the end of the last case; for given 
four tangents there are three points whose polars are given (Art. 235, 
Ex. 2). | 

Three points and two tangents.—This is solved by the help of the 
theorem (Art. 263), ‘‘ Given two points and two tangents, the line join- 
ing the points of contact of the tangents passes through a fixed point;” 
or, more accurately, ‘“ through one or other of two fixed points.’’? These 
fixed points are the foci of the system in involution, of which the two 
given points are one pair of conjugates, and the points where the line 
joining them is met by the given tangents are another; or we can easily 
find these points by Carnot’s theorem, for let cc’ be the given points, 
a and 6b the points of contact of the given tangents, and we have 


Ac. Ac’. Ba®. Cb? = Ab®. Be. Be’. Ca?. 
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But if the point where the chord of contact meets Ab be p we have, by 
the corresponding theorem, for a transversal meeting the sides of a 


triangle, Ba®. Cé?. Ap? = Ab?. Ca?. Bp’, 
whence Ap : Bp is determined. 


If now, from considering the two given tangents and two of the 
given points, we learn that the chord of contact must pass through 
either of the points /, /’, and from considering the first and third of the 
given points we find that the chord must pass through one of the points 
m, m’, it is plain that the chord must be one of the four lines dm, lin’, 
U’m, U’m'. The problem, therefore, has four solutions. 

Two points and three tangents.—This may be solved as in the last 
case by the reciprocal of the theorem there employed, viz., ‘“ that the 
intersection of the tangents at the given points lies on one or other of 
two fixed lines;’”? or by the theorem itself, it is easy to see that the pro- 
blem is reduced to describing a triangle whose sides pass through three 
given points, and whose vertices rest on three fixed lines. 

To be given two points or two tangents to a conic is a particular 
case of being given that the conic has double contact with a given conic. 
For the problem to describe a conic having double contact with a given 
one, and touching three lines, or else passing through three points, see 
p. 283. Having double contact with two, and passing through a given 
point, or touching a given line, see p. 242. Having double contact 
with a given one, and touching three other such conics, see p. 256. 

We have already alluded (p. 216) to the problem, “ to describe a 
conic through four points to touch a given conic.’ Let the required 
conic be S—kS/, which is to touch 8’. Then the polar of the point of 
contact, with regard to 8”, is the tangent at the point, and is also its 
polar for S — £8’, and therefore passes through the intersection of the 
_ polars with regard toS and 8’.. Now let it be required to find the locus 
of a point such that its polars, with regard to 8, S$’, S’’, should meet in 
a point. If & 4, ¢ be the current co-ordinates, we have to eliminate 
these between the equations of the three polars, 


dS ds ef 
aes aya dz 

dS! dS/ ds’ 

Ue + 4 dy 3 ae — 0, 


= ( 


dS” dS” dS” 
aed. ; aa Ci 
dae dy +$ dz Ss 


and the result is, 
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dz \ dx" dy i ae) 
a curve of the third degree, whose intersections with 8” give the six 
solutions sought. This solution can be performed by the help of a conic 


alone when § and S$’ have double contact, and when the question is “‘ to 


ds @ ds” ds! 3 ds (a ds” dS! ds’ 


v) 


describe a conic having double contact with a given conic in two given 
points, and touching a given conic.” Thus the point of contact of 5 — L? 
with S’ must lie on the locus of points whose polars with regard to S$ 
and S' intersect on L. But it is easy to seethat this locus is the same 
as the locus of the poles of L with regard to all conics of the form 
S — kS’, which we have already seen to be a conic; its intersection 
with S’ gives the four points required. 


ART. 309, Page 267. 


If we seek the condition that the right line ax + by + c should touch 
a conic given by its general equation, the analytical problem is pre- 
cisely the same as that solved in this article, and the condition is found 
by substituting in the equation of the reciprocal curve a, b,c, for «, y,— k’. 


ArT. 315, Page 271. 


Many of these examples may be more simply regarded as particular 
cases of the theorem that a transversal cutting the sides of an inscribed 
quadrilateral and the conic is cut in involution. Thus in Ex. 1, two 
pairs of vertices of the quadrilateral coincide; and we have ‘ the points 
where a transversal meets two tangents and the conic belong to a sys- 
tem in involution, of which the point where it meets the chord is a 
focus.” In Example 2, P is the other focus. In Example 3, T is the 
centre. In Example 7, C is the centre, and this example generalized 
gives us, ‘if an inscribed quadrilateral be cut by a parallel to an 
asymptote, Ca. Ce= Cd. Cd.” 

When the focus of a system in involution is.at infinity, since the 
other focus must bisect the interval between any two conjugate points, 
the relation of the system in involution becomes simply AB = A’B’, 
Thus if the chord of contact be eee we have the well-known 
theorem of a right line cutting the hyperbola and its asymptotes. Or 
again, if several conics pass through four given points, the asymptote 
to any of them is divided so that AB = A/B’. 
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On THE EvoLutTEs oF ConiIcs. 


We had intended postponing all mention of the evolutes cf conics 
until we come to treat of curves of higher dimensions. As their equa- 
tions, however, can be easily formed, we add here the method of obtain- 
ing them. We define the evolute as the locus of the centre of curvature 
of the different points of a conic. The co-ordinates of the centre of 
curvature are found by subtracting from the co-ordinates of the point 
of the conic the projections of the radius of curvature upon each axis. 
Now evidently this radius is to its projection on y as the normal to the 
ordinate y. We find the projection, therefore, by multiplying the radius 

5 p 2 2 
- bys = ue The y of the centre of the curvature then is : i ae 


Cc 


b 
But 6? = b+ ei y'*, therefore the y of the centre of curvature = Fi y”. 


2 2 2 


2 


; ; a? — ; 
In like manner its # = x’, Solving then for x’ and y’, and substi- 
tuting these values in the equation of the conic, we get for the equation 


dee i C 
of the evolute (writing a A, pay B), 


3 3 
aor US 4 J = 
As. Bs 


The y of the centre of curvature of a parabola is found in like man- 


=r. 


ace N y! y! ; 
ner by multiplying ined (Art. 248) by No” ante? and subtracting this 
tity fr ‘, which gi ta Art. 214) 
quantity from y’, whic Se Wiantia ia be, ° rt. : 
4 / 
In like manner its x = 2/ + ae t = g/ + bib es 
2sin?@ 2 


Solving then for #' and y’, and substituting in the equation of the 
parabola, we have for the equation of the evolute, 


2Tpy? = 16(« —4p)'s 
or by transforming the origin to the point (y=0, ~=4p), 
2i py? = 162%, 


the equation of a curve called the semz-cubical parabola. 
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Equation of lineat,. . . . . 58, 299 icy eth st 
Its pole, . 141, 270, 310 Of vertex of triangle whose ae 
Polar of point at, 970 pass through three fixed points, 
pea: , and base angles move on fixed 
Direction of points at, on curve, ees apK SRL DeOiaae 
how found,. CL SO: cree : to 7 vote pee e 
Line at, touches a parabola, . 211, 304 Sees ER ie see reed pout 
Two imaginary fixed points at, on ‘ are On. xaghy NBs Aa eae 
peas pat SU 913 atte, yen up of es are on a 
line with intersection of the 
INVOLUTION, SW27D, OC two fixed lines, . . . . 44, 254 
Relation, what, when focus at infi- ditto, when two of the sides are 
nity, s+. . 828 parallel to fixed lines, . 189 
KIRKMAN’S THEOREMS, . 321, &e. ditto, when base touches a conic 
touched also by fixed lines on 
LIMIT POINTS. which base angles move, 235, 280 
Of a system of circles having com- ditto, or if base angles move on 
mon radical axis, . 109 any conic having double con- 
Circles through 1. p. cutting the tact with this conic, . . 235, 282 
system orthogonally, . . 110 ditto, when base angles move on 
Reciprocals of system with regard a conic passing through the 
to, confocal, . 265 two fixed points on the sides, 281 
Theorems of angles subtended at, . 265 Vertex of a triangle whose sides 
LOCUS. touch a given conic, and base 
Of vertex of triangle, given base angles move on fixed lines, 232, 254 
and difference of squares of ditto, when base angles move one 
FTE Kel Me ge rT ny Beh a ea ee 3 on each of two conics, base 
and vertical angle, . 87 through cent. sim., and sides 
and ratio of sides,. . .. 87 through fixed points, one on 
and m times square of one side each of the conics,. . . 282 
+n times square of other, . 88 Common vertex of several triangles, 
and sum or difference of sides, . 164 given bases and sum of areas, 44 
and difference of base angles,. . 189 vertex of right cone out of which 
and product of tangents of base given ellipse can be cut, . 317 
angles, : 190 Of centre of (or of pole of a fixed 
ditto, of half base Soe cAeigaoh on line with regard to) a conic, 
and intercept by sides on fixed given four points, 199, 245, 249, 255, 
line, ye a fe 281 285, 309 
Of vertex of triangle base angles given four tangents, . 200, 250, 255, 
are given, one vertex fixed, 311 
and one moves along a right given the two foci,. . . . « . 200 
line, eis tie avhser one: See) given three points and a tangent, 249 
of which one base angle has given given two points and two tan- 
magnitude and vertex, the gents, ae 245 
other describes right line or given three tangents anda point, 250 
circle, and rectangle under given three points and parallel to 
sides is given, 99 asymptote, . 286 
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LOCUS—continued. 

Of centre of (or of pole of a fixed 
line with regard to) a conic 
having double contact with 
two given conics, . 

inscribed in a triangle, and touch- 
ing another circumscribed to 
same, . Ree 

Of centre of circle touching two 
given circles, . Ray! 

Of centre of inscribed circle, given 
base and sum of sides, 

Of Pe with regard to one conic of 
‘ tangent to another, 

Of pole of line with regard to 
conic meeting it in two fixed 
points, and touching two co- 
nics which pass through these 
points, Rone en Bs 

Of points whose polars with regard 
to three given conics meet in 


190 


198 


. 310 


a point, fa . 328 

Of intersection of tangents to two 
circles, in given ratio, 107 

whose sum or difference is con< 
stant, . ee Pe mr sR 2 

to a conic, which cut at right 
angles, . 185, 195, 259 

to aparabola, which cut at agiven 
angle,. - 238, 259 


to a circle whose chord is of con- 
stant length, 
to a conic whose chord passes 
. 94, 
ditto, or subtends a constant an- 
ere hes 
from two points which cut a gi- 


through fixed point,. 
gle at focus, 


ven line harmonically, 
ditto, when the line touches the 
conic, . Mids 
ditto, and is cut in given anhar- 
monic ratio, Keved A 
from two points, each on one of 
four given tangents, 
ditto, both on some one of four 
given tangents, . 


91 


135 


259 


. 313 


. 314 


. 315 


311 


ol 


LOCUS—continued. 


Of intersection of tangents at two 
fixed points on a conic also 
touching two fixed lines, 254, 

ditto, also passing through another 
fixed point, and touching ano- 
ther fixed line, : 

to each of two conics, when line 
joining contacts passes through 
cent. sim. (through point of 
contact if they touch, through 
focus if common to both), . 

pe 20.0. 

Intersection of lines joining: trans- 
versely ends of base of a tri- 
angle and any parallel, . 

transversely ends of parallels to 
sides of a parallelogram, 

ends of parallel to base, to two 
fixed points on base, . 

ends of base, to ends of perpen- 
diculars at proportional dis- 
tances, ae nic! re 

Intersection of perpendiculars to 
sides of triangle at ends of pa- 
rallel to base,. : 

perpendiculars at ends of line of 
constant length between two 
rectangular lines, 
perpendiculars of a triangle given 
base and vertical angle,. 
diagonals of a quadrilateral, two 
opposite sides fixed, and two 
others through fixed point, 
external bisector of vertical of a 
triangle, whose base and sum 
of sides are given, with per- 
pendicular to either side at 
extremity of base, . : 
ditto, for internal bisector and 
difference of sides, . ; 
corresponding sides of two given 
angles with fixed vertices, 
when intersection of other pair 
of corresponding sides moves 
on a right line, . 
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310 


Bre 


. 208, 


255 


40 


41 


39 


88 


89 


AL 


46 


46 


. 280 


340 
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LOCUS—continued. 

Intersection of corresponding sides 
of two given angles with 
fixed vertices, when intersec- 
tion of other pair of corres- 
ponding sides moves on a co- 
nic through the vertices of the 
ated Se nies Fob 

ditto, if angles cut off constant 
intercepts on fixed lines, . . 

focal radius vector, with corres- 
ponding eccentric vector, 

eccentric vector, with corres- 

pondips normal, -. 2. 5... 

tangent, with central rad. vec. 
parallel to vertical rad. vec. to 
contact, . . oe ss 

projection of this theorem, . 


. 281 


281 


193 


193 


194 
310 


PD, pd, where {abcd} = { ABCD} ; 


gy Cd ONES. opie ler 5 
Mean (arithmetic, harmonic, or geo- 
metric) of radii vectores to a 
CUCIO. car yh ea ae mere ete 
Harmonic mean, radii vectores toa 
system of right lines, . 
Arithmetic and geometric mean, to 
two right lines, . 
Extremity of reciprocal of perpen- 
dicular from fixed point on 
line through fixed point, 
perpendicular from focus on tan- 
gent, . 
ditto, or making constant angle 
with tangent,. : 
polar subtangent (focus being 
145) ) ER ne Ts 
radius vector proportional to ra- 
dius vector of circle, . . .. 
inversely proportional to radius 
vector of circle or line, . . 
Point cutting in given ratio, parallel 
chords ofa circle... .. 
line of constant length between 
Two Others, fo. Me 
line cutting off constant area from 
a given angle, 


. 189, 


67, 


158, 


287 


97 


47 


273 


45 


184 


197 


170 


98 


99 


145 


189 


190 
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LOCUS—continued. 
Point cutting in given ratio chord 


of a circle of given length, | 
intercept between two fixed lines 
of parallel toa given, . . . 36 
intercept between two tangents 
of variable tangent to conic; . 315 
Of point cutting in given anhar- 
monic ratio chords of conic 
through fixed point,. . . . 310 
on perpendicular, at height from 
base equal a side, given base 
and sum of sides, . . . . . 309 
such that sum of squares of per- 
pendiculars on sides of an equi- 
lateral triangle be constant, . 86 
whose distance from fixed line 
varies as distance from fixed 
POU ie Val ak 1 188 
ditto, or as square of distance, . 88 
such that triangle formed by join- 
ing feet of perpendiculars on 
sides of triangle has given 
ATER, gic eal . 103 
such that Smr? = constant, . 88 
such that square of tangent to 
circle is as product distances 
from two lines,. . . 217, 262 
or tangent as distance from line, 217 
Middle points of rectangles inscribed 
in, trrangile;.:'3 0 is ee ee 
of parallel chords of a conic, 92, 129 
of convergent chords of a circle, 97 
Point of contact of tangents from 
given point to concentric cir- 
Glee oles. ve gp mag raha oh 
Point on parallel meeting sides of 
triangle so that oc? = oa.ob,. 273 
at which two given portions of 
same line subtend equal angles, 275 
Of O, if line joining O to pole of 
AO pass through given point, 314 


Of one point of a line cut in given 
anharmonic ratio, while the 
other three describe right lines, 
and the line itself touches a 


——st. ss 
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LOCUS—continued, 
conic touched by two of the 
right lines;. ..°. en POLO 
Focus of parabola, given tisibe tan- 


MPPNES Ss, sot Staten Gaul lw FeO e, SOU 


MAC LAURIN’S MODE OF GE- 
NERATING CONICS, 235, 254, 
280, 284 


NEWTON’S MODE OF GENE- 
RATING CONICS,. . . . 280 


NORMAL. 
Its equation and length, . . .. 161 
Rectangle under segments of nor- 
mal equal square semi-conju- 
gate diameter, ... ses LOZ 
under normal and central perpen- 
dicular = square of semiaxis,. 162 


NUMBER. 
Of terms in general equation of n‘” 
GEPTOG, “es hiss a0 


Of conditions that it should repre- 
Sent sight-lines, io). 3)c) aie (270 

Of conditions which determine a 
CONIC, i... 

Of points in hich: a line meets a 
GONICH Bis Pie) « . Sey ered A) 

Of tangents which can ae poe: to 
BCODIGs Poe oistt oy aye we beD 
Of intersection of two given curves, 10 
205, 209 


OSCULATION OF CONICS, . . 206 


PARABOLA. 

RCCUED, oy oR Coa a eee, 178 
described by continuous motion, 183 
RRIRIN OE AMCs cave wy ee 
Its area,. °. . mimi Fina el rie X43 10 

An ellipse, hb focus given, axis 
major infinite, eccentricity=1, 178 
Its diameters parallel, . . . . . 130 
meet curve at infinity, . . . . 131 
Touched by line at infinity, . 211, 214, 
264, 304 
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PARABOLA-—continued. 


Rectangle under segments of a 
chord varies as intercept on 
Gidmotene Vt, seh were EROS 

Projection of two points on axis 
= intercept made by their po- 

LATS SP ea ee cde peer ie 180 

Point where tangent meets axis, 
and point of contact, equidis- 
tant from focus,. . . . 183 

Tangent makes equal SA with 
axis and focal radius vector,. 183 

Angle between two tangents, half 
angle between focal radii to 
COMtACES a sts he, vemiah) 5 186, 238 

Tangents from point of directrix at 
right anglesi).c-.) cog taht Ree 

Diameter bisected between any point 
and its polar, oo. 1s OW s.copca SRO 

Diameter how divided by line join- 
ing two variable points to a 
EXC 5. cn ees. 9% sh etek eek «legen lee 

by a chord and its two tangents, 273 

Difference of ordinates constant 
where two variable tangents 
eet a fixed. faite inked ae 

A variable tangent, how divided 
by three fixed, . .. . 274 

Equal and similarly nae nite 
contact of third order, . . . 213 


PARAMETER OF A CONIC,. . 169 
Constant for reciprocals of equal 


oie saan cee . 261 
Constant for sections of right cone 


circles, 


at same distance from vertex, 304 
Of diameter of parabola, four times 


focal distance, TyeSL, 182 


PASCAL’S THEOREM. 
Proved, ic +3 . 2238, 283, 309 

ROCIPTOCRLOG, orien eed) thesis) sph aa cOe 

Theorems connected with the hexa-~- 


OMG hg Cal ou ak 5 igi meeasee 


PERPENDICULAR. 
From point on line, its length, equa- 


tn, and gprs Gorey 19, 20 
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PERPENDICULAR—continued. PROBLEMS—continued. ~ 
From centre on tangent of conic, 155, 156 Draw normal from any point, 161, 166, 
From focus on tangent, . . 164, 184 | 195. 
From focus on asymptote, . - 174 | Describe a circle touching three 
From centre and foci on polar of others, 148, 265 
any point, . 195, 196 


POLAR. (See Equations.) 
Of point found by linear construc- 
tion, . 4 We ba Bae 
Polar subtangent,. .. ... .. 170 
Polar of a given line with regard to 
PCT OIG, nog) ess 7 81 
Polar parallel to Seen ia to 
conjugate diameter, . . . . 133 
Chord parallel to polar, bisected, 128, 270 
If A be on polar of B, B on polar of 
PMU eRe mas olay tse y AS gee 
Harmonic property of pole and po- 
thee DAMS poe papa ert Oo Wek be, 
Lines joining vertices of triangle 
and polar triangle meet in a 
PULLS ee the oop ae ta ei Og eo 
Intersections of hte tiN sides 
OU Mh LNG te yess hep. ADO 
Given four points or four tangents; 
three points, and their polars 
gre given, . 2. < ot et OO 
Three points whose polars the same 
. 266 
A point and its polar equivalent to 
two conditions, . . , . 325 


with regard to two conics, 


PONCELET, M.,. . 251, 297 


PROBLEMS. 

Find a point such that product of 
perpendiculars may be con- 
stant, on a given line from 
ends of chord of circle through 
AEs Coe Dar ge Ne Mats de Cate MaRS ie Lean) 

Find centre of a given conic, . . 130 

polar of a given point (linear con- 
struction), i..5.. 5°. gee 94, 199 
axes (ditto, given two conjugate 
. 144, 192 
asymptotes (ditto, given two con- 
jugate diameters),. . . 148, 172 


diameters), . 


a conic through four points to 
touch a line, . Ae Ppde i i 

.. 216, 327 

ditto, having double contact with 
given conic, and single with 


ditto, a conic,. 


three others also having dou- 

2 aes ee 

ditto, and touching three given 

PAL eee 

given five 
. 825, &e. 

touching one conic, and having 


ble contact, 


lines, . ee 
To describe a conic, 
conditions, . 


double contact with another at 
. 328 
Given five points on conic, find tan- 
v228 
where line through any, meets 
. 284 
JS. Sette 
Given five tangents, find point of 


two given points, . 
gent at any, . 


curve again, . 
find centre, . 


contact of any; .5 es 2 eee 
Inscribe in a conic a triangle, sides 
through three fixed points, . 234, 
255, 284 
Circumscribe a triangle whose ver- 
tices on three fixed lines, . . 255 
Inscribe polygon, sides through 
Sle eh eee 


Given two pairs of conjugates of 


fixed points, 


system in involution, find con- 
. 276 
sae ee: 


jugate of any other, . 
the centre, the foci, 


PROJECTIONS, METHOD OF, 297, &e. 
. 300 
_ 817 


Projective theorems, . 
Orthogonal projection, 


QUADRILATERAL. 
Middle points of its diagonals in 
right line; ("ir Aa ee 
. 54, 301, 321 
Inscribed ina circle,. . . . . . 86 


Harmonic properties of, 


INDEX. 343 
PAGE. PAGE. 
QUADRILATERAL—continued. TRANSFORMATION OF CO-OR- 
Inscribed in a conic,. . 199, 218, 309 DINATES — continued. 
Its sides and diagonals cut trans- Highest powers unaltered by, . 122 
versal in involution, . - 278 Absolute term how formed, Ae? 
Properties of circumscribed, . 199, 261 Alters not sign of B2 — 4AC, . 143 
Diagonals of inscribed and circum- Of equation of reciprocal curve to 
scribed form harmonic pencil, 220 new origin. . . . . 67 
RADICAL AXIS, CENTRE, 107, 222, TRIANGLE. 
x 255 Perpendiculars meet in a point, 29, 50, 59 
RATIO. : Bisectors of sides meet in a point, . 30, 
Co-ordinates of point where line is - 31. 58 
. E 2 ? 
as ae Siveny : aoe oT Bisectors of angles meet ina point, 53 
Ue naa oY ae sane nee see , Perpendiculars at middle points of 
points is cut by a given line,, 33 sides meet in a point, 39 
eee ye mer hue joni tty Lines joining vertices to contacts 
given points, . - 54 of inscribed circle or conic, 
ditto, by a given circle or conic, 82, meet in a point, 96, 104, 105, 249 
186 Relation between segments, in which 
ee BOCAL, Ns . 251, &e. sides are cut by a transversal, 33 
Degree in general of recipr. polar, 253 ditto, by lines joining assumed 
Species, axes, eccentricity, how de- point to vertices, . . 84, 801 
mes, : oe 264 These six points in involution, . . 278 
Equation of reciprocal of a conic,. 267 If through vertices be drawn three 
ditto, transformed to new origin, 267 lines meeting in a point, so will 
ra cae with regard Wie, Dara three equally inclined to sides, 53 
boy: sheet Feet of perpendiculars on sides from 
RECTIFICATION OF CONICS, . 296 point of circumscribing circle 
in one right line, RPE 1h) 
Gee Poe os ter mie ¢ Inscribed in conic, radius of cireum- 
Conics have common chord at in- Seetbine ciel: 318 
3: 9 . . 
BOTY ee If lines joining vertices of two tri- 
Paraboleze touch at infinity, . 212 Oe ore ace Ata nointe iter 
g point, inter- 
Tangent to one cuts constant area sections of opposite sides in one 
; ae oe a. . 293 right line: Bb. B04 
Similar anharmonic systems, . hae PAE RS: - : : ; 
| Three points in a right line where 
STEINER’S THEOREM, . 224, 329 each side is met by line join- 
yi J 
: ing intersections of two non- 
TRANSVERSAL (see Carnot). A eaenondin Rea 56 
How cuts side of triangle,. . . . 33 ; aaah 
If perpendiculars from vertices of 
TRANSFORMATION OF CO-OR- one on sides of second meet in 
DINATES. a point, so will perpendiculars 
Formule for,. . . . EMiates of 6 from vertices of second on sides 
Cannot alter degree of ate 48 OL; firate sts.) 5 =): 59 
Of general equation of second de- Axes of three co- cenit srianirtes 
Bree... ~ 122 meet in a point, . . 321 


THE END. 
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